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LOGIC

SET THEORY
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statements (or propositions)

the negation of (statement) p: not p

the conjunction of p, q: p and q

the disjunction of p, q: p or q

the implication of g by p: p implies q

the biconditional of p and gq: p if and only if q
if and only if

logical implication: p logically implies q
logical equivalence: p is logically equivalent to q
tamology

contradiction

For all x (the universal quantifier)

For some x (the existential quantifier)

element x is a member of set A
element x is not a member of set A
the universal set
A is a subset of B
A is a proper subset of B
A is not a subset of B
A is not a proper subset of B
the cardinality, or size, of set A — that is, the number of elements in A
the empty, or null, set
the power set of A — that is, the collection of all subsets of A
the intersection of sets A, B: {x|x € A and x € B}
the union of sets A, B: {x|x € A or x € B}
the symmetric difference of sets A, B:
{x]x€ Aorx € B,butx ¢ AN B}
the complement of set A: {x|x € U and x ¢ A}
the (relative) complement of set B in set A: {x|x € A and x ¢ B}
{x|x € A,, for at least one i € I}, where [ is an index set
{x|x € A,, for every i € I}, where [ is an index set

the sample space for an experiment €

A is an event

the probability of event A

the probability of A given B; conditional probability
random variable

the expected value of X, a random variable

the variance of X, a random variable

the standard deviation of X, a random variable

a divides b, fora, b€ Z,a #0

a does not divide b, fora, b€ Z,a #0

the greatest common divisor of the integers a, b

the least common multiple of the integers a, b

Euler’s phi function for n € Z*

the greatest integer less than or equal to the real number x:
the greatest integer in x: the floor of x
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RELATIONS
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THE ALGEBRA
OF STRINGS
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the smallest integer greater than or equal to the real number x:
the ceiling of x
a is congruent to b modulo n

the Cartesian, or cross, product of sets A, B:
{(a, b)la€ A, b e B}

R is a relation from A to B

a isrelated to b

a is not related to b

the converse of relation R: (a, b) € R iff (b, a) € R¢

the composite relation for R C A X B,¥ C B X C:
(a,c) eRo¥if (a,b) eR, (b, c) € S forsome b € B

the least upper bound of a and b

the greatest lower bound of a and b

the equivalence class of element a (relative to an
equivalence relation %R on a set A): {x € A|x R a}

f is a function from A to B

for f:A— Band A; C A, f(A)) is the image of A,
under f —thatis, {f(a)la € A}

for f: A— B, f(A) is the range of f

f is a binary operation on A

f is a closed binary operation on A

the identity function on A: 14(a) = a foreacha € A

the restrictionof f:A— Bto A; C A

the composite function for f: A — B, g: B — C:
(g° fla=g(f(@) forae A

the inverse of function f

the preimage of B; € B for f: A — B

f is “big Oh” of g; f is of order g

a finite set of symbols called an alphabet
the empty string

the length of string x
{(xix2- - xp|x, €X},neZ"
{1}

U nez+ X" the set of all strings of positive length

U,,zo X" the set of all finite strings

A is a language

the concatenation of languages A, B C X*:
{ablae€ A, b € B}

{aiay - -apla; e ACI*,neZt
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U nez+A"

U,,Zo A": the Kleene closure of language A

a finite state machine M with internal states S, input
alphabet &, output alphabet O, next state function
v: § X ¥ — S and output function w: § X ¥ — €







Preface

It has been more than twenty years since September 2, 1982, when I signed the contract
to develop what turned into the first edition of this present textbook. At that time the
idea of further editions never crossed my mind. Consequently, I continue to find myself
simultaneously very humbled and very pleased with the way this textbook has been received
by so many instructors and especially students. The first four editions of this textbook have
found their way into many colleges and universities here in the United States. They have
also been used in other nations such as Australia, Canada, England, Ireland, Japan, Mexico,
the Netherlands, Scotland, Singapore, South Africa, and Sweden. I can only hope that this
fifth edition will continue to enlighten and challenge all those who wish to learn about some
of the many facets of the fascinating area of mathematics called discrete mathematics.
The technological advances of the last four decades have resulted in many changes
in the undergraduate curriculum. These changes have fostered the development of many
single-semester and multiple-semester courses where some of the following are introduced:

1. Discrete methods that stress the finite nature inherent in many problems and structures;

2. Combinatorics — the algebra of enumeration, or counting, with its fascinating inter-
relations with so many finite structures;

3. Graph theory with its applications and interrelations with areas such as data structures
and methods of optimization; and

4. Finite algebraic structures that arise in conjunction with disciplines such as coding
theory, methods of enumeration, gating networks, and combinatorial designs.

A primary reason for studying the material in any or all of these four major topics is the
abundance of applications one finds in the study of computer science — especially in the
areas of data structures, the theory of computer languages, and the analysis of algorithms.
In addition, there are also applications in engineering and the physical and life sciences, as
well as in statistics and the social sciences. Consequently, the subject matter of discrete and
combinatorial mathematics provides valuable material for students in many majors — not
just for those majoring in mathematics or computer science.

The major purpose of this new edition is to continue to provide an introductory survey
in both discrete and combinatorial mathematics. The coverage is intended for the beginning
student, so there are a great number of examples with detailed explanations. (The examples
are numbered separately and a thick line is used to denote the end of each example.) In
addition, wherever proofs are given, they too are presented with sufficient detail (with the
novice in mind).
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The text strives to accomplish the following objectives:

1. To introduce the student at the sophomore-junior level, if not earlier, to the topics and
techniques of discrete methods and combinatorial reasoning. Problems in counting, or
enumeration, require a careful analysis of structure (for example, whether or not order
and repetition are relevant) and logical possibilities. There may even be a question of
existence for some situations. Following such a careful analysis, we often find that the
solution of a problem requires simple techniques for counting the possible outcomes that
evolve from the breakdown of the given problem into smaller subproblems.

2. To introduce a wide variety of applications. In this regard, whenever data structures
(from computer science) or structures from abstract algebra are required, only the basic
theory needed for the application is developed. Furthermore, the solutions of some ap-
plications lend themselves to iterative procedures that lead to specific algorithms. The
algorithmic approach to the solution of problems is fundamental in discrete mathemat-
ics, and this approach reinforces the close ties between this discipline and the area of
computer science.

3. To develop the mathematical maturity of the student through the study of an area that
is so different from the traditional coverage in calculus and differential equations. Here,
for example, there is the opportunity to establish results by counting a certain collection
of objects in more than one way. This provides what are called combinatorial identities;
it also introduces a novel proof technique. In this edition the nature of proof, along with
what constitutes a valid argument, is developed in Chapter 2, in conjunction with the
laws of logic and rules of inference. The coverage is extensive, keeping the student
(with minimal background) in mind. [For the reader with a logic course (or something
comparable) in his or her background, this material can be skipped over with little or
no difficulty.] Proofs by mathematical induction (along with recursive definitions) are
introduced in Chapter 4 and then used throughout the subsequent chapters.

With regard to theorems and their proofs, in many instances an attempt has been made
to motivate theorems from observations on specific examples. In addition, whenever a
finite situation provides a result that is not true for the infinite case, this situation is
singled out for attention. Proofs that are extremely long and/or rather special in nature
are omitted. However, for the very small number of proofs that are omitted, references are
supplied for the reader interested in seeing the validation of these results. (The amount
of emphasis placed on proofs will depend on the goals of the individual instructor and
on those of his or her student audience.)

4. To present an adequate survey of topics for the computer science student who will be
taking more advanced courses in areas such as data structures, the theory of computer
languages, and the analysis of algorithms. The coverage here on groups, rings, fields,
and Boolean algebras will also provide an applied introduction for mathematics majors
who wish to continue their study of abstract algebra.

The prerequisites for using this book are primarily a sound background in high school
mathematics and an interest in attacking and solving a variety of problems. No particular
programming ability is assumed. Program segments and procedures are given in pseudo-
code, and these are designed and explained in order to reinforce particular examples. With
regard to calculus, we shall mention later in this preface its extent in Chapters 9 and 10.

My primary motivation for writing the first four editions of this book has been the en-
couragement I had received over the years from my students and colleagues, as well as from
the students and instructors who used the first four editions of the textbook at many different
colleges and universities. Those four editions reflected both my interests and concerns and
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those of my students, as well as the recommendations of the Committee on the Undergrad-
uate Program in Mathematics and of the Association of Computing Machinery. This fifth
edition continues along the same lines, reflecting the suggestions and recommendations
made by the instructors and especially the students who have used or are using the fourth
edition.

Features

Following are brief descriptions of some of the major features of this newest edition. These
are designed to assist the reader (student or otherwise) in learning the fundamentals of
discrete and combinatorial mathematics.

Emphasis on algorithms and applications. Algorithms and applications in many areas
are presented throughout the text. For example:

1. Chapter 1 includes several instances where the introductory topics on enumeration
are needed — one example, in particular, addresses the issue of over-counting.

2. Section 7 of Chapter 5 provides an introduction to computational complexity. This
material is then used in Section 8 of this chapter in order to analyze the running times of
some elementary pseudocode procedures.

3. The material in Chapter 6 covers languages and finite state machines. This introduces
the reader to an important area in computer science — the theory of computer languages.

4. Chapters 7 and 12 include discussions on the applications and algorithms dealing with
topological sorting and the searching techniques known as the depth-first search and the
breadth-first search.

5. In Chapter 10 we find the topic of recurrence relations. The coverage here includes ap-
plications on (a) the bubble sort, (b) binary search, (c) the Fibonacci numbers,
(d) the Koch snowflake, (e) Hasse diagrams, (f) the data structure called the stack,
(g) binary trees, and (h) tilings.

6. Chapter 16 introduces the fundamental properties of the algebraic structure called
the group. The coverage here shows how this structure is used in the study of algebraic
coding theory and in counting problems that require Polya’s method of enumeration.

Detailed explanations. Whether it is an example or the proof of a theorem, explana-
tions are designed to be careful and thorough. The presentation is primarily focused on
improving understanding on the part of the reader who is seeing this type of material for
the first time.

Exercises. The role of the exercises in any mathematics text is a crucial one. The amount
of time spent on the exercises greatly influences the pace of the course. Depending on
the interest and mathematical background of the student audience, an instructor should
find that the class time spent on discussing exercises will vary.

There are over 1900 exercises in the 17 chapters. Those that appear at the end of each
section generally follow the order in which the section material is developed. These
exercises are designed to (a) review the basic concepts in the section; (b) tie together
ideas presented in earlier sections of the chapter; and (c) introduce additional concepts
that are related to the material in the section. Some exercises call for the development
of an algorithm, or the writing of a computer program, often to solve a certain instance
of a general problem. These usually require only a minimal amount of programming
experience.
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Each chapter concludes with a set of supplementary exercises. These provide further
review of the ideas presented in the chapter, and also use material developed in earlier
chapters.

Solutions are provided at the back of the text for almost all parts of all the odd-
numbered exercises.

Chapter summaries. The last numbered section in each chapter provides a summary
and historical review of the major ideas covered in that chapter. This is intended to give
the reader an overview of the contents of the chapter and provide information for further
study and applications. Such further study can be readily assisted by the list of references
that is supplied.

In particular, the summaries at the ends of Chapters 1, 5, and 9 include tables on the
enumeration formulas developed within each of these chapters. Sometimes these tables
include results from earlier chapters in order to make comparisons and to show how the
new results extend the prior ones.

Organization

The areas of discrete and combinatorial mathematics are somewhat new to the undergraduate
curriculum, so there are several options as to which topics should be covered in these courses.
Each instructor and each student may have different interests. Consequently, the coverage
here is fairly broad, as a survey course mandates. Yet there will always be further topics that
some readers may feel should be included. Furthermore, there will also be some differences
of opinion with regard to the order in which some topics are presented in this text.

The nature and importance of the algorithmic approach to problem solving is stressed
throughout the text. Ideas and approaches on problem solving are further strengthened by
the interrelations between enumeration and structure, two other major topics that provide
unifying threads for the material developed in the book.

The material is subdivided into four major areas. The first seven chapters form the
underlying core of the book and present the fundamentals of discrete mathematics. The
coverage here provides enough material for a one-quarter or one-semester course in discrete
mathematics. The material in Chapter 2 can be reviewed by those with a background in logic.
For those interested in developing and writing proofs, this material should be examined
very carefully. A second course—one that emphasizes combinatorics — should include
Chapters 8, 9, and 10 (and, time permitting, sections 1, 2, 3, 10, 11, and 12 of Chapter 16). In
Chapter 9 some results from calculus are used; namely, fundamentals on differentiation and
partial fraction decompositions. However, for those who wish to skip this chapter, sections
1,2, 3, 6, and 7 of Chapter 10 can still be covered. A course that emphasizes the theory and
applications of finite graphs can be developed from Chapters 11, 12, and 13. These chapters
form the third major subdivision of the text. For a course in applied algebra, Chapters
14, 15, 16, and 17 (the fourth, and final, subdivision) deal with the algebraic structures —
group, ring, Boolean algebra, and field — and include applications on cryptology, switching
functions, algebraic coding theory, and combinatorial designs. Finally, a course on the role
of discrete structures in computer science can be developed from the material in Chapters
11, 12, 13, 15, and sections 1-9 of Chapter 16. For here we find applications on switching
functions, the RSA cryptosystem, and algebraic coding theory, as well as an introduction
to graph theory and trees, and their role in optimization.

Other possible courses can be developed by considering the following chapter depen-
dencies.
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Dependence on Prior Chapters

No dependence
No dependence (Hence an instructor can start a course in discrete mathe-
matics with either the study of logic or an introduction to enumeration.)

1)

’

2
2
,2
2
2

-

1

1

1

1 , 5 (Minor dependence in Section 6.1 on Sections 4.1, 4.2)
1,2, 3,5, 6 (Minor dependence in Section 7.2 on Sections 4.1, 4.2)
1, 3 (Minor dependence in Example 8.6 on Section 5.3)
1

1

1

5

9~

3
3,4
3
3

-

,2,3,4,5 (Although some graph-theoretic ideas are mentioned in Chapters
,6,7,8,and 10, the material in this chapter is developed with no dependence
on the graph-theoretic material given in these earlier results.)

3
3
, 3,4, 5,9 (Minor dependence in Example 10.33 on Section 7.3)
2,3
6

In addition, the index has been very carefully developed in order to make the text even
more flexible. Terms are presented with primary listings and several secondary listings.
Also there is a great deal of cross referencing. This is designed to help the instructor who
may want to change the order of presentation and deviate from the straight and narrow.

Changes in the Fifth Edition

The changes here in the fifth edition of Discrete and Combinatorial Mathematics reflect
the observations and recommendations of students and instructors who have used earlier
editions of the text. As with the first four editions, the tone and purpose of the text remain
intact. The author’s goal is still the same: to provide within these pages a sound, readable,
and understandable introduction to the foundations of discrete and combinatorial mathe-
matics — for the beginning student or reader. Among the changes one will find in this fifth
edition we mention the following:

® The examples in Section 4 of Chapter 1 now include material on runs, a concept that
arises in the study of statistics —in particular, in the area of quality control.

e Exercise 13 for Section 3 of Chapter 2 develops the rule of inference known as reso-
lution, a rule that serves as the basis for many computer programs designed to automate
a reasoning system.

® The earlier editions of this text included a section that introduced the notion of prob-
ability. This section has now been expanded and three additional optional sections have
been added for those who wish to further examine some of the introductory ideas as-
sociated with discrete probability — in particular, the axioms of probability, conditional
probability, independence, Bayes’ Theorem, and discrete random variables.
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e The coverage on partial orders and total orders in Section 3 of Chapter 7 now includes
an optional example where the Catalan numbers arise in this context.

e The introductory material in Section 1 of Chapter 8 has been rewritten to provide
a more readable transition between the coverage on counting and Venn diagrams in Sec-
tion 3 of Chapter 3 and the more general technique known as the Principle of Inclusion
and Exclusion.

® One of the fascinating features of discrete and combinatorial mathematics is the vari-
ety of ways a given problem can be solved. In the fourth edition (in Chapters 1 and 3)
the reader learned, in two different contexts, that a positive integer n had 2"~ compo-
sitions — that is, there are 2"~ ways to write n as an ordered sum of positive-integer
summands. This result is now established in three other ways: (i) by the Principle of
Mathematical Induction in Chapter 4; (ii) using generating functions in Chapter 9; and
(iii) by solving a recurrence relation in Chapter 10.

e For those who want even more on discrete probability, Section 2 of Chapter 9 includes
an example that deals with the geometric random variable.

® Section 2 of Chapter 10 now includes a discussion of the work by Gabriel Lamé in
estimating the number of divisions used in the Euclidean algorithm to find the greatest
common divisor of two positive integers.

® The Master theorem (of importance in the analysis of algorithms) is introduced and
developed in an exercise for Section 6 of Chapter 10.

o The material on transport networks (in Section 3 of Chapter 13) has been updated and
now incorporates the Edmonds-Karp algorithm in the procedure originally developed by
Lester Ford and Delbert Fulkerson.

e The coverage on modular arithmetic in Section 3 of Chapter 14 now includes applica-
tions dealing with the linear congruential pseudorandom number generator, private-key
cryptosystems, and modular exponentiation. Further, in Section 4 of Chapter 14, the ma-
terial dealing with the Chinese Remainder Theorem, which was only stated in previous
editions, now includes a proof of this result as well as an example dealing with how it is
applied.

o Section 4 of Chapter 16 is new and optional. The material here provides an introduction
to the RSA public-key cryptosystem and shows how one can apply some of the theoretical
results developed in prior sections of the text.

e As with the second, third, and fourth editions, a great deal of effort has been applied
in updating the summary and historical review at the end of each chapter. Consequently,
new references and/or new editions are provided where appropriate.

e For this fifth edition, the following pictures and photographs have been added to the
summary and historical review of certain chapters: a picture of Thomas Bayes and a pho-
tograph of Andrei Nikolayevich Kolmogorov in Chapter 3; a picture of Al-Khowéarizm{i
in Chapter 4; a photograph of David A. Huffman in Chapter 12; and a photograph of
Joseph B. Kruskal in Chapter 13.

Ancillaries

e There is an Instructor’s Solutions Manual that is available, from the publisher, for
those instructors who adopt the textbook for their classes. It contains the solutions and/or
answers for all of the exercises within the 17 chapters and the three appendices of this
textbook.
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® There is also a Student’s Solutions Manual that is available separately. It contains the
solutions and/or answers for all of the odd-numbered exercises in the textbook. In some
cases more than one solution is presented.

e The following Web site provides additional resources for learning more about discrete
and combinatorial mathematics. In addition it also provides a way for readers to contact
the author with comments, suggestions, or possible errors they have found.

www.aw.com/grimaldi
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Fundamental
Principles of
Counting

Enumeration, or counting, may strike one as an obvious process that a student learns
when first studying arithmetic. But then, it seems, very little attention is paid to further
development in counting as the student turns to “more difficult” areas in mathematics, such
as algebra, geometry, trigonometry, and calculus. Consequently, this first chapter should
provide some warning about the seriousness and difficulty of “mere” counting.

Enumeration does not end with arithmetic. It also has applications in such areas as coding
theory, probability and statistics, and in the analysis of algorithms. Later chapters will offer
some specific examples of these applications.

As we enter this fascinating field of mathematics, we shall come upon many problems that
are very simple to state but somewhat “sticky” to solve. Thus, be sure to learn and understand
the basic formulas — but do not rely on them too heavily. For without an analysis of each
problem, a mere knowledge of formulas is next to useless. Instead, welcome the challenge
to solve unusual problems or those that are different from problems you have encountered
in the past. Seek solutions based on your own scrutiny, regardless of whether it reproduces
what the author provides. There are often several ways to solve a given problem.

1.1
The Rules of Sum and Product

Our study of discrete and combinatorial mathematics begins with two basic principles of
counting: the rules of sum and product. The statements and initial applications of these
rules appear quite simple. In analyzing more complicated problems, one is often able to
break down such problems into parts that can be solved using these basic principles. We
want to develop the ability to “decompose” such problems and piece together our partial
solutions in order to arrive at the final answer. A good way to do this is to analyze and solve
many diverse enumeration problems, taking note of the principles being used. This is the
approach we shall follow here.
Our first principle of counting can be stated as follows:

\
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.\\w‘\m Ruie. 0 ' SUM: If a first task can be performed in m ways, while a second task can
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Chapter 1 Fundamental Principles of Counting

EXAMPLE 1.1

EXAMPLE 1.2

EXAMPLE 1.3

EXAMPLE 1.4

EXAMPLE 1.5

EXAMPLE 1.6

Note that when we say that a particular occurrence, such as a first task, can come about in m
ways, these m ways are assumed to be distinct, unless a statement is made to the contrary.
This will be true throughout the entire text.

Acollege library has 40 textbooks on sociology and 50 textbooks dealing with anthropology.
By the rule of sum, a student at this college can select among 40 + 50 = 90 textbooks in
order to learn more about one or the other of these two subjects.

The rule can be extended beyond two tasks as long as no pair of tasks can occur simultane-
ously. For instance, a computer science instructor who has, say, seven different introductory
books each on C++, Java, and Perl can recommend any one of these 21 books to a student
who is interested in learning a first programming language.

The computer science instructor of Example 1.2 has two colleagues. One of these col-
leagues has three textbooks on the analysis of algorithms, and the other has five such
textbooks. If n denotes the maximum number of different books on this topic that this
instructor can borrow from them, then 5 < n < 8, for here both colleagues may own copies
of the same textbook(s).

The following example introduces our second principle of counting.

Intrying to reach a decision on plant expansion, an administrator assigns 12 of her employees
to two committees. Committee A consists of five members and is to investigate possible
favorable results from such an expansion. The other seven employees, committee B, will
scrutinize possible unfavorable repercussions. Should the administrator decide to speak to
just one committee member before making her decision, then by the rule of sum there are
12 employees she can call upon for input. However, to be a bit more unbiased, she decides
to speak with a member of committee A on Monday, and then with a member of committee
B on Tuesday, before reaching a decision. Using the following principle, we find that she
can select two such employees to speak with in 5 X 7 = 35 ways.

The Rule of Product: If a procedure can be broken down into first and second stages,
and if there are m possible outcomes for the first stage and if, for each of these outcomes,
there are n possible outcomes for the second stage, then the total procedure can be carried
out, in the designated order, in mn ways.

The drama club of Central University is holding tryouts for a spring play. With six men and
eight women auditioning for the leading male and female roles, by the rule of product the
director can cast his leading couple in 6 X 8 = 48 ways.

Here various extensions of the rule are illustrated by considering the manufacture of license
plates consisting of two letters followed by four digits.



EXAMPLE 1.7

EXAMPLE 1.8

1.1 The Rules of Sum and Product 5

a) If no letter or digit can be repeated, there are 26 X 25 X 10 X9 X 8 X7 =
3,276,000 different possible plates.

b) With repetitions of letters and digits allowed, 26 X 26 X 10 X 10 X 10 X 10 =
6,760,000 different license plates are possible.

¢) If repetitions are allowed, as in part (b), how many of the plates have only vowels (A,
E, L, O, U) and even digits? (0 is an even integer.)

In order to store data, a computer’s main memory contains a large collection of circuits, each
of which is capable of storing a bir — that is, one of the binary digits 0 or 1. These storage
circuits are arranged in units called (memory) cells. To identify the cells in a computer’s
main memory, each is assigned a unique name called its address. For some computers,
such as embedded microcontrollers (as found in the ignition system for an automobile), an
address is represented by an ordered list of eight bits, collectively referred to as a byte. Using
the rule of product, there are 2 X 2 X 2 X 2 X 2 X 2 X 2 X 2 = 28 = 256 such bytes. So
we have 256 addresses that may be used for cells where certain information may be stored.

A kitchen appliance, such as a microwave oven, incorporates an embedded microcon-
troller. These “small computers” (such as the PICmicro microcontroller) contain thousands
of memory cells and use two-byte addresses to identify these cells in their main memory.
Such addresses are made up of two consecutive bytes, or 16 consecutive bits. Thus there
are 256 X 256 = 28 X 28 = 216 = 65,536 available addresses that could be used to iden-
tify cells in the main memory. Other computers use addressing systems of four bytes. This
32-bit architecture is presently used in the Pentium® processor, where there are as many
as 28 X 28 x 28 % 28 =232 = 4,294,967,296 addresses for use in identifying the cells in
main memory. When a programmer deals with the UltraSPARC* or Itanium® processors, he
or she considers memory cells with eight-byte addresses. Each of these addresses comprises
8 X 8 = 64 bits, and there are 2% = 18,446,744,073,709,551,616 possible addresses for
this architecture. (Of course, not all of these possibilities are actually used.)

At times it is necessary to combine several different counting principles in the solution of
one problem. Here we find that the rules of both sum and product are needed to attain the
answer.

At the AWL corporation Mrs. Foster operates the Quick Snack Coffee Shop. The menu
at her shop is limited: six kinds of muffins, eight kinds of sandwiches, and five beverages
(hot coffee, hot tea, iced tea, cola, and orange juice). Ms. Dodd, an editor at AWL, sends
her assistant Carl to the shop to get her lunch — either a muffin and a hot beverage or a
sandwich and a cold beverage.

By the rule of product, there are 6 X 2 = 12 ways in which Carl can purchase a muffin and
hot beverage. A second application of this rule shows that there are 8 X 3 = 24 possibilities
for a sandwich and cold beverage. So by the rule of sum, there are 12 4- 24 = 36 ways in
which Carl can purchase Ms. Dodd’s lunch.

tPentium (R) is a registered trademark of the Intel Corporation.
*The UltraSPARC processor is manufactured by Sun (R) Microsystems, Inc.
$tanium (TM) is a trademark of the Intel Corporation.
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1.2

Permutations

EXAMPLE 1.9

Definition 1.1

Continuing to examine applications of the rule of product, we turn now to counting linear
arrangements of objects. These arrangements are often called permutations when the objects
are distinct. We shall develop some systematic methods for dealing with linear arrangements,
starting with a typical example.

In a class of 10 students, five are to be chosen and seated in a row for a picture. How many
such linear arrangements are possible?

The key word here is arrangement, which designates the importance of order. If A, B,
C,...,I, Jdenote the 10 students, then BCEFI, CEFIB, and ABCFG are three such different
arrangements, even though the first two involve the same five students.

To answer this question, we consider the positions and possible numbers of students we
can choose from in order to fill each position. The filling of a position is a stage of our
procedure.

10 X 9 X 8 X 7 X 6

ist 2nd 3rd ath 5th
position position position position position

Each of the 10 students can occupy the 1st position in the row. Because repetitions are
not possible here, we can select only one of the nine remaining students to fill the 2nd
position. Continuing in this way, we find only six students to select from in order to fill the
5th and final position. This yields a total of 30,240 possible arrangements of five students
selected from the class of 10.

Exactly the same answer is obtained if the positions are filled from right to left—
namely, 6 X 7 X 8 X 9 X 10. If the 3rd position is filled first, the 1st position second, the
4th position third, the Sth position fourth, and the 2nd position fifth, then the answer is
9 X 6 X 10 X 8 X 7, still the same value, 30,240.

As in Example 1.9, the product of certain consecutive positive integers often comes
into play in enumeration problems. Consequently, the following notation proves to be quite
useful when we are dealing with such counting problems. It will frequently allow us to
express our answers in a more convenient form.

For an integer n > 0, n factorial (denoted n!) is defined by
o'=1,
nl=m)mn-DHn-2)---3)2)(1), for n>1.

One finds that 1! = 1,2! = 2, 3! = 6, 4! = 24, and 5! = 120. In addition, for each n > 0,
m+D!'=(n+ 1)@n).

Before we proceed any further, let us try to get a somewhat better appreciation for how
fast n! grows. We can calculate that 10! = 3,628,800, and it just so happens that this is
exactly the number of seconds in six weeks. Consequently, 11! exceeds the number of
seconds in one year, 12! exceeds the number in 12 years, and 13! surpasses the number of
seconds in a century.
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If we make use of the factorial notation, the answer in Example 1.9 can be expressed in
the following more compact form:
5X4X3X2x1 10!

IOX9IXEXTX6=10X9X88XTX6X = —.
0x9x8 2 7x6 5X4X3X2X1 5!

Definition 1.2 Given a collection of n distinct objects, any (linear) arrangement of these objects is called
a permutation of the collection.

Starting with the letters a, b, ¢, there are six ways to arrange, or permute, all of the letters:
abc, acb, bac, bca, cab, cba. If we are interested in arranging only two of the letters at a
time, there are six such size-2 permutations: ab, ba, ac, ca, bc, cb.

If there are n distinct objects and r is an integer, with 1 <r < n, then by the rule of
product, the number of permutations of size r for the n objects is
Pa,r)= n X m—-DX@E-2DX---Xn—-r+1)

st and 3rd rth
position position position position

m-r@a-r-1---GAN)

=@h=Hn=2- - -r+HX O T T o0

n!
n-nr!
\

Forr =0,P(n,0)=1=n!/(n —0)!,s0 P(n,r) =n!/(n —r)! holds forall0 <r <n.
A special case of this result is Example 1.9, where n = 10, r = 5, and P(10, 5) = 30,240.
When permuting all of the n objects in the collection, we have r = n and find that P (n, n) =
n!/0! = n!.

Note, for example, that if n > 2, then P(n, 2) = n!/(n —2)! =n(n — 1). When n > 3
one finds that P(n,n —3) =n!/[n —(n—=3)'=n!/3! =) (n - 1)(n = 2) - - - (5)(4).

The number of permutations of size r, where 0 < r < n, from a collection of n objects,
is P(n,r) = n!/(n —r)!. (Remember that P(n, r) counts (linear) arrangements in which
the objects cannot be repeated.) However, if repetitions are allowed, then by the rule of
product there are n” possible arrangements, with r > 0.

. . -
EXAMPLE 1.10 The number of permutations of the letters in the word COMPUTER is 8!. If only five of the

letters are used, the number of permutations (of size 5) is P(8, 5) = 8!/(8 — 5)! = 8!/3! =

6720. If repetitions of letters are allowed, the number of possible 12-letter sequences is
812 = 6.872 x 10107

EXAMPLE 1.11 Unlike Example 1.10, the number of (linear) arrangements of the four letters in BALL is
’ 12, not 4! (= 24). The reason is that we do not have four distinct letters to arrange. To get

the 12 arrangements, we can list them as in Table 1.1(a).

The symbol “=" is read “is approximately equal to.”
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EXAMPLE 1.12

Table 1.1
A B L L A B L L, A B I, L
A L B L A L B L, A 1, B L
A L L B A L I, B A 1, L B
B A L L B A L L, B A L, L
B L A L B L A L, B L, A L
B L L A B L L A B L, L A
L A B L L, A B L, I, A B L
L A L B Li A L, B L, A L B
L B A L Ly B A L, I, B A L
L B L A Ly B L, A I, B L A
L L A B L, b, A B I, L, A B
L L B A L, Lb, B A I, Ly B A

—
8

(b)

If the two L’s are distinguished as L;, L, then we can use our previous ideas on per-
mutations of distinct objects; with the four distinct symbols B, A, L, L,, we have 4! = 24
permutations. These are listed in Table 1.1(b). Table 1.1 reveals that for each arrangement
in which the L’s are indistinguishable there corresponds a pair of permutations with distinct
L’s. Consequently,

2 X (Number of arrangements of the letters B, A, L, L)
= (Number of permutations of the symbols B, A, L, L),

and the answer to the original problem of finding all the arrangements of the four letters in
BALLis 4!/2 = 12.

Using the idea developed in Example 1.11, we now consider the arrangements of all nine
letters in DATABASES.

There are 3! = 6 arrangements with the A’s distinguished for each arrangement in
which the A’s are not distinguished. For example, DA;TA;BA3SES, DA; TA3;BA,SES,
DA,TA;BA;SES, DA, TA3;BA;SES, DA3TABA,SES, and DA3;TA;BA,; SES all correspond
to DATABASES, when we remove the subscripts on the A’s. In addition, to the arrange-
ment DA; TA;BA3SES there corresponds the pair of permutations DA; TA;BA3S;ES; and
DA;TA;BA3S;ES |, when the S’s are distinguished. Consequently,

21 (3!) (Number of arrangements of the letters in DATABASES)
= (Number of permutations of the symbols D, A, T, A, B, A3, S}, E, S,),

so the number of arrangements of the nine letters in DATABASES is 9!/(2! 3!) = 30,240.

Before stating a general principle for arrangements with repeated symbols, note that in our
prior two examples we solved a new type of problem by relating it to previous enumeration
principles. This practice is common in mathematics in general, and often occurs in the
derivations of discrete and combinatorial formulas.
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EXAMPLE 1.14
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If there are n objects with n, indistinguishable objects of a first type, n, indistinguishable
objects of a second type, ..., and n, indistin;guishable objects of an rth type, where

ny+ny+--+n, =n,thentherearen
n objects.

n! . .
(linear) arrangements of the given
Tl !

The MASSASAUGA is a brown and white venomous snake indigenous to North America.
Arranging all of the letters in MASSASAUGA, we find that there are

10!
PETRTRTRTARE
possible arrangements. Among these are
T
CRTRIRTRTA

in which all four A’s are together. To get this last result, we considered all arrangements of
the seven symbols AAAA (one symbol), S, S, S, M, U, G.

Determine the number of (staircase) paths in the xy-plane from (2, 1) to (7, 4), where each
such path is made up of individual steps going one unit to the right (R) or one unit upward
(U). The blue lines in Fig. 1.1 show two of these paths.

y y
41 4
3 3
2 2
1 1
X X
1 2 3 4 5 6 7 1 2 3 4 5 6 7
(@) R,U,RR,UR,RU (b) URRRUURR
Figure 1.1

Beneath each path in Fig. 1.1 we have listed the individual steps. For example, in part
(a) the list R, U, R, R, U, R, R, U indicates that starting at the point (2, 1), we first move
one unit to the right [to (3, 1)], then one unit upward [to (3, 2)], followed by two units to
the right [to (5, 2)], and so on, until we reach the point (7, 4). The path consists of five R’s
for moves to the right and three U’s for moves upward.

The path in part (b) of the figure is also made up of five R’s and three U’s. In general,
the overall trip from (2, 1) to (7, 4) requires 7 — 2 = 5 horizontal moves to the right and
4 — 1 = 3 vertical moves upward. Consequently, each path corresponds to a list of five
R’s and three U’s, and the solution for the number of paths emerges as the number of
arrangements of the five R’s and three U’s, which is 8!/(5! 3!) = 56.
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EXAMPLE 1.15

EXAMPLE 1.16

We now do something a bit more abstract and prove that if » and k are positive integers with
n = 2k, then n!/2* is an integer. Because our argument relies on counting, it is an example
of a combinatorial proof.

Consider the n symbols x;, x1, X2, X2, . . . , Xk, X¢. The number of ways in which we can
arrange all of these n = 2k symbols is an integer that equals

n! n!
2021...21 2k
—_——

k factors of 2!

Finally, we will apply what has been developed so far to a situation in which the arrange-
ments are no longer linear.

If six people, designated as A, B, . . ., F, are seated about a round table, how many different
circular arrangements are possible, if arrangements are considered the same when one can
be obtained from the other by rotation? [In Fig. 1.2, arrangements (a) and (b) are considered
identical, whereas (b), (c), and (d) are three distinct arrangements.]

A C A D
D B F D B D E A
C E E A E C F C
F B F B
@ (b) @ (C)

EXAMPLE 1.17

Figure 1.2

We shall try to relate this problem to previous ones we have already encountered. Con-
sider Figs. 1.2(a) and (b). Starting at the top of the circle and moving clockwise, we list
the distinct linear arrangements ABEFCD and CDABEF, which correspond to the same
circular arrangement. In addition to these two, four other linear arrangements — BEFCDA,
DABEFC, EFCDAB, and FCDABE — are found to correspond to the same circular ar-
rangement as in (a) or (b). So inasmuch as each circular arrangement corresponds to six

linear arrangements, we have 6 X (Number of circular arrangements of A, B, ..., F) =
(Number of linear arrangements of A, B, ..., F) = 6!.

Consequently, there are 6!/6 = 5! = 120 arrangements of A, B, . . ., F around the circular
table.

Suppose now that the six people of Example 1.16 are three married couples and that A, B,
and C are the females. We want to arrange the six people around the table so that the sexes
alternate. (Once again, arrangements are considered identical if one can be obtained from
the other by rotation.)

Before we solve this problem, let us solve Example 1.16 by an alternative method,
which will assist us in solving our present problem. If we place A at the table as shown in
Fig. 1.3(a), five locations (clockwise from A) remain to be filled. Using B, C, . .., Fto fill
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(a

M2

Figure 1.3

these five positions is the problem of permuting B, C, . . ., F in a linear manner, and this

can be done in 5! = 120 ways.

To solve the new problem of alternating the sexes, consider the method shown in
Fig. 1.3(b). A (a female) is placed as before. The next position, clockwise from A, is marked
M1 (Male 1) and can be filled in three ways. Continuing clockwise from A, position F2
(Female 2) can be filled in two ways. Proceeding in this manner, by the rule of product,
there are 3 X 2 X 2 X 1 X 1 = 12 ways in which these six people can be arranged with no
two men or women seated next to each other.

EXERCISES 1.1 AND 1.2

1. During a local campaign, eight Republican and five Demo-
cratic candidates are nominated for president of the school
board.

a) If the president is to be one of these candidates, how
many possibilities are there for the eventual winner?

b) How many possibilities exist for a pair of candidates
(one from each party) to oppose each other for the eventual
election?
¢) Which counting principle is used in part (a)? in
part (b)?

2. Answer part (c) of Example 1.6.

3. Buick automobiles come in four models, 12 colors, three
engine sizes, and two transmission types. (a) How many distinct
Buicks can be manufactured? (b) If one of the available colors
is blue, how many different blue Buicks can be manufactured?

4. The board of directors of a pharmaceutical corporation has
10 members. An upcoming stockholders’ meeting is scheduled
to approve a new slate of company officers (chosen from the 10
board members).

a) How many different slates consisting of a president, vice
president, secretary, and treasurer can the board present to
the stockholders for their approval?

b) Three members of the board of directors are physicians.
How many slates from part (a) have (i) a physician nomi-
nated for the presidency? (ii) exactly one physician appear-

ing on the slate? (iii) at least one physician appearing on
the slate?

5. While on a Saturday shopping spree Jennifer and Tiffany
witnessed two men driving away from the front of a jewelry
shop, just before a burglar alarm started to sound. Although ev-
erything happened rather quickly, when the two young ladies
were questioned they were able to give the police the following
information about the license plate (which consisted of two let-
ters followed by four digits) on the get-away car. Tiffany was
sure that the second letter on the plate was either an O or a Q and
the last digit was either a 3 or an 8. Jennifer told the investigator
that the first letter on the plate was either a C or a G and that the
first digit was definitely a 7. How many different license plates
will the police have to check out?

6. To raise money for a new municipal pool, the chamber of
commerce in a certain city sponsors arace. Each participant pays
a $5 entrance fee and has a chance to win one of the different-
sized trophies that are to be awarded to the first eight runners
who finish.

a) If 30 people enter the race, in how many ways will it be
possible to award the trophies?

b) If Roberta and Candice are two participants in the race,
in how many ways can the trophies be awarded with these
two runners among the top three?

7. Acertain “Burger Joint” advertises that a customer can have
his or her hamburger with or without any or all of the fol-
lowing: catsup, mustard, mayonnaise, iettuce, tomato, onion,
pickle, cheese, or mushrooms. How many different kinds of
hamburger orders are possible?
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8. Matthew works as a computer operator at a small univer-
sity. One evening he finds that 12 computer programs have been
submitted earlier that day for batch processing. In how many
ways can Matthew order the processing of these programs if
(a) there are no restrictions? (b) he considers four of the pro-
grams higher in priority than the other eight and wants to process
those four first? (c) he first separates the programs into four of
top priority, five of lesser priority, and three of least priority,
and he wishes to process the 12 programs in such a way that the
top-priority programs are processed first and the three programs
of least priority are processed last?

9. Patter’s Pastry Parlor offers eight different kinds of pastry
and six different kinds of muffins. In addition to bakery items
one can purchase small, medium, or large containers of the fol-
lowing beverages: coffee (black, with cream, with sugar, or with
cream and sugar), tea (plain, with cream, with sugar, with cream
and sugar, with lemon, or with lemon and sugar), hot cocoa, and
orange juice. When Carol comes to Patter’s, in how many ways
can she order

a) one bakery item and one medium-sized beverage for
herself?

b) one bakery item and one container of coffee for herself
and one muffin and one container of tea for her boss, Ms.
Didio?

¢) one piece of pastry and one container of tea for herself,
one muffin and a container of orange juice for Ms. Didio,
and one bakery item and one container of coffee for each
of her two assistants, Mr. Talbot and Mrs. Gillis?

10. Pamela has 15 different books. In how many ways can she
place her books on two shelves so that there is at least one book
on each shelf? (Consider the books in each arrangement to be
stacked one next to the other, with the first book on each shelf
at the left of the shelf.)

11. Three small towns, designated by A, B, and C, are inter-
connected by a system of two-way roads, as shown in Fig. 1.4.

Figure 1.4

a) In how many ways can Linda travel from town A to
town C?

b) How many different round trips can Linda travel from
town A to town C and back to town A?

¢) How many of the round trips in part (b) are such that
the return trip (from town C to town A) is at least partially
different from the route Linda takes from town A to town
C? (For example, if Linda travels from town A to town C
along roads R; and Rg, then on her return she might take
roads R¢ and Rs, or roads R; and Ry, or road Ry, among
other possibilities, but she does not travel on roads Rg
and R;.)

12. List all the permutations for the letters a, c, t.

13. a) How many permutations are there for the eight letters
a,cf g it wx?

b) Consider the permutations in part (a). How many start
with the letter t? How many start with the letter t and end
with the letter ¢?

14. Evaluate each of the following.
a) P(7,2) b) P8,4) ¢ P(10,7) d) P(12,3)

15. In how many ways can the symbols a, b, ¢, d, e, e, e, e, €
be arranged so that no e is adjacent to another e?

16. Analphabet of 40 symbols is used for transmitting messages
in a communication system. How many distinct messages (lists
of symbols) of 25 symbols can the transmitter generate if sym-
bols can be repeated in the message? How many if 10 of the
40 symbols can appear only as the first and/or last symbols of
the message, the other 30 symbols can appear anywhere, and
repetitions of all symbols are allowed?

17. In the Internet each network interface of a computer is as-
signed one, or more, Internet addresses. The nature of these
Internet addresses is dependent on network size. For the In-
ternet Standard regarding reserved network numbers (STD 2),
each address is a 32-bit string which falls into one of the fol-
lowing three classes: (1) A class A address, used for the largest
networks, begins with a 0 which is then followed by a seven-bit
network number, and then a 24-bit local address. However, one
is restricted from using the network numbers of all 0’s or all
1’s and the local addresses of all 0’s or all 1’s. (2) The class
B address is meant for an intermediate-sized network. This ad-
dress starts with the two-bit string 10, which is followed by a
14-bit network number and then a 16-bit local address. But the
local addresses of all 0’s or all 1’s are not permitted. (3) Class C
addresses are used for the smallest networks. These addresses
consist of the three-bit string 110, followed by a 21-bit network
number, and then an eight-bit local address. Once again the local
addresses of all 0’s or all 1’s are excluded. How many different
addresses of each class are available on the Internet, for this
Internet Standard?

18. Morgan is considering the purchase of a low-end computer
system. After some careful investigating, she finds that there are
seven basic systems (each consisting of a monitor, CPU, key-
board, and mouse) that meet her requirements. Furthermore, she



also plans to buy one of four modems, one of three CD ROM
drives, and one of six printers. (Here each peripheral device of
a given type, such as the modem, is compatible with all seven
basic systems.) In how many ways can Morgan configure her
low-end computer system?

19. A computer science professor has seven different program-
ming books on a bookshelf. Three of the books deal with C++,
the other four with Java. In how many ways can the professor
arrange these books on the shelf (a) if there are no restrictions?
(b) if the languages should alternate? (c) if all the C++ books
must be next to each other? (d) if all the C++ books must be
next to each other and all the Java books must be next to each
other?

20. Over the Internet, data are transmitted in structured blocks
of bits called datagrams.

a) In how many ways can the letters in DATAGRAM be
arranged?

b) For the arrangements of part (a), how many have all
three A’s together?

21. a) How many arrangements are there of all the letters in
SOCIOLOGICAL?

b) In how many of the arrangements in part (a) are A and
G adjacent?

¢) In how many of the arrangements in part (a) are all the
vowels adjacent?

22. How many positive integers n can we form using the digits
3,4,4,5,5, 6,7 if we want n to exceed 5,000,000?

23. Twelve clay targets (identical in shape) are arranged in four
hanging columns, as shown in Fig. 1.5. There are four red tar-
gets in the first column, three white ones in the second column,
two green targets in the third column, and three blue ones in
the fourth column. To join her college drill team, Deborah must
break all 12 of these targets (using her pistol and only 12 bul-
lets) and in so doing must always break the existing target at
the bottom of a column. Under these conditions, in how many
different orders can Deborah shoot down (and break) the 12
targets?

I il
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24. Show that for all integers n, r > 0,if n + 1 > r, then

1
Pn+1,r)= (ni%) P(n,r).

25. Find the value(s) of n in each of the following:
(a) P(n, 2) =90, (b) P(n,3)=3P(n,2),and
(©)2P(n,2)+50= P(2n, 2).

26. How many different paths in the xy-plane are there from
(0, 0) to (7, 7) if a path proceeds one step at a time by go-
ing either one space to the right (R) or one space upward (U)?
How many such paths are there from (2, 7) to (9, 14)? Can any
general statement be made that incorporates these two results?

27. a) How many distinct paths are there from (—1, 2, 0) to
(1, 3, 7) in Euclidean three-space if each move is one of
the following types?

H:(x,y,2)—> x+1,y,2);

M:(x,y,2) > (x,y+1,2);

A):x,y,2) > (x, 5,2+ 1)
b) How many such paths are there from (1,0, 5) to
8, 1,7)?
¢) Generalize the results in parts (a) and (b).

28. a) Determine the value of the integer variable counter af-
ter execution of the following program segment. (Here i,
J, and k are integer variables.)

counter :=0
fori:=1tol2do
counter := counter +1
for j :=5to 10 do
counter := counter + 2
for k :=15 downto 8 do
counter := counter + 3

b) Which counting principle is at play in part (a)?

29. Consider the following program segment where i, j, and k
are integer variables.

fori:=1tol2do
for j :=5to10do
for k := 15 downto 8 do
print (i - j)*k

a) How many times is the print statement executed?

b) Which counting principle is used in part (a)?
30. A sequence of letters of the form abcba, where the expres-
sion is unchanged upon reversing order, is an example of a
palindrome (of five letters). (a) If a letter may appear more than
twice, how many palindromes of five letters are there? of six
letters? (b) Repeat part (a) under the condition that no letter
appears more than twice.
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A B G

@) (b)

(0

Figure 1.6

31. Determine the number of six-digit integers (no leading ze-
ros) in which (a) no digit may be repeated; (b) digits may be
repeated. Answer parts (a) and (b) with the extra condition that
the six-digit integer is (i) even; (ii) divisible by 5; (iii) divisible
by 4.

32. a) Provide a combinatorial argument to show that if » and
k are positive integers with n = 3k, then n!/(3!)* is an in-
teger.

b) Generalize the result of part (a).

33. a) In how many possible ways could a student answer a
10-question true-false test?

b) In how many ways can the student answer the test in
part (a) if it is possible to leave a question unanswered in
order to avoid an extra penalty for a wrong answer?

34. How many distinct four-digit integers can one make from
the digits 1, 3, 3,7, 7, and 8?

35. a) In how many ways can seven people be arranged about
a circular table?

1.3
Combinations: The Binomial Theorem

b) If two of the people insist on sitting next to each other,
how many arrangements are possible?

36. a) In how many ways can eight people, denoted A,
B, ..., H be seated about the square table shown in Fig.
1.6, where Figs. 1.6(a) and 1.6(b) are considered the same
but are distinct from Fig. 1.6(c)?

b) If two of the eight people, say A and B, do not get along
well, how many different seatings are possible with A and
B not sitting next to each other?

37. Sixteen people are to be seated at two circular tables, one
of which seats 10 while the other seats six. How many different
seating arrangements are possible?

38. A committee of 15— nine women and six men—is to be
seated at a circular table (with 15 seats). In how many ways can
the seats be assigned so that no two men are seated next to each
other?

39. Write a computer program (or develop an algorithm)
to determine whether there is a three-digit integer
abc (= 100a + 10b + ¢) where abc = a! + b! + c¢!.

The standard deck of playing cards consists of 52 cards comprising four suits: clubs, di-
amonds, hearts, and spades. Each suit has 13 cards: ace, 2, 3, ..., 9, 10, jack, queen,
king. If we are asked to draw three cards from a standard deck, in succession and without
replacement, then by the rule of product there are

52X 51 % 50 = 22 = P(52,3)
49! ’

possibilities, one of which is AH (ace of hearts), 9C (nine of clubs), KD (king of dia-
monds). If instead we simply select three cards at one time from the deck so that the order
of selection of the cards is no longer important, then the six permutations AH-9C-KD,
AH-KD-9C, 9C-AH-KD, 9C-KD-AH, KD-9C-AH, and KD-AH-9C all correspond to
just one (unordered) selection. Consequently, each selection, or combination, of three cards,
with no reference to order, corresponds to 3! permutations of three cards. In equation form
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this translates into
(3!) X (Number of selections of size 3 from a deck of 52)

= Number of permutations of size 3 for the 52 cards

52!
= P(52,3) = —.
( ) 49!
Consequently, three cards can be drawn, without replacement, from a standard deck in
521/(3!49") = 22,100 ways.

If we start with.n distinct objects, each selection, or combination, of r of these objects,
with no reference to order, corresponds to ! permutations of size r from the n objects.
Thus the number of combinations of size r from a collection of size n is

P(n,r) n!
Conr) = — = = e

ﬂﬁrﬁm

In addition to C(n, r) the symbol (?) is also frequently used. Both C(n, r) and (7) are
sometimes read “n choose r.” Note that for all n > 0, C(n, 0) = C(n, n) = 1. Further, for
aln>1,C(n,1)=C(n,n—1)=n.When0 <n <r,thenC(n, r) = (:’) =0.

A word to the wise! When dealing with any counting problem, we should ask ourselves
about the importance of order in the problem. When order is relevant, we think in terms
of permutations and arrangements and the rule of product. When order is not relevant,
combinations could play a key role in solving the problem.

A hostess is having a dinner party for some members of her charity committee. Because
of the size of her home, she can invite only 11 of the 20 committee members. Order is not
important, so she can invite “the lucky 117 in C(20, 11) = (39) = 20!/(11!9!) = 167,960
ways. However, once the 11 arrive, how she arranges them around her rectangular dining
table is an arrangement problem. Unfortunately, no part of the theory of combinations and
permutations can help our hostess deal with “the offended nine” who were not invited.

Lynn and Patti decide to buy a PowerBall ticket. To win the grand prize for PowerBall
one must match five numbers selected from 1 to 49 inclusive and then must also match
the powerball, an integer from 1 to 42 inclusive. Lynn selects the five numbers (between
1 and 49 inclusive). This she can do in (%) ways (since matching does not involve order).
Meanwhile Patti selects the powerball — here there are (412) possibilities. Consequently, by
the rule of product, Lynn and Patti can select the six numbers for their PowerBall ticket in

(9)(“2) = 80,089,128 ways.

a) A student taking a history examination is directed to answer any seven of 10 essay
questions. There is no concern about order here, so the student can answer the examina-
tion in

10y 100  10X9X8
7 7! 3! 3X2X1
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b) If the student must answer three questions from the first five and four questions from
the last five, three questions can be selected from the first five in (3) = 10 ways, and
the other four questions can be selected in (3) = 5 ways. Hence, by the rule of product,

the student can complete the examination in (3)(3) = 10 X 5 = 50 ways.

¢) Finally, should the directions on this examination indicate that the student must answer
seven of the 10 questions where at least three are selected from the first five, then there
are three cases to consider:

i) The student answers three of the first five questions and four of the last five: By
the rule of product this can happen in (3)(3) = 10 X 5 = 50 ways, as in part (b).
ii) Four of the first five questions and three of the last five questions are selected by
the student: This can come about in (3)(3) =5 X 10 = 50 ways —again by the
rule of product.
iii) The student decides to answer all five of the first five questions and two of the
last five: The rule of product tells us that this last case can occur in (3)(3) =
1 X 10 = 10 ways.

Combining the results for cases (i), (ii), and (iii), by the rule of sum we find that the
student can make (3)(3) + (3)(3) + () (3) = 50 + 50 + 10 = 110 selections of seven (out
of 10) questions where each selection includes at least three of the first five questions.

EXAMPLE 1.21 a) At Rydell High School, the gym teacher must select nine girls from the junior and
: senior classes for a volleyball team. If there are 28 juniors and 25 seniors, she can
make the selection in (%) = 4,431,613,550 ways.

b) If two juniors and one senior are the best spikers and must be on the team, then the
rest of the team can be chosen in (560) = 15,890,700 ways.

¢) For a certain tournament the team must comprise four juniors and five seniors. The
teacher can select the four juniors in (%) ways. For each of these selections she has
(3) ways to choose the five seniors. Consequently, by the rule of product, she can

select her team in (%)(%)) = 1,087,836,750 ways for this particular tournament.

Some problems can be treated from the viewpoint of either arrangements or combina-
tions, depending on how one analyzes the situation. The following example demonstrates
this.

EXAMPLE 1.22 The gym teacher of Example 1.21 must make up four volleyball teams of nine girls each
. from the 36 freshman girls in her P.E. class. In how many ways can she select these four
teams? Call the teams A, B, C, and D.

a) To form team A, she can select any nine girls from the 36 enrolled in (3f) ways. For
team B the selection process yields (%) possibilities. This leaves () and () possible
ways to select teams C and D, respectively. So by the rule of product, the four teams
can be chosen in

B)EIE)6) - (i) s730) () ()

— - 19
= W =2.145 X 10 ways.
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b) For an alternative solution, consider the 36 students lined up as follows:

Ist 2nd 3rd 35th 36th
student student student student student

To select the four teams, we must distribute nine A’s, nine B’s, nine C’s, and nine D’s in
the 36 spaces. The number of ways in which this can be done is the number of arrangements
of 36 letters comprising nine each of A, B, C, and D. This is now the familiar problem of
arrangements of nondistinct objects, and the answer is

36!

W, as in part (a).

Our next example points out how some problems require the concepts of both arrange-
ments and combinations for their solutions.

The number of arrangements of the letters in TALLAHASSEE is
11!

3121212111 1!

How many of these arrangements have no adjacent A’s?

When we disregard the A’s, there are

8!

21212011 1

ways to arrange the remaining letters. One of these 5040 ways is shown in the following

figure, where the arrows indicate nine possible locations for the three A’s.

E,ES TL,L, S H

RRRRRRRR

Three of these locations can be selected in (g) = 84 ways, and because this is also possible
for all the other 5039 arrangements of E, E, S, T, L, L, S, H, by the rule of product there
are 5040 X 84 = 423,360 arrangements of the letters in TALLAHASSEE with no consecu-
tive A’s.

= 831,600.

= 5040

Before proceeding we need to introduce a concise way of writing the sum of a list of
n + 1 terms like a,,, am+1, Gm+2, - - - Am+n, Where m and n are integers and n > 0. This
notation is called the Sigma notation because it involves the capital Greek letter X; we use
it to represent a summation by writing
m-+n

am +am+1 +am+2+' : '+am+n = E ai.
1=m

Here, the letter i is called the index of the summation, and this index accounts for all
integers starting with the lower limit m and continuing on up to (and including) the upper
limit m + n.

We may use this notation as follows.

7 7
1) Z a =az+as+as+ag+a; = Z aj, for there is nothing special about the
i=3 j=3
letter i.
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EXAMPLE 1.24

4 4
2) Ziz=12+22+32+42=3O=Zk2,because02=0.

i=1 k=0

100 101 99
HY P11 +13 441000 = DY (G- =) k+ D
k=10

i=11 j=12

10 10
4) ) 2 =2(7) +2(8) +2(9) +2(10) =68 =2(34) =2(7+8+9+10) =2 ) i.

i=7 i=7

4 2
a =az = E a1 = E Arq1.

Furthermore, using this summation notation, we see that one can express the answer to
part (c) of Example 1.20 as

OO-O0-OC-206)-262)0)

We shall find use for this new notation in the following example and in many other places
throughout the remainder of this book.

In the studies of algebraic coding theory and the theory of computer languages, we consider
certain arrangements, called strings, made up from a prescribed alphabet of symbols. If the
prescribed alphabet consists of the symbols 0, 1, and 2, for example, then 01, 11, 21, 12,
and 20 are five of the nine strings of length 2. Among the 27 strings of length 3 are 000,
012, 202, and 110.

In general, if n is any positive integer, then by the rule of product there are 3" strings of
length n for the alphabet 0, 1,and 2. If x = x;x,x3 - - - x,, is one of these strings, we define the
weight of x, denoted wt(x), by wt(x) = x; 4+ x + x3 + - - - + x,,. For example, wt(12) = 3
and wt(22) = 4 for the case where n = 2; wt(101) = 2, wt(210) = 3, and wt(222) = 6 for
n=3.

Among the 3'° strings of length 10, we wish to determine how many have even weight.
Such a string has even weight precisely when the number of 1’s in the string is even.

There are six different cases to consider. If the string x contaifis no 1’s, then each of the
10 locations in x can be filled with either 0 or 2, and by the rule of product there are 2'° such
strings. When the string contains two 1’s, the locations for these two 1’s can be selected in
('7) ways. Once these two locations have been specified, there are 28 ways to place either 0
or 2 in the other eight positions. Hence there are ()2 strings of even weight that contain
two 1’s. The numbers of strings for the other four cases are given in Table 1.2.

Table 1.2
Number of 1’s  Number of Strings | Number of 1’s Number of Strings
‘ (92 ; (922
6 (§)2* 10 (i0)
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Consequently, by the rule of sum, the number of strings of length 10 that have even
weightis 210+ (9)2° + (9)25-+ (9)2° + ()22 + () = T30 ()21,

Often we must be careful of overcounting — a situation that seems to arise in what
may appear to be rather easy enumeration problems. The next example demonstrates how
overcounting may come about.

EXAMPLE 1.25 a) Suppose that Ellen draws five cards from a standard deck of 52 cards. In how many
’ ways can her selection result in a hand with no clubs? Here we are interested in counting

all five-card selections such as

i) ace of hearts, three of spades, four of spades, six of diamonds, and the jack of
diamonds.
ii) five of spades, seven of spades, ten of spades, seven of diamonds, and the king of
diamonds.
iii) two of diamonds, three of diamonds, six of diamonds, ten of diamonds, and the
jack of diamonds.

If we examine this more closely we see that Ellen is restricted to selecting her five
cards from the 39 cards in the deck that are not clubs. Consequently, she can make her

selection in (%) ways.

b) Now suppose we want to count the number of Ellen’s five-card selections that contain
at least one club. These are precisely the selections that were not counted in part (a).
And since there are (%) possible five-card hands in total, we find that

(552> - (359) = 2,598,960 — 575,757 = 2,023,203

of all five-card hands contain at least one club.

¢) Can we obtain the result in part (b) in another way? For example, since Ellen wants to
have at least one club in the five-card hand, let her first select a club. This she can do in
(%) ways. And now she doesn’t care what comes up for the other four cards. So after
she eliminates the one club chosen from her standard deck, she can then select the
other four cards in (3') ways. Therefore, by the rule of product, we count the number

of selections here as
<ll3> (541> =13 X 249,900 = 3,248,700.

Something here is definitely wrong! This answer is larger than that in part (b) by more
than one million hands. Did we make a mistake in part (b)? Or is something wrong
with our present reasoning?

For example, suppose that Ellen first selects

the three of clubs

and then selects
the five of clubs,
king of clubs,
seven of hearts, and

jack of spades.
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If, however, she first selects
the five of clubs

and then selects

the three of clubs,
king of clubs,
seven of hearts, and

jack of spades,

is her selection here really different from the prior selection we mentioned? Unfortu-
nately, no! And the case where she first selects

the king of clubs
and then follows this by selecting

the three of clubs,
five of clubs,
seven of hearts, and

jack of spades

is not different from the other two selections mentioned earlier.
Consequently, this approach is wrong because we are overcounting— by consid-
ering like selections as if they were distinct.

d) But is there any other way to arrive at the answer in part (b)? Yes! Since the five-card
hands must each contain at least one club, there are five cases to consider. These are
given in Table 1.3. From the results in Table 1.3 we see, for example, that there are
(13)( ) five-card hands that contain exactly two clubs. If we are interested in having
exactly three clubs in the hand, then the results in the table indicate that there are
(5) (%) such hands.

Table 1.3
Number of Ways Number of Number of Ways
Number to Select This Cards That to Select This
of Clubs | Number of Clubs | Are Not Clubs | Number of Nonclubs
! (¥) 4 (¥)
2 (5) 3 ()
3 (5) 2 (%)
4 (¥) 1 (¥)
5 (¥) 0 ()
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Since no two of the cases in Table 1.3 have any five-card hand in common, the number
of hands that Ellen can select with at least one club is

(D) G)E)+E)E) () (5)E)
> (D)67)

(13)(82,251) + (78)(9139) + (286)(741) + (715)(39) + (1287)(1)
2,023,203.

We shall close this section with three results related to the concept of combinations.

First we note that for integers n, r, withn > r >0, (?) = (,” ). This can be established
algebraically from the formula for (?), but we prefer to observe that when dealing with
a selection of size r from a collection of n distinct objects, the selection process leaves
behind n — r objects. Consequently, (*) = (,," ,) affirms the existence of a correspondence
between the selections of size r (objects chosen) and the selections of size n — r (objects
left behind). An example of this correspondence is shown in Table 1.4, wheren = 5,r = 2,
and the distinct objects are 1, 2, 3, 4, and 5. This type of correspondence will be more
formally defined in Chapter 5 and used in other counting situations.

Table 1.4
Selections of Size r = 2 Selections of Sizen —r =3
(Objects Chosen) (Objects Left Behind)
1. 1,2 6. 2,4 1. 3,4,5 6. 1,3,5
2. 1,3 7. 2,5 2. 2,4,5 7. 1,3,4
3. 1,4 8. 3,4 3. 2,3,5 8. 1,2,5
4, 1,5 9. 3,5 4. 2,3,4 9. 1,2,4
5. 2,3 10. 4,5 5. 1,4,5 10. 1,2,3

Our second result is a theorem from our past experience in algebra.

THEOREM 1.1

The Binomial Theorem. If x and y are variables and n is a positive integer, then

(x+y)" — (g)xoyn + (’;)xlyn—l + (;)XZyn—Z_I_” .
h n—11 nnoznnkn—k
(2 G = (O

Before considering the general proof, we examine a special case. If n = 4, the coefficient
of x2y? in the expansion of the product

x+y)x+y) x+y) &x+y)

st 2nd 3rd 4th
factor factor factor factor
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EXAMPLE 1.26

is the number of ways in which we can select two x’s from the four x’s, one of which is
available in each factor. (Although the x’s are the same in appearance, we distinguish them
as the x in the first factor, the x in the second factor, . .., and the x in the fourth factor.
Also, we note that when we select two x’s, we use two factors, leaving us with two other
factors from which we can select the two y’s that are needed.) For example, among the
possibilities, we can select (1) x from the first two factors and y from the last two or (2) x
from the first and third factors and y from the second and fourth. Table 1.5 summarizes the
six possible selections.

Table 1.5
Factors Selected for x Factors Selected for y
€h) 1,2 €h) 3,4
() 1,3 2) 2,4
3) 1,4 (3) 2,3
(4) 2,3 4 1,4
(%) 2,4 Q) 1,3
(6) 3,4 (6) 1,2

Consequently, the coefficient of x?y? in the expansion of (x + y)*is (3) = 6, the number
of ways to select two distinct objects from a collection of four distinct objects.
Now we turn to the proof of the general case.

Proof: In the expansion of the product

x+yx+y)x+y)---(x+y)

ist 2nd 3rd nth
factor factor factor factor

the coefficient of x*y"~*, where 0 < k < n, is the number of different ways in which we
can select k x’s [and consequently (n — k) y’s] from the n available factors. (One way, for
example, is to choose x from the first k factors and y from the last n — k factors.) The total
number of such selections of size k from a collection of size n is C(n, k) = (}), and from
this the binomial theorem follows.

In view of this theorem, (}) is often referred to as a binomial coefficient. Notice that it
is also possible to express the result of Theorem 1.1 as

x+y)"= Z (n i k)xky”_k.

k=0

a) From the binomial theorem it follows that the coefficient of x3y? in the expansion of
x+yis () =() =21

b) To obtain the coefficient of a’b? in the expansion of (2a — 3b)’, replace 2a by x and
—3b by y. From the binomial theorem the coefficient of x°y* in (x + y)” is (), and
(D)x5y? = ()(2a)’(~3b)* = (1) (23 (~3)%a’b? = 6048°b?.
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COROLLARY 1.1

For each integer n > 0,

a) () + () +(G) +--+() =2"and

) () = () +(3) =+ -1() =0
Proof: Part (a) follows from the binomial theorem when we set x =y = 1. When x = —1
and y = 1, part (b) results.

Our third and final result generalizes the binomial theorem and is called the multinomial
theorem.

THEOREM 1.2

EXAMPLE 1.27

For positive integers #, ¢, the coefficient of x|"x3?x3” - - - x;" in the expansion of
(1 +x2+x3+- -+ x)" s
n!
ni!nylns! - on,!

where each n; is an integer with 0 <n; <n, forall 1 </ <t,andn; +n, +n3+---+
n; =n.

Proof: As in the proof of the binomial theorem, the coefficient of x'x32x3* - - - x;" is the
number of ways we can select x; from n; of the n factors, x, fromn, of the n — n; remaining
factors, x3 from n3 of the n — n; — ny now remaining factors, . . . , and x, from n, of the
last n —ny —ny; —n3 — - -+ — n,_; = n, remaining factors. This can be carried out, as in
part (a) of Example 1.22, in

n n—n n—ny—np n—ny —ny—n3—---—~N_
ni np nj n;

ways. We leave to the reader the details of showing that this product is equal to

n!

)

nl!nz!n3!‘ . ~n,!

n
ny,np, N3, ..., N

and is called a multinomial coefficient. (When t = 2 this reduces to a binomial coefficient.)

which is also written as

a) In the expansion of (x 4+ y + z)” it follows from the multinomial theorem that the
coefficient ofxzyzz3 is (,75) = 7 ; = = 210, while the coefficient of xyz® is (; | 5) =
42 and that of x*z* is (3 4) = 3¢z = 35

b) Suppose we need to know the coefficient of a?b3c?d® in the expansion of
(a+2b —3c +2d + 5)'°. If we replace a by v, 2b by w, —3c by x, 2d by y, and
5 by z, then we can apply the multinomial theorem to (v+ w +x +y +2)'®
and determine the coefficient of v?w?x?y’z* as (23 95.4) = 302,702,400. But
(2395.4) (@2 (2b)*(=3c)2(2d)*(5)* = (1,355.4) (1)*(2)*(=3)2(2)° (5)* (@®b**d°) =
435,891,456,000,000 a®b’c2d’.
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EXERCISES 1.3

1. Calculate (g) and check your answer by listing all the se-
lections of size 2 that can be made from the letters a, b, ¢, d, e,
and f.

2. Facing a four-hour bus trip back to college, Diane decides to
take along five magazines from the 12 that her sister Ann Marie
has recently acquired. In how many ways can Diane make her
selection?

3. Evaluate each of the following.
a) C(10, 4) b) (*?) c) C(14,12) a (1)

4. In the Braille system a symbol, such as a lowercase letter,
punctuation mark, suffix, and so on, is given by raising at least
one of the dots in the six-dot arrangement shown in part (a) of
Fig. 1.7. (The six Braille positions are labeled in this part of
the figure.) For example, in part (b) of the figure the dots in
positions 1 and 4 are raised and this six-dot arrangement repre-
sents the letter c. In parts (c) and (d) of the figure we have the
representations for the letters m and t, respectively. The definite
article “the” is shown in part (e) of the figure, while part (f)
contains the form for the suffix “ow.” Finally, the semicolon,
; » 1s given by the six-dot arrangement in part (g), where the dots
at positions 2 and 3 are raised.

1e 4 o O o o - @
2e o5 o e o e o o
3¢  .p o . e - e -
(a) (b) "c” (@ "m" |[d) "t
. @ ) o e
® - ® - o -
o ©o - @ o -
(e) “the” |(f) "ow” |(@ "

Figure 1.7

a) How many different symbols can we represent in the
Braille system?

b) How many symbols have exactly three raised dots?
¢) How many symbols have an even number of raised dots?

5. a) How many permutations of size 3 can one produce with
the letters m, r, a, f, and t?

b) List all the combinations of size 3 that result for the
lettersm, r, a, f, and t.

6. If n is a positive integer and n > 1, prove that (%) + ("3 )
is a perfect square.

7. A committee of 12 is to be selected from 10 men and 10
women. In how many ways can the selection be carried out if
(a) there are no restrictions? (b) there must be six men and six
women? (¢) there must be an even number of women? (d) there
must be more women than men? (e) there must be at least eight
men?

8. In how many ways can a gambler draw five cards from a
standard deck and get (a) a flush (five cards of the same suit)?
(b) four aces? (c) four of a kind? (d) three aces and two jacks?
(e) three aces and a pair? (f) a full house (three of a kind and a
pair)? (g) three of a kind? (h) two pairs?

9. How many bytes contain (a) exactly two 1’s; (b) exactly
four 1’s; (c) exactly six 1’s; (d) at least six 1’s?

10. How many ways are there to pick a five-person basketball
team from 12 possible players? How many selections include
the weakest and the strongest players?

11. Astudent is to answer seven out of 10 questions on an exam-
ination. In how many ways can he make his selection if (a) there
are no restrictions? (b) he must answer the first two questions?
(c) he must answer at least four of the first six questions?

12. In how many ways can 12 different books be distributed

among four children so that (a) each child gets three books?

(b) the two oldest children get four books each and the two

youngest get two books each?

13. How many arrangements of the letters in MISSISSIPPI

have no consecutive S’s?

14. A gym coach must select 11 seniors to play on a football

team. If he can make his selection in 12,376 ways, how many

seniors are eligible to play?

15. a) Fifteen points, no three of which are collinear, are given
on a plane. How many lines do they determine?

b) Twenty-five points, no four of which are coplanar, are
given in space. How many triangles do they determine?
How many planes? How many tetrahedra (pyramidlike
solids with four triangular faces)?

16. Determine the value of each of the following summations.

6 2 10
a) Y @+ b)Y (P-1 Y [+ (=1)]
1=1 1=0

J=-2
2n

d) Z(— 1)", where n is an odd positive integer

k=n

6
) Zi(—l)’
=1

17. Express each of the following using the summation (or
Sigma) notation. In parts (a), (d), and (e), » denotes a positive
integer.

1

1 1 1
a) 2—!+§+4—!+"'+;l—!, n>?2



b) 1+44+9+16+25+36+49

) P-2243 43455 -6+7
1 3 n+1

d) -

)n+n+1 n+2+ + 2n

n+1 n+2 n+3
on—\= >+< 4l )_< 6! >+
u 2n
D ((zn)!)

18. For the strings of length 10 in Example 1.24, how many
have (a) four 0’s, three 1’s, and three 2’s; (b) at least eight 1’s;
(c) weight 47

+

19. Consider the collection of all strings of length 10 made up
from the alphabet 0, 1, 2, and 3. How many of these strings
have weight 3?7 How many have weight 4? How many have
even weight?

20. In the three parts of Fig. 1.8, eight points are equally spaced
and marked on the circumference of a given circle.

(0

Figure 1.8

a) For parts (a) and (b) of Fig. 1.8 we have two different
(though congruent) triangles. These two triangles (distin-
guished by their vertices) result from two selections of size
3 from the vertices A, B, C, D, E, F, G, H. How many dif-
ferent (whether congruent or not) triangles can we inscribe
in the circle in this way?

b) How many different quadrilaterals can we inscribe in the
circle, using the marked vertices? [One such quadrilateral
appears in part (c) of Fig. 1.8.]

¢) How many different polygons of three or more sides can
we inscribe in the given circle by using three or more of the
marked vertices?
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21. How many triangles are determined by the vertices of a
regular polygon of n sides? How many if no side of the polygon
is to be a side of any triangle?

22. a) In the complete expansion of (a+b+c+d)-
(e+ f+g+h)(u+v+w+x+ y+ z) one obtains the
sum of terms such as agw, c¢fx, and dgv. How many such
terms appear in this complete expansion?

b) Which of the following terms do not appear in the com-
plete expansion from part (a)?
i) afx ii) bux

iv) cgw V) egu

iii) chz

vi) dfz

23. Determine the coefficient of x°y> in the expansions of
(@ (x + )", (b) (x +2y)"?, and (c) (2x — 3y)".

24. Complete the details in the proof of the multinomial
theorem.

25. Determine the coefficient of

a) xyzZin (x + y +2)*

b) xyz?in (w+x +y +2)*

©) xyz2in 2x —y —2)*

d) xyz %in (x — 2y +3z7")*

e) wix?yz?in Qw — x + 3y —27)8
26. Find the coefficient of w?x2y?z? in the expansion of
@ w+x+y+z+ DO (b)) Qw—x+3y+z—2)"2, and
© (w+w—2x+y+5z+3)"2

27. Determine the sum of all the coefficients in the expan-
sions of

a) (x +y)* b) (x + )"
d) w+x+y+2)°
e) (2s — 3t + 5u+6v — 11w + 3x +2y)'°

28. For any positive integer n determine
n 1 n (_ 1),
a _— b _—
);i!(n—i)! );i!(n—i)!
29. Show that for all positive integers m and n,

m+n\ m+n
(") =n(z )

30. With n a positive integer, evaluate the sum

(2220 ()

31. For x areal number and n a positive integer, show that

a)1=(+x) — (';)xl(l +x)!

+ <Vl)x2(1 +x)n-2 — 4 (_l)n <n)xn
2 n

b)1=Q+x)" - <’1‘)(x + DR+ 2

©) (x+y+2)"

- (;)(x +IPQ A=t (—D"(Z)(x +1y
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0 2"=Q2+x)" - (”)x1(2+x)n4 b) Given a list—ag, a;,as,...,a,—of n+1 real
1 numbers, where n is a positive integer, determine
+ (;)x2(2 FX) = (=) (”)x,. Yora —ay).
n ¢) Determine the value of /% (=5 — ).
: £ N750  (50\@r — 4100
32. Determine x if Z'=.0 (' ).8 =X ) 34. a) Write a computer program (or develop an algorithm)
33. a) If a, a, ay, a3 is a list of four real numbers, what is that lists all selections of size 2 from the objects 1, 2, 3, 4,
Z?zl(a' —a,1)? 5, 6.

b) Repeat part (a) for selections of size 3.

1.4

Combinations with Repetition

EXAMPLE 1.28

When repetitions are allowed, we have seen that for n distinct objects an arrangement of
size r of these objects can be obtained in n” ways, for an integer » > 0. We now turn to
the comparable problem for combinations and once again obtain a related problem whose
solution follows from our previous enumeration principles.

On their way home from track practice, seven high school freshmen stop at a restaurant,
where each of them has one of the following: a cheeseburger, a hot dog, a taco, or a fish sand-
wich. How many different purchases are possible (from the viewpoint of the restaurant)?

Let c, h, t, and f represent cheeseburger, hot dog, taco, and fish sandwich, respectively.
Here we are concerned with how many of each item are purchased, not with the order
in which they are purchased, so the problem is one of selections, or combinations, with
repetition.

In Table 1.6 we list some possible purchases in column (a) and another means of repre-
senting each purchase in column (b).

Table 1.6
1. ¢c,c,hhttf 1. xx|xx|xXx|x
2. ¢ccchtf 2. XXXX|X[X]x
3. ¢oc0c0c0c0cf 3. XXXXXX]|[|]x
4. ht,t,f ff,f 4, |X|XX]|XXXX
5. t,t,t,t,t,f, f 5. |1 XxxXXX|XX
6. ttttttt 6. |IXXXXXXX]
7. f,fff,fff 7. |l XXXXXXX

@ (b)

For a purchase in column (b) of Table 1.6 we realize that each x to the left of the first bar
(] ) represents a c, each x between the first and second bars represents an h, the x’s between
the second and third bars stand for t’s, and each x to the right of the third bar stands for
an f. The third purchase, for example, has three consecutive bars because no one bought
a hot dog or taco; the bar at the start of the fourth purchase indicates that there were no
cheeseburgers in that purchase.

Once again a correspondence has been established between two collections of objects,
where we know how to count the number in one collection. For the representations in



EXAMPLE 1.29

EXAMPLE 1.30
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column (b) of Table 1.6, we are enumerating all arrangements of 10 symbols consisting
of seven x’s and three |’s, so by our correspondence the number of different purchases for

column (a) is
10 _ (10
7! 3! 7)

In this example we note that the seven x’s (one for each freshman) correspond to the size
of the selection and that the three bars are needed to separate the 3 + 1 = 4 possible food
items that can be chosen.

When we wish to select, with repetition, r of n distinct objects, we find (as in Table 1.6)
that we are considering all arrangements of » x’sand n — 1 {’s and that their number is

n+r—-1! =(n+r—-1)
ri(n — D! r ’

Consequently, the number of combinations of z objects taken r at a time, with repetition,
sCn+r—1,r).

(In Example 1.28, n =4, r =7, so it is possible for r to exceed n when repetitions are
allowed.)

A donut shop offers 20 kinds of donuts. Assuming that there are at least a dozen of each kind
when we enter the shop, we can selectadozendonutsin C(20 4+ 12 — 1, 12) = C(31, 12) =
141,120,525 ways. (Here n = 20, r = 12.)

President Helen has four vice presidents: (1) Betty, (2) Goldie, (3) Mary Lou, and (4) Mona.
She wishes to distribute among them $1000 in Christmas bonus checks, where each check
will be written for a multiple of $100.

a) Allowing the situation in which one or more of the vice presidents get nothing,
President Helen is making a selection of size 10 (one for each unit of $100) from
a collection of size 4 (four vice presidents), with repetition. This can be done in
C(4+10-1, 10) = C(13, 10) = 286 ways.

b) If there are to be no hard feelings, each vice president should receive at least $100. With
this restriction, President Helen is now faced with making a selection of size 6 (the
remaining six units of $100) from the same collection of size 4, and the choices now
number C(4 +6 — 1, 6) = C(9, 6) = 84. [For example, here the selection 2, 3, 3, 4,
4, 4 is interpreted as follows: Betty does not get anything extra— for there is no 1 in
the selection. The one 2 in the selection indicates that Goldie gets an additional $100.
Mary Lou receives an additional $200 ($100 for each of the two 3’s in the selection).
Due to the three 4’s, Mona’s bonus check will total $100 + 3($100) = $400.]
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¢) If each vice president must get at least $100 and Mona, as executive vice president,
gets at least $500, then the number of ways President Helen can distribute the bonus

checks is
C3+2-1,2)+CB3+1-1,H)+C3+0-1,00=10=C¢4+2-1,2)
————
Mona gets Mona gets Mona gets Using the
exactly $500 exactly $600 exactly $700 technique in part (b)

EXAMPLE 1.31

EXAMPLE 1.32

Having worked examples utilizing combinations with repetition, we now consider two
examples involving other counting principles as well.

In how many ways can we distribute seven bananas and six oranges among four children
so that each child receives at least one banana?

After giving each child one banana, consider the number of ways the remaining three
bananas can be distributed among these four children. Table 1.7 shows four of the distri-
butions we are considering here. For example, the second distribution in part (a) of Ta-
ble 1.7 —namely, 1, 3, 3—indicates that we have given the first child (designated by 1)
one additional banana and the third child (designated by 3) two additional bananas. The
corresponding arrangement in part (b) of Table 1.7 represents this distribution in terms of
three b’s and three bars. These six symbols — three of one type (the b’s) and three others of a
second type (the bars)— can be arranged in 6!/(3!3!) = C(6,3) =C@4+3-1,3) =20
ways. [Here n = 4, r = 3.] Consequently, there are 20 ways in which we can distribute
the three additional bananas among these four children. Table 1.8 provides the compa-
rable situation for distributing the six oranges. In this case we are arranging nine sym-
bols —six of one typ€ (the o’s) and three of a second type (the bars). So now we learn
that the number of ways we can distribute the six oranges among these four children is
91/(6!3)=C(9,6) =C(4+6—1,6) =84 ways. [Here n = 4, r = 6.] Therefore, by the
rule of product, there are 20 X 84 = 1680 ways to distribute the fruit under the stated
conditions.

Table 1.7 Table 1.8

H 1,2,3 1) b|b|b]| 1) 1,2,2,3,3,4 1) olooloo]o
2) 1,3,3 2) b||bb]| 2) 1,2,2,4,4,4 2) olool||looo
3) 3,4,4 3) ||b|bb 3 2,2,2,3,3,3 3) |looolooo|
4) 4,4,4 4) ||Ibbb 4) 4,4,4,4,4,4 4) ||loooooo

@ (b) (@ (b)

A message is made up of 12 different symbols and is to be transmitted through a com-
munication channel. In addition to the 12 symbols, the transmitter will also send a total
of 45 (blank) spaces between the symbols, with at least three spaces between each pair of
consecutive symbols. In how many ways can the transmitter send such a message?

There are 12! ways to arrange the 12 different symbols, and for each of these arrangements
there are 11 positions between the 12 symbols. Because there must be at least three spaces
between successive symbols, we use up 33 of the 45 spaces and must now locate the
remaining 12 spaces. This is now a selection, with repetition, of size 12 (the spaces) from a
collection of size 11 (the locations), and this can be accomplishedin C(11 + 12 — 1, 12) =
646,646 ways.
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Consequently, by the rule of product the transmitter can send such messages with the
required spacing in (12!)(}3) = 3.097 X 10'* ways.

In the next example an idea is introduced that appears to have more to do with number
theory than with combinations or arrangements. Nonetheless, the solution of this example
will turn out to be equivalent to counting combinations with repetitions.

Determine all integer solutions to the equation
X1+ x4+ x34+x3=17, where x, >0 foralll <i <4.

One solution of the equation is x; = 3, x; = 3, x3 = 0, x4 = 1. (This is different from a
solutionsuchasx; = 1,x, = 0,x3 = 3, x4 = 3, even though the same four integers are being
used.) A possible interpretation for the solution x; = 3, x, = 3,x3 = 0, x4 = 1is that we are
distributing seven pennies (identical objects) among four children (distinct containers), and
here we have given three pennies to each of the first two children, nothing to the third child,
and the last penny to the fourth child. Continuing with this interpretation, we see that each
nonnegative integer solution of the equation corresponds to a selection, with repetition, of
size 7 (the identical pennies) from a collection of size 4 (the distinct children), so there are
C@+7-1,7) =120 solutions.

vy \\

At this point it is crucial that we recognize the eqmvalanoe of the fc:l!nwmg.\\ \
'\\ Y \‘\

a) The number of integer solutions of the equation \ BRI :
N ELE
xp+x24 Xy =1, x; >0, 1gizsn, :

b) The number of selections, with repetition, of size r from a collection of size n. *

¢) The number of ways r identical objects can be distributed among » distinct
containers.

In terms of distributions, part (c) is valid only when the r objects being distributed are
identical and the n containers are distinct. When both the r objects and the n containers
are distinct, we can select any of the n containers for each one of the objects and get n”
distributions by the rule of product.

When the objects are distinct but the containers are identical, we shall solve the problem
using the Stirling numbers of the second kind (Chapter 5). For the final case, in which both
objects and containers are identical, the theory of partitions of integers (Chapter 9) will
provide some necessary results.

In how many ways can one distribute 10 (identical) white marbles among six distinct
containers?

Solving this problem is equivalent to finding the number of nonnegative integer solutions
to the equation x; + x; + - - - + x¢ = 10. That number is the number of selections of size 10,
with repetition, from a collection of size 6. Hence the answer is C(6 + 10 — 1, 10) = 3003.

We now examine two other examples related to the theme of this section.
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EXAMPLE 1.35

EXAMPLE 1.36

EXAMPLE 1.37

From Example 1.34 we know that there are 3003 nonnegative integer solutions to the
equation x; + x2 + - - - + x¢ = 10. How many such solutions are there to the inequality
X1+ x4+ x5 < 10?

One approach that may seem feasible in dealing with this inequality is to determine
the number of such solutions to x; + x; + - - - + x¢ = k, where k is an integer and 0 <
k <9. Although feasible now, the technique becomes unrealistic if 10 is replaced by a
somewhat larger number, say 100. In Example 3.12 of Chapter 3, however, we shall estab-
lish a combinatorial identity that will help us obtain an alternative solution to the problem
by using this approach.

For the present we transform the problem by noting the correspondence between the
nonnegative integer solutions of

xX1+x+--+x <10 (1)
and the integer solutions of
X1+ x4+ +x6+ x7 =10, 0<ux, 1<i<é6, 0 < x7. 2)

The number of solutions of Eq. (2) is the same as the number of nonnegative integer
solutions of y; +y,+---+ys+y7 =9, where y; = x, for 1 <i <6, and y; = x7 — 1.
Thisis C(7+9 — 1, 9) = 5005.

Our next result takes us back to the binomial and multinomial expansions.

In the binomial expansion for (x + y)", each term is of the form (})x*y"~*, so the total
number of terms in the expansion is the number of nonnegative integer solutions of n; +
ny = n (n, is the exponent for x, n, the exponent for y). This numberis C(2+n — 1, n) =
n+1.

Perhaps it seems that we have used a rather long-winded argument to get this result.
Many of us would probably be willing to believe the result on the basis of our experiences
in expanding (x + y)" for various small values of n.

Although experience is worthwhile in pattern recognition, it is not always enough to find
a general principle. Here it would prove of little value if we wanted to know how many
terms there are in the expansion of (w + x + y + 2)'°.

Each distinct term here is of the form (,, 19 , Jw™"x"y"z", where 0 <n, for
1 <i <4,and n; + ny + n3 + ny = 10. This last equation can be solved in C(4 + 10 — 1,
10) = 286 ways, so there are 286 terms in the expansion of (w + x + y + z)'°.

And now once again the binomial expansion will come into play, as we find ourselves
using part (a) of Corollary 1.1

a) Let us determine all the different ways in which we can write the number 4 as a sum
of positive integers, where the order of the summands is considered relevant. These
representations are called the compositions of 4 and may be listed as follows:

14 52+1+1
2)3+1 6) 1+2+1
3143 D1+1+42

4)2+2 8) 1+1+1+1
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Here we include the sum consisting of only one summand — namely, 4. We find that
for the number 4 there are eight compositions in total. (If we do not care about the order
of the summands, then the representations in (2) and (3) are no longer considered to be
different — nor are the representations in (5), (6), and (7). Under these circumstances
we find that there are five partitions for the number 4 —namely, 4; 3+ 1; 2 4+ 2;
2+ 1+ 1;and 1+ 14 1 4 1. We shall learn more about partitions of positive integers
in Section 9.3.)

b) Now suppose that we wish to count the number of compositions for the number 7.
Here we do not want to list all of the possibilities — which include 7; 6 4+ 1; 1 + 6;
54+2;14+2+4;,24+4+1;and 3+ 142+ 1. To count all of these compositions,
let us consider the number of possible summands.

i) For one summand there is only one composition — namely, 7.
ii) If there are two (positive) summands, we want to count the number of integer
solutions for

wy + wy =7, where wq, wp > 0.
This is equal to the number of integer solutions for
x1+x2=5, where x1, x, > 0.

The number of such solutions is (**3 ") = (§).
iii) Continuing with our next case, we examine the compositions with three (positive)
summands. So now we want to count the number of positive integer solutions for

yityt+ys=T
This is equal to the number of nonnegative integer solutions for
21+ 22+23 =4,

and that numberis (**3 ") = (§).

We summarize cases (i), (ii), and (iii), and the other four cases in Table 1.9, where we
recall for case (i) that 1 = (§).

Table 1.9
n = The Number of Summands | The Number of Compositions
in a Composition of 7 of 7 with n Summands

@ n=1 @ @

(i) n=2 (i) ©)
(i) n=3 (iii) )

@iv) n=4 (iv) ‘)

(v) n=>5 ) 3

(i) n=6 (vi) ©)
(i) =7 (vii) ®
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EXAMPLE 1.38

EXAMPLE 1.39

EXAMPLE 1.40

Consequently, the results from the right-hand side of our table tell us that the (total)
number of compositions of 7 is

©+0)+@+()+0)-0)-6)-2C)

From part (a) of Corollary 1.1 this reduces to 2°.
In general, one finds that for each positive integer m, there are Y 7=} (" ') = 2"~!
compositions.

From Example 1.37 we know that there are 2!>~! = 2!! = 2048 compositions of 12. If
our interest is in those compositions where each summand is even, then we consider, for
instance, compositions such as

2+4+6=2(1+2+3) 24842=2(1+4+1)
B+2+2=24+1+1) 6+6=203+3).

In each of these four examples, the parenthesized expression is a composition of 6. This
observation indicates that the number of compositions of 12, where each summand is even,
equals the number of (all) compositions of 6, which is 26~ =25 = 32,

Our next two examples provide applications from the area of computer science. Further-
more, the second example will lead to an important summation formula that we shall use
in many later chapters.

Consider the following program segment, where i, j, and k are integer variables.

fori:=1to20do

for j :=1toido
for k :=1 to jdo
print (i* j + k)

How many times is the print statement executed in this program segment?

Among the possible choices for i, j, and k (in the order i—first, j—second, k—third) that
will lead to execution of the print statement, we list (1) 1, 1, 1; (2) 2, 1, 1; (3) 15, 10, 1;
and (4) 15, 10, 7. We note that i = 10, j = 12, k = 5 is not one of the selections to be
considered, because j = 12 > 10 = i; this violates the condition set forth in the second
for loop. Each of the above four selections where the print statement is executed satisfies
the condition 1 <k < j <i < 20. In fact, any selection a, b, ¢ (a <b < c) of size 3, with
repetitions allowed, from the list 1, 2, 3, ..., 20 results in one of the correct selections:
here, k = a, j = b, i = c. Consequently the print statement is executed

2 -1 22
( 0+33 ) = (3) = 1540 times.

If there had been r (> 1) for loops instead of three, the print statement would have been
executed (*°F7 ~ 1) times.

Here we use a program segment to derive a summation formula. In this program segment,
the variables i, j, n, and counter are integer variables. Furthermore, we assume that the
value of n has been set prior to this segment.
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counter :=0
for i :=1 tondo
for j :=1toido
counter := counter +1

From the results in Example 1.39, after this segment is executed the value of (the variable)
counter will be ("3~ ") = ("1). (This is also the number of times that the statement

* counter := counter + 1

is executed.)

This result can also be obtained as follows: When i := 1, then j varies from 1 to 1 and
(*) is executed once; when i is assigned the value 2, then j varies from 1 to 2 and (*) is
executed twice; j varies from 1 to 3 when i is assigned the value 3, and (*) is executed three
times; in general, for 1 < k <n, wheni := k, then j varies from 1 to k and (*) is executed
k times. In total, the variable counter is incremented [and the statement (*) is executed]
1+24+3+--.+ntimes.

Consequently,

" 1 1
Zi=1+2+3+~-+n=<n; )=%

i=1

The derivation of this summation formula, obtained by counting the same result in two
different ways, constitutes a combinatorial proof.

Our last example for this section introduces the idea of a run, a notion that arises in
statistics — in particular, in the detecting of trends in a statistical process.

The counter at Patti and Terri’s Bar has 15 bar stools. Upon entering the bar Darrell finds
the stools occupied as follows:

OOEOOOOEEEOOOEDO,

where O indicates an occupied stool and E an empty one. (Here we are not concerned with
the occupants of the stools, just whether or not a stool is occupied.) In this case we say that
the occupancy of the 15 stools determines seven runs, as shown:

OO0 E OOOO EEE OO0 E O
—_— Y —— —— —— ——
Run  Run Run Run Run  Run  Run
In general, a run is a consecutive list of identical entries that are preceded and followed by

different entries or no entries at all.
A second way in which five E’s and 10 O’s can be arranged to provide seven runs is

EOOOEEOOEOOOOOE

We want to find the total number of ways five E’s and 10 O’s can determine seven runs.
If the first run starts with an E, then there must be four runs of E’s and three runs of O’s.
Consequently, the last run must end with an E.

Let x; count the number of E’s in the first run, x, the number of O’s in the second run,
x3 the number of E’s in the third run, . . . , and x; the number of E’s in the seventh run. We
want to find the number of integer solutions for

Xy +x3+x5+x7=35, X1, X3, X5, x7 >0 3)
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and

X2 + x4 + x¢ = 10,

X2, X4, x¢ > 0. 4)

The number of integer solutions for Eq. (3) equals the number of integer solutions for

i+y+ys+yr=1,

This number is (4+ 1

Y1, ¥3, ¥5, y1 = 0.

= (}) = 4. Similarly, for Eq. (4), the number of solutions is

(**771) = (§) = 36. Consequently, by the rule of product there are 4 - 36 = 144 arrange-
ments of five E’s and 10 O’s that determine seven runs, the first run starting with E.

The seven runs may also have the first run starting with an O and the last run ending
with an O. So now let w; count the number of O’s in the first run, w, the number of E’s in
the second run, w3 the number of O’s in the third run, . . ., and w; the number of O’s in the
seventh run. Here we want the number of integer solutions for

wy + w3 + ws + wy = 10,

and

wy + w4 + we =35,

wy, w3, ws, w7 >0

wy, Wy, we > 0.

Arguing as above, we find that the number of ways to arrange five E’s and 10 O’s, resulting

in seven runs where the first run starts with an O, is (4 + g “NC*3

) = ()(8) = 504

Consequently, by the rule of sum, the five E’s and 10 O’s can be arranged in 144 4- 504 =

648 ways to produce seven runs.

EXERCISES 1.4

1. In how many ways can 10 (identical) dimes be distributed
among five children if (a) there are no restrictions? (b) each
child gets at least one dime? (c) the oldest child gets at least two
dimes?

2. In how many ways can 15 (identical) candy bars be dis-
tributed among five children so that the youngest gets only one
or two of them?

3. Determine how many ways 20 coins can be selected from
four large containers filled with pennies, nickels, dimes, and
quarters. (Each container is filled with only one type of coin.)

4. A certain ice cream store has 31 flavors of ice cream avail-
able. In how many ways can we order a dozen ice cream cones
if (a) we do not want the same flavor more than once? (b) a
flavor may be ordered as many as 12 times? (c) a flavor may be
ordered no more than 11 times?

5. a) In how many ways can we select five coins from a col-
lection of 10 consisting of one penny, one nickel, one dime,
one quarter, one half-dollar, and five (identical) Susan B.
Anthony dollars?

b) In how many ways can we select n objects from a col-
lection of size 2n that consists of n distinct and » identical
objects?

6. Answer Example 1.32, where the 12 symbols being trans-
mitted are four A’s, four B’s, and four C’s.

7. Determine the number of integer solutions of

X+ x4+ x34+ x4 =32,

where
a)x, >0, 1<i<4 b) x, >0, 1<i<4
¢) X1, x2>5, x3,x4>7
d)x,>8 1<i<4 e)x,>-2, 1<i<4

f) x;,x,x3>0, 0<x4<25

8. In how many ways can a teacher distribute eight chocolate
donuts and seven jelly donuts among three student helpers if
each helper wants at least one donut of each kind?

9. Columba has two dozen each of n different colored beads.
If she can select 20 beads (with repetitions of colors allowed)
in 230,230 ways, what is the value of n?

10. In how many ways can Lisa toss 100 (identical) dice so that
at least three of each type of face will be showing?

11. Two n-digit integers (leading zeros allowed) are considered
equivalent if one is a rearrangement of the other. (For example,
12033, 20331, and 01332 are considered equivalent five-digit
integers.) (a) How many five-digit integers are not equivalent?
(b) If the digits 1, 3, and 7 can appear at most once, how many
nonequivalent five-digit integers are there?



12. Determine the number of integer solutions for
X1 + X2 + X3+ x4 + x5 < 40,

where
a)x, >0, 1<i<5
b) x, >-3, 1<i<5

13. In how many ways can we distribute eight identical white
balls into four distinct containers so that (a) no container is
left empty? (b) the fourth container has an odd number of balls
in it?
14. a) Find the coefficient of v®>w*xz in the expansion of
GBu+2w+x+y+2z)5
b) How many distinct terms arise in the expansion in
part (a)?
15. In how many ways can Beth place 24 different books on
four shelves so that there is at least one book on each shelf? (For
any of these arrangements consider the books on each shelf to
be placed one next to the other, with the first book at the left of
the shelf.)

16. For which positive integer n will the equations
M xy+x2+x34+---+x9=n, and
@ y1+y+y+---+ya=n

have the same number of positive integer solutions?

17. How many ways are there to place 12 marbles of the same
size in five distinct jars if (a) the marbles are all black? (b) each
marble is a different color?

18. a) How many nonnegative integer solutions are there
to the pair of equations x; +x; +x3+-- -+ x7 =37,
X1 +x2+x3= 6?
b) How many solutions in part (a) have x;, x5, x3 > 0?

19. How many times is the print statement executed for the
following program segment? (Here, i, j, k, and m are integer
variables.)

for i :=1to20do
for j :=1to ido
fork :=1to jdo
form:=1to kdo
print (i * j) + (k * m)

20. In the following program segment, i, j, k, and counter are
integer variables. Determine the value that the variable counter
will have after the segment is executed.

counter :=10
for i :=1to 15do
for j :=1to1l5do
for k := j to1l5do
counter := counter + 1

21. Find the value of sum after the given program segment is
executed. (Here i, j, k, increment, and sum are integer vari-
ables.)

1.4 Combinations with Repetition 35

increment :=0
sum :=0
fori:=1to10do
for j :=1to ido
for k :=1to jdo
begin
increment := increment + 1
sum := sum + increment
end

22. Consider the following program segment, where i, j, k, n,
and counter are integer variables and the value of n (a positive
integer) is set prior to this segment.

counter :=0
for i :=1 tondo
for j :=1toido
fork :=1 to jdo
counter := counter +1

We shall determine, in two different ways, the number of times
the statement

counter := counter + 1

is executed. (This is also the value of counter after execution
of the program segment.) From the result in Example 1.39, we
know that the statement is executed ("*3 ") = ("} ?) times.
For a fixed value of i, the for loops involving j and k result
in ("3 l) executions of the counter increment statement. Conse-
quently, ("3%) = X", (*3"). Use this result to obtain a sum-
mation formula for

n
P+22 43+ n? =) i
1=1

23. a) Given positive integers m, n with m > n, show that the
number of ways to distribute m identical objects into n dis-
tinct containers with no container left empty is

Cm—-—1,m—-n)=Cm—-—1,n—-1).
b) Show that the number of distributions in part (a) where
each container holds at least r objects (m > nr) is
Cm—-1+1—-=r)n,n—1).
24. Write a computer program (or develop an algorithm) to list
the integer solutions for
a) x;+x+x3=10, 0<x,
b) xi +x2+x3+x3=4,

25. Consider the 2'° compositions of 20. (a) How many have
each summand even? (b) How many have each summand a
multiple of 4?

1<i<3

—2<x, 1<i<4

26. Let n, m, k be positive integers with n = mk. How many
compositions of n have each summand a multiple of k?

27. Frannie tosses a coin 12 times and gets five heads and seven
tails. In how many ways can these tosses result in (a) two runs
of heads and one run of tails; (b) three runs; (c) four runs;
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(d) five runs; (e) six runs; and (f) equal numbers of runs of b) For n > 6, how many strings of n 0’s and 1’s contain
heads and runs of tails? (exactly) three occurrences of 01?
28. a) For n > 4, consider the strings made up of n bits —that ¢) Provide a combinatorial proof for the following:
is, a total of n 0’s and 1’s. In particular, consider those Forn > 1,
strings where .there are (exactly) tyvo occurrences of O1. nt 1 w41 (n * 1), n odd
For example, if n = 6 we want to include strings such as 2" = 1 R T
010010 and 100101, but not 101111 or 010101. How many 3 (:11), meven.

such strings are there?

1.5
The Catalan Numbers (Optional)

In this section a very prominent sequence of numbers is introduced. This sequence arises in
a wide variety of combinatorial situations. We’ll begin by examining one specific instance
where it is found.

EXAMPLE 1.42 Let us start at the point (0, 0) in the xy-plane and consider two kinds of moves:

Ri(x,y)»> (x+1,y) Ui(x,y)—> (x,y+1).

We want to know how we can move from (0, 0) to (5, 5) using such moves — one unit to
the right or one unit up. So we’ll need five R’s and five U’s. At this point we have a situation
like that in Example 1.14, so we know there are 10!/(5!5!) = (') such paths. But now
we’ll add a twist! In going from (0, 0) to (5, 5) one may touch but never rise above the line
y = x. Consequently, we want to include paths such as those shown in parts (a) and (b) of
Fig. 1.9 but not the path shown in part (c).

The first thing that is evident is that each such arrangement of five R’s and five U’s must
start with an R (and end with a U). Then as we move across this type of arrangement —
going from left to right — the number of R’s at any point must equal or exceed the number
of U’s. Note how this happens in parts (a) and (b) of Fig. 1.9 but not in part (c). Now we
can solve the problem at hand if we can count the paths [like the one in part (c)] that go
from (0, 0) to (5, 5) but rise above the line y = x. Look again at the path in part (c) of
Fig. 1.9. Where does the situation there break down for the first time? After all, we start
with the requisite R — then follow it by a U. So far, so good! But then there is a second U
and, at this (first) time, the number of U’s exceeds the number of R’s.

Now let us consider the following transformation:

R’U’U9 E U9R’R’R9U9UaR <> RvUan E RaU9U9U9R’R’U-

What have we done here? For the path on the left-hand side of the transformation, we
located the first move (the second U) where the path rose above the line y = x. The moves
up to and including this move (the second U) remain as is, but the moves that follow are
interchanged — each U is replaced by an R and each R by a U. The result is the path on
the right-hand side of the transformation — an arrangement of four R’s and six U'’s, as seen
in part (d) of Fig. 1.9. Part (e) of that figure provides another path to be avoided; part (f)
shows what happens when this path is transformed by the method described above. Now
suppose we start with an arrangement of six U’s and four R’s, say

R,U,R,R,U,U,U, ! U,U,R
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y y:X// y y=x, y y=x/,
> A |2 A5 |2 i)
7 7/ 7
4 4 4 7 4
7 7 7
7/ 7 7
3 < 3 3
7 7
// //
2 2 y 2 P
7 7
7/ 7
1 7 1 7 1 7
7 7 7
7/ 7/ 7/
X X X
3 4 5 1 2 3 4 5 1 2 3 4 5
R,U,R,R,U,R,R,U,U,U R,R,U,U,R,U,R.R,UU R,U,U,U,R,R,R,U,UR
(a) (b) (©
y (4, 6) y (4, 6)
6 y=x y y=x 6 =x
5 7 5 7 5 7
Pz ,71(5, 5) /7
7 7/ 7
4 v 4 4 >
7 7 7
7 7/ 7
3 4 3 3 /
7/ 7/
// //
2 2 y 2
7 //
7/ 7/
1 7/ 1 7 1 7
7 7/ 7/
7 7 7
X X X
3 4 5 1 2 3 4 5 1 2 3 4 5
R,U,U,R,U,U,URRU U,U,R,U,R,R,R,URU U,R,U,R,U,U,U,R,UR
(e) ()
Figure 1.9

Focus on the first place where the number of U’s exceeds the number of R’s. Here it is in
the seventh position, the location of the fourth U. This arrangement is now transformed
as follows: The moves up to and including the fourth U remain as they are; the last three
moves are interchanged —each U is replaced by an R, each R by a U. This results in the
arrangement

R,U,R,R,U,U, U, | RR,U.

—one of the bad arrangements (of five R’s and five U’s) we wish to avoid as we go from
(0, 0) to (5, 5). The correspondence established by these transformations gives us a way
to count the number of bad arrangements. We alternatively count the number of ways to
arrange four R’s and six U’s — this is 10!/(4! 6!) = ('?). Consequently, the number of ways
to go from (0, 0) to (5, 5) without rising above the line y = x is

10)_ 10\ _ 10! 10! 6(10)! — 5(10)!
(5)-(5) Taw

515t 4te! 6!5!

=(1 doy v 10y 1 205
8)<ﬁﬂ>_(5+0(5> (5+D<5:)_ '
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EXAMPLE 1.43

The above result generalizes as follows. For any integer n > 0, the number of paths
(made up of n R’s and n U’s) going from (0, 0) to (n, n), without rising above the line

y =x,is
2 2 1 2
bn:(”)—( ’ >=—< n)’ nZl’ b0=1'
n n—1 n+1\n

The numbers by, by, by, . . . are called the Catalan numbers, after the Belgian mathematician
Eugeéne Charles Catalan (1814-1894), who used them in determining the number of ways to
parenthesize the product x;x,x3x4 - - - X,. For instance, the five (= b3) ways to parenthesize
X1X2X3X4 are:

((Ce1x2)x3)xa)  (Ce1CGeax3))xs)  ((x1x2)(x3x2))  (x1((x2x3)x4))  (x1(x2(x3X4))).

The first seven Catalan numbers are bg = 1, by = 1, b, =2, b3 =5, by = 14, bs = 42, and
b6 = 132.

Here are some other situations where the Catalan numbers arise. Some of these examples
are very much like the result in Example 1.42. A change in vocabulary is often the only
difference.

a) In how many ways can one arrange three 1’s and three —1’s so that all six partial
sums (starting with the first summand) are nonnegative? There are five (= b3) such
arrangements:

1,1,1, -1, -1, -1 1,1, -1, -1,1, -1 1,-1,1,1, -1, -1
1,1,-1,1, -1, -1 1,-1,1,-1,1, -1
In general, for n > 0, one can arrange n 1’s and n —1’s, with all 2n partial sums
nonnegative, in b, ways.
b) Given four 1’s and four 0’s, there are 14 (= by) ways to list these eight symbols so

that in each list the number of 0’s never exceeds the number of 1’s (as a list is read
from left to right). The following shows these 14 lists:

10101010 11001010 11100010
10101100 11001100 11100100
10110010 11010010 11101000
10110100 11010100
10111000 11011000 11110000
For n > 0, there are b,, such lists of n 1’s and n 0’s.
c) Table 1.10
(((ab)c)d) (((abc 111000
((a(be))d) ((a(bc 110100
((ab)(cd)) ((ab(c 110010
(a((be)d)) (a((bc 101100
(a(b(cd))) (a(b(c 101010

Consider the first column in Table 1.10. Here we find five ways to parenthesize the
product abcd. The first of these is (((ab)c)d). Reading left to right, we list the three
occurrences of the left parenthesis “(” and the letters a, b, c — maintaining the order
in which these six symbols occur. This results in (((abc, the first expression in col-
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umn 2 of Table 1.10. Likewise, ((a(bc))d) in column 1 corresponds to ((a(bc in col-
umn 2 — and so on, for the other three entries in each of columns 1 and 2. Now one
can also go backward, from column 2 to column 1. Take an expression in column 2
and append “d)” to the right end. For instance, ((ab(c becomes ((ab(cd). Reading
this new expression from left to right, we now insert a right parenthesis )’ whenever
a product of two results arises. So, for example, ((ab(cd) becomes

((ab)(cd))
For the _T T_ For the
product of product of
aand b (ab) and (cd)

The correspondence between the entries in columns 2 and 3 is more immediate.
For an entry in column 2 replace each “(” by a “1” and each letter by a “0”. Reversing
this process, we replace each “1” by a “(”, the first O by a, the second by b, and the
third by c. This takes us from the entries in column 3 to those in column 2.

Now consider the correspondence between columns 1 and 3. (This correspondence
arises from the correspondence between columns 1 and 2 and the one between columns
2 and 3.) It shows us that the number of ways to parenthesize the product abcd equals
the number of ways to list three 1’s and three 0’s so that, as such a list is read from left
to right, the number of 1’s always equals or exceeds the number of 0’s. The number
of ways here is 5 (= b3).

In general, one can parenthesize the product x;x,x3 - - - x, in b,_; ways.

d) Let us arrange the integers 1, 2, 3, 4, 5, 6 in two rows of three so that (1) the integers
increase in value as each row is read, from left to right, and (2) in any column the
smaller integer is on top. For example, one way to do this is

1 2 4
356

Now consider three 1’s and three 0’s. Arrange these six symbols in a list so that
the 1’s are in positions 1, 2, 4 (the top row) and the 0’s are in positions 3, 5, 6 (the
bottom row). The result is 110100. Reversing the process, start with another list, say
101100 (where the number of 0’s never exceeds the number of 1’s, as the list is read
from left to right). The 1’s are in positions 1, 3, 4 and the 0’s are in positions 2, 5, 6.
This corresponds to the arrangement

1 3 4
2 5 6

which satisfies conditions (1) and (2), as stated above. From this correspondence we
learn that the number of ways to arrange 1, 2, 3, 4, 5, 6, so that conditions (1) and (2)
are satisfied, is the number of ways to arrange three 1’s and three 0’s in a list so that
as the six symbols are read, from left to right, the number of 0’s never exceeds the
number of 1’s. Consequently, one can arrange 1, 2, 3, 4, 5, 6 and satisfy conditions (1)
and (2) in b3 (= 5) ways.

In closing let us mention that the Catalan numbers will come up in other sections —in
particular, Section 5 of Chapter 10. Further examples can be found in reference [3] by
M. Gardner. For even more results about these numbers one should consult the references
for Chapter 10.
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EXERCISES 1.5

1. Verify that for each integer n > 1,

(2:)_<n2_nl)=nil<2:)'

2. Determine the value of b;, bg, by, and b.

3. a) In how many ways can one travel in the xy-plane from
(0, 0) to (3, 3) using the movesR: (x, y) > (x + 1, y) and
U: (x, y) = (x, y + 1), if the path taken may touch but
never fall below the line y = x? In how many ways from
(0,0) to (4, 4)?
b) Generalize the results in part (a).
¢) What can one say about the first and last moves of the
paths in parts (a) and (b)?
4. Consider the moves
Ri(x,y) > x+1,y) and U:(x,y)— (x,y+1),
as in Example 1.42. In how many ways can one go
a) from (0, 0) to (6, 6) and not rise above the line y = x?
b) from (2, 1) to (7, 6) and not rise above the line y =
x —1?
¢) from (3, 8) to (10, 15) and not rise above the line
y=x+5?

5. Find the other three ways to arrange 1, 2, 3, 4, 5, 6 in two
rows of three so that the conditions in part (d) of Example 1.43
are satisfied.

6. There are b, (= 14) ways to arrange 1, 2, 3, ..., 8 in two
rows of four so that (1) the integers increase in value as each

row is read, from left to right, and (2) in any column the smaller
integer is on top. Find, as in part (d) of Example 1.43,

a) the arrangements that correspond to each of the fol-
lowing.

i) 10110010 ii) 11001010 iii) 11101000
b) the lists of four 1’s and four 0’s that correspond to each

of these arrangements of 1, 2,3, ..., 8.
i) 1345 ii) 1 237 iii) 1 245
2678 4568 3678

7. In how many ways can one parenthesize the product
abcdef?

8. There are 132 ways in which one can parenthesize the
product abcdefg.

a) Determine, as in part (c) of Example 1.43, the list of five
1’s and five 0’s that corresponds to each of the following.

i) (((ab)c)(d(ef)))
ii) (a(b(c(d(ef)))))
iii) ((((ab)(cd))e) f)

b) Find, as in Example 1.43, the way to parenthesize
abcdef that corresponds to each given list of five 1’s and
five 0’s.

i) 1110010100
ii) 1100110010
iii) 1011100100

9. Consider drawing n semicircles on and above a horizontal
line, with no two semicircles intersecting. In parts (a) and (b)
of Fig. 1.10 we find the two ways this can be done for n = 2;
the results for n = 3 are shown in parts (c)—(g).
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Figure 1.10

i) How many different drawings are there for four semi-
circles?

ii) How many for any n > 0? Explain why.
10. a) In how many ways can one go from (0, 0) to (7, 3) if
the only moves permitted are R: (x, y) > (x + 1, y) and

U: (x, y) > (x, y + 1), and the number of U’s may never
exceed the number of R’s along the path taken?

b) Let m, n be positive integers with m > n. Answer the

question posed in part (a), upon replacing 7 by m and 3

by n.
11. Twelve patrons, six each with a $5 bill and the other six
each with a $10 bill, are the first to arrive at a movie theater,
where the price of admission is five dollars. In how many ways
can these 12 individuals (all loners) line up so that the number
with a $5 bill is never exceeded by the number with a $10 bill
(and, as a result, the ticket seller is always able to make any
necessary change from the bills taken in from the first 11 of
these 12 patrons)?
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1.6
Summary and Historical Review

In this first chapter we introduced the fundamentals for counting combinations, permuta-
tions, and arrangements in a large variety of problems. The breakdown of problems into
components requiring the same or different formulas for their solutions provided a key
insight into the areas of discrete and combinatorial mathematics. This is somewhat similar
to the top-down approach for developing algorithms in a structured programming lan-
guage. Here one develops the algorithm for the solution of a difficult problem by first
considering major subproblems that need to be solved. These subproblems are then further
refined — subdivided into more easily workable programming tasks. Each level of refine-
ment improves on the clarity, precision, and thoroughness of the algorithm until it is readily
translatable into the code of the programming language.

Table 1.11 summarizes the major counting formulas we have developed so far. Here
we are dealing with a collection of n distinct objects. The formulas count the number of
ways to select, or order, with or without repetitions, r of these n objects. The summaries of
Chapters 5 and 9 include other such charts that evolve as we extend our investigations into
other counting methods.

Table 1.11
Order Is | Repetitions Location
Relevant | Are Allowed | Type of Result Formula in Text
Yes No Permutation P(n,r)=n!/(n —r)!, Page 7
0<r<n
Yes Yes Arrangement n, nr>0 Page 7
n
No No Combination Cn,r)y=n!/[rl(n—-r)!]= ( ), Page 15
r
0<r<n
-1
No Yes Combination (n tr ) n,r>0 Page 27
with repetition r

As we continue to investigate further principles of enumeration, as well as discrete
mathematical structures for applications in coding theory, enumeration, optimization, and
sorting schemes in computer science, we shall rely on the fundamental ideas introduced in
this chapter.

The notion of permutation can be found in the Hebrew work Sefer Yetzirah (The Book of
Creation), a manuscript written by a mystic sometime between 200 and 600. However, even
earlier, it is of interest to note that a result of Xenocrates of Chalcedon (396314 B.C.) may
possibly contain “the first attempt on record to solve a difficult problem in permutations
and combinations.” For further details consult page 319 of the text by T. L. Heath [4],
as well as page 113 of the article by N. L. Biggs [1], a valuable source on the history
of enumeration. The first textbook dealing with some of the material we discussed in this
chapter was Ars Conjectandi by the Swiss mathematician Jakob Bernoulli (1654-1705). The
text was published posthumously in 1713 and contained a reprint of the first formal treatise
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on probability. This treatise had been written in 1657 by Christiaan Huygens (1629-1695),
the Dutch physicist, mathematician, and astronomer who discovered the rings of Saturn.

The binomial theorem for n = 2 appears in the work of Euclid (300 B.C.), but it was not
until the sixteenth century that the term “binomial coefficient” was actually introduced by
Michel Stifel (1486—1567). In his Arithmetica Integra (1544) he gives the binomial coeffi-
cients up to the order of n = 17. Blaise Pascal (1623—-1662), in his research on probability,
published in the 1650s a treatise dealing with the relationships among binomial coefficients,
combinations, and polynomials. These results were used by Jakob Bernoulli in proving the
general form of the binomial theorem in a manner analogous to that presented in this chap-
ter. Actual use of the symbol (',’) did not begin until the nineteenth century, when it was
used by Andreas von Ettinghausen (1796-1878).

Blaise Pascal (1623-1662)

It was not until the twentieth century, however, that the advent of the computer made
possible the systematic analysis of processes and algorithms used to generate permutations
and combinations. We shall examine one such algorithm in Section 10.1.

The first comprehensive textbook dealing with topics in combinations and permutations
was written by W. A. Whitworth [10]. Also dealing with the material of this chapter are
Chapter 2 of D. I. Cohen [2], Chapter 1 of C. L. Liu [5], Chapter 2 of F. S. Roberts [6],
Chapter 4 of K. H. Rosen [7], Chapter 1 of H. J. Ryser [8], and Chapter 5 of A. Tucker [9].
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SUPPLEMENTARY EXERCISES

1. In the manufacture of a certain type of automobile, four
kinds of major defects and seven kinds of minor defects can
occur. For those situations in which defects do occur, in how
many ways can there be twice as many minor defects as there
are major ones?

2. A machine has nine different dials, each with five settings
labeled 0, 1, 2, 3, and 4.

a) In how many ways can all the dials on the machine be
set?

b) If the nine dials are arranged in a line at the top of the
machine, how many of the machine settings have no two
adjacent dials with the same setting?

3. Twelve points are placed on the circumference of a circle
and all the chords connecting these points are drawn. What is
the largest number of points of intersection for these chords?

4. A choir director must select six hymns for a Sunday church
service. She has three hymn books, each containing 25 hymns
(there are 75 different hymns in all). In how many ways can
she select the hymns if she wishes to select (a) two hymns from
each book? (b) at least one hymn from each book?

5. How many ways are there to place 25 different flags on
10 numbered flagpoles if the order of the flags on a flagpole is
(a) not relevant? (b) relevant? (c) relevant and every flagpole
flies at least one flag?

6. A penny is tossed 60 times yielding 45 heads and 15 tails.
In how many ways could this have happened so that there were
no consecutive tails?

7. There are 12 men at a dance. (a) In how many ways can
eight of them be selected to form a cleanup crew? (b) How
many ways are there to pair off eight women at the dance with
eight of these 12 men?

8. In how many ways can the letters in WONDERING be
arranged with exactly two consecutive vowels?

9. Dustin has a set of 180 distinct blocks. Each of these blocks
is made of either wood or plastic and comes in one of three sizes
(small, medium, large), five colors (red, white, blue, yellow,
green), and six shapes (triangular, square, rectangular, hexag-
onal, octagonal, circular). How many of the blocks in this set
differ from

a) the small red wooden square block in exactly one way?
(For example, the small red plastic square block is one such
block.)

b) the large blue plastic hexagonal block in exactly two
ways? (For example, the small red plastic hexagonal block
is one such block.)

10. Mr. and Mrs. Richardson want to name their new daughter
so that her initials (first, middle, and last) will be in alphabetical
order with no repeated initial. How many such triples of initials
can occur under these circumstances?

11. In how many ways can the 11 identical horses on a carousel
be painted so that three are brown, three are white, and five are
black?

12. In how many ways can a teacher distribute 12 different sci-
ence books among 16 students if (a) no student gets more than
one book? (b) the oldest student gets two books but no other
student gets more than one book?

13. Four numbers are selected from the following list of num-
bers: -5, —4, -3, -2, -1, 1,2, 3,4. (a) In how many ways can
the selections be made so that the product of the four numbers
is positive and (i) the numbers are distinct? (ii) each number
may be selected as many as four times? (iii) each number may
be selected at most three times? (b) Answer part (a) with the
product of the four numbers negative.

14. Waterbury Hall, a university residence hall for men, is op-
erated under the supervision of Mr. Kelly. The residence has
three floors, each of which is divided into four sections. This
coming fall Mr. Kelly will have 12 resident assistants (one for
each of the 12 sections). Among these 12 assistants are the four
senior assistants — Mr. DiRocco, Mr. Fairbanks, Mr. Hyland,
and Mr. Thornhill. (The other eight assistants will be new this
fall and are designated as junior assistants.) In how many ways
can Mr. Kelly assign his 12 assistants if

a) there are no restrictions?
b) Mr. DiRocco and Mr. Fairbanks must both be assigned
to the first floor?

¢) Mr. Hyland and Mr. Thornhill must be assigned to dif-
ferent floors?

15. a) How many of the 9000 four-digit integers 1000, 1001,

1002, . . ., 9998, 9999 have four distinct digits that are ei-
ther increasing (as in 1347 and 6789) or decreasing (as in
6421 and 8653)?
b) How many of the 9000 four-digit integers 1000, 1001,
1002, ..., 9998, 9999 have four digits that are either non-
decreasing (as in 1347, 1226, and 7778) or nonincreasing
(as in 6421, 6622, and 9888)?

16. a) Find the coefficient of x2yz? in the expansion of
[(x/2) +y — 3z].
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b) How many distinct terms are there in the complete ex-

pansion of
x 5
<5 +y- 3z) ?

¢) What is the sum of all coefficients in the complete ex-
pansion?

17. a) In how many ways can 10 people, denoted A, B, ...,
I, J, be seated about the rectangular table shown in
Fig. 1.11, where Figs. 1.11(a) and 1.11(b) are considered
the same but are considered different from Fig. 1.11(c)?

b) In how many of the arrangements of part (a) are A and B
seated on longer sides of the table across from each other?

18. a) Determine the number of nonnegative integer solutions
to the pair of equations

X1+ x+x3=06,

x, >0,

Xi+x34+---+x5 =15,
1<i<5s.

b) Answer part (a) with the pair of equations replaced by
the pair of inequalities

Xy +x+x3 <6,

x, >0,

)C|+X2+"'+)C5§|5.
1<i<5s.

19. For any given set in a tennis tournament, opponent A can
beat opponent B in seven different ways. (At 6-6 they play a
tie breaker.) The first opponent to win three sets wins the tour-
nament. (a) In how many ways can scores be recorded with
A winning in five sets? (b) In how many ways can scores be
recorded with the tournament requiring at least four sets?

20. Given n distinct objects, determine in how many ways r of
these objects can be arranged in a circle, where arrangements
are considered the same if one can be obtained from the other
by rotation.

21. For every positive integer n, show that

22. a) In how many ways can the letters in UNUSUAL be ar-
ranged?
b) For the arrangements in part (a), how many have all
three U’s together?

¢) How many of the arrangements in part (a) have no con-
secutive U’s?

23. Francesca has 20 different books but the shelf in her dor-
mitory residence will hold only 12 of them.

a) In how many ways can Francesca line up 12 of these
books on her bookshelf?

b) How many of the arrangements in part (a) include
Francesca’s three books on tennis?

24. Determine the value of the integer variable counter after
execution of the following program segment. (Here i, j, k, [,
m, and n are integer variables. The variables r, s, and ¢ are
also integer variables; their values— where r > 1, s > 5, and
t > 7—have been set prior to this segment.)

counter :=10
for i:=1to1l2do
for j :=1 to rdo
counter := counter + 2
for k :=5 to sdo
for 1 :=3 tokdo
counter := counter + 4
form:=3 to 12 do
counter := counter + 6
for n := t downto 7 do
counter := counter + 8

25. a) Find the number of ways to write 17 as a sum of 1’s and
2’s if order is relevant.

b) Answer part (a) for 18 in place of 17.
¢) Generalize the results in parts (a) and (b) for n odd and

for n even.
n + n + n + e = n + n + n + “on
0 2 4 1 3 5
A B F G | J
J C E H H A
D D G B
H E C J F C
G F B A E D
(a (b) (©

Figure 1.11



26. a) In how many ways can 17 be written as a sum of 2’s
and 3’s if the order of the summands is (i) not relevant?
(ii) relevant?

b) Answer part (a) for 18 in place of 17.
27. a) If n and r are positive integers with n > r, how many
solutions are there to

Xi+x2+---+x =n,

where each x, is a positive integer, for | <i <r?

b) In how many ways can a positive integer n be written
as a sum of r positive integer summands (1 < r < n) if the
order of the summands is relevant?

28. a) In how many ways can one travel in the xy-plane from
(1, 2) to (5, 9) if each move is one of the following types:

R@x, y—>x+1y); @O:@x,y)—> &, y+1)?
b) Answer part (a) if a third (diagonal) move
D:x,y)>x+1,y+1)

is also possible.

29. a) In how many ways can a particle move in the xy-plane
from the origin to the point (7, 4) if the moves that are
allowed are of the form:

R:x,y)=>x+1,y); @OU:(x,y) —>(x y+1)?

b) How many of the paths in part (a) do not use the path
from (2, 2) to (3, 2) to (4, 2) to (4, 3) shown in Fig. 1.12?

¢) Answer parts (a) and (b) if a third type of move
DOy, y)—>x+1,y+1)
is also allowed.

y
4

3

1 2 3 4 5 6 7
Figure 1.12

30. Due to their outstanding academic records, Donna and
Katalin are the finalists for the outstanding physics student (in
their college graduating class). A committee of 14 faculty mem-
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bers will each select one of the candidates to be the winner and
place his or her choice (checked off on a ballot) into the bal-
lot box. Suppose that Katalin receives nine votes and Donna
receives five. In how many ways can the ballots be selected,
one at a time, from the ballot box so that there are always more
votes in favor of Katalin? [This is a special case of a general
problem called, appropriately, the ballot problem. This problem
was solved by Joseph Louis Frangois Bertrand (1822-1900).]

31. Consider the 8 X 5 grid shown in Fig. 1.13. How many
different rectangles (with integer-coordinate corners) does this
grid contain? [For example, there is a rectangle (square) with
corners (1, 1), (2, 1), (2, 2), (1, 2), asecond rectangle with cor-
ners (3, 2), (4, 2), (4, 4), (3, 4), and a third with corners (5, 0),
(7,0), (7,3) 5, 3).]

y
5
4
3
2
1
X
1 2 3 4 5 6 7 8
Figure 1.13

32. As head of quality control, Silvia examined 15 motors, one
at a time, and found six defective (D) motors and nine in good
(G) working condition. If she listed each finding (of D or G) af-
ter examining each individual motor, in how many ways could
Silvia’s list start with a run of three G’s and have six runs in
total?

33. In order to graduate on schedule, Hunter must take (and
pass) four mathematics electives during his final six quarters. If
he may select these electives from a list of 12 (that are offered
every quarter) and he does not want to take more than one of
these electives in any given quarter, in how many ways can he
select and schedule these four electives?

34. In how many ways can a family of four (mother, father,
and two children) be seated at a round table, with eight other
people, so that the parents are seated next to each other and
there is one child on a side of each parent? (Two seatings are
considered the same if one can be rotated to look like the other.)
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In the first chapter we derived a summation formula in Example 1.40 (Section 1.4). We
obtained this formula by counting the same collection of objects (the statements that were
executed in a certain program segment) in two different ways and then equating the results.
Consequently, we say that the formula was established by a combinatorial proof. This is
one of many different techniques for arriving at a proof.

In this chapter we take a close look at what constitutes a valid argument and a more
conventional proof. When a mathematician wishes to provide a proof for a given situation,
he or she must use a system of logic. This is also true when a computer scientist develops
the algorithms needed for a program or system of programs. The logic of mathematics is
applied to decide whether one statement follows from, or is a logical consequence of, one
or more other statements.

Some of the rules that govern this process are described in this chapter. We shall use these
rules in proofs (provided in the text and required in the exercises) throughout subsequent
chapters. However, at no time can we hope to arrive at a point at which we can apply the
rules in an automatic fashion. As in applying the counting ideas discussed in Chapter 1,
we should always analyze and seek to understand the situation given. This often calls for
attributes we cannot learn in a book, such as insight and creativity. Merely trying to apply
formulas or invoke rules will not get us very far either in proving results (such as theorems)
or in doing enumeration problems.

2.1
Basic Connectives and Truth Tables

In the development of any mathematical theory, assertions are made in the form of sen-
tences. Such verbal or written assertions, called statements (or propositions), are declarative
sentences that are either true or false — but not both. For example, the following are state-
ments, and we use the lowercase letters of the alphabet (such as p, g, and r) to represent
these statements.

p: Combinatorics is a required course for sophomores.
q: Margaret Mitchell wrote Gone with the Wind.
r. 243=5.

47
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On the other hand, we do not regard sentences such as the exclamation

“What a beautiful evening!”

or the command

“Get up and do your exercises.”

as statements since they do not have truth values (true or false).

The preceding statements represented by the letters p, g, and r are considered to be
primitive statements, for there is really no way to break them down into anything simpler.
New statements can be obtained from existing ones in two ways.

1) Transform a given statement p into the statement —p, which denotes its negation and
is read “Not p.”

For the statement p above, —p is the statement “Combinatorics is not a required

course for sophomores.” (We do not consider the negation of a primitive statement
to be a primitive statement.)

2) Combine two or more statements into a compound statement, using the following
logical connectives.

a) Conjunction: The conjunction of the statements p, g is denoted by p A g, which

isread “p and g.” In our example the compound statement p A q is read “Combi-
natorics is a required course for sophomores, and Margaret Mitchell wrote Gone
with the Wind.”

b) Disjunction: The expression p V g denotes the disjunction of the statements p, g

and is read “p or ¢.” Hence “Combinatorics is a required course for sophomores,
or Margaret Mitchell wrote Gone with the Wind” is the verbal translation for
p V g, when p, g are as above. We use the word “or” in the inclusive sense here.
Consequently, p V g is true if one or the other of p, g is true or if both of the
statements p, g are true. In English we sometimes write “and/or” to point this out.
The exclusive “or” is denoted by p Y g. The compound statement p Y g is true if
one or the other of p, g is true but not both of the statements p, g are true. One
way to express p Y g for the example here is “Combinatorics is a required course
for sophomores, or Margaret Mitchell wrote Gone with the Wind, but not both.”

¢) Implication: We say that “p implies ¢” and write p — g to designate the statement,

which is the implication of g by p. Alternatively, we can also say

(i) “If p, theng.” (ii) “p is sufficient for q.”
(iii) “p is a sufficient condition for q.” (iv) “q is necessary for p.”
(v) “q is a necessary condition for p.” (vi) “ponly if g.”

A verbal translation of p — g for our example is “If combinatorics is a required
course for sophomores, then Margaret Mitchell wrote Gone with the Wind.” The
statement p is called the hypothesis of the implication; ¢ is called the conclu-
sion. When statements are combined in this manner, there need not be any causal
relationship between the statements for the implication to be true.

d) Biconditional: Last, the biconditional of two statements p, g, is denoted by p < ¢,

which is read “p if and only if ¢,” or “p is necessary and sufficient for g.” For
our p, q, “Combinatorics is a required course for sophomores if and only if
Margaret Mitchell wrote Gone with the Wind” conveys the meaning of p < gq.
We sometimes abbreviate “p if and only if ¢g” as “p iff g.”

Throughout our discussion on logic we must realize that a sentence such as

“The number x is an integer.”
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is not a statement because its truth value (true or false) cannot be determined until a nu-
merical value is assigned for x. If x were assigned the value 7, the result would be a true
statement. Assigning x a value such as %, V2, or 7, however, would make the resulting
statement false. (We shall encounter this type of situation again in Sections 2.4 and 2.5 of
this chapter.)

In the foregoing discussion, we mentioned the circumstances under which the compound
statements p V g, p ¥ q are considered true, on the basis of the truth of their components
D, q. This idea of the truth or falsity of a compound statement being dependent only on the
truth values of its components is worth further investigation. Tables 2.1 and 2.2 summarize
the truth and falsity of the negation and the different kinds of compound statements on the
basis of the truth values of their components. In constructing such truth tables, we write
“0” for false and “1” for true.

Table 2.1 Table 2.2

p|—p plqg|pPAq | pveg | pYq | p—>q | pogq

0 1 010 0 0 0 1 1

1 0 01 0 1 1 1 0
10 0 1 1 0 0
1|1 1 1 0 1 1

The four possible truth assignments for p, g can be listed in any order. For later work,
the particular order presented here will prove useful.

We see that the columns of truth values for p and —p are the opposite of each other. The
statement p A q is true only when both p, g are true, whereas p V q is false only when both
the component statements p, g are false. As we noted before, p VY ¢ is true when exactly
one of p, q is true.

For the implication p — ¢, the result is true in all cases except where p is true and g
is false. We do not want a true statement to lead us into believing something that is false.
However, we regard as true a statement such as “If 2 + 3 = 6, then 2 4+ 4 = 7,” even though
the statements “2 + 3 = 6” and “2 + 4 = 7” are both false.

Finally, the biconditional p <> g is true when the statements p, g have the same truth
value and is false otherwise.

Now that we have been introduced to certain concepts, let us investigate a little further
some of these initial ideas about connectives. Our first two examples should prove useful
for such an investigation.

Let s, t, and u denote the following primitive statements:
s:  Phyllis goes out for a walk.
t:  The moon is out.
u: Itis snowing.

The following English sentences provide possible translations for the given (symbolic)
compound statements.

a) (t A —u) — s: If the moon is out and it is not snowing, then Phyllis goes out for a
walk.
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b) t > (—u — s): If the moon is out, then if it is not snowing Phyllis goes out for a
walk. [So —u — s is understood to mean (—u) — s as opposed to —(u — s).]

¢) —(s < (u Vv 1)): It is not the case that Phyllis goes out for a walk if and only if it is
snowing or the moon is out.

Now we will work in reverse order and examine the logical (or symbolic) notation for
three given English sentences:

d) “Phyllis will go out walking if and only if the moon is out.” Here the words “if
and only if” indicate that we are dealing with a biconditional. In symbolic form this
becomes s <> ¢.

e) “If it is snowing and the moon is not out, then Phyllis will not go out for a walk.”
This compound statement is an implication where the hypothesis is also a compound
statement. One may express this statement in symbolic form as (u A —t) — —s.

f) “It is snowing but Phyllis will still go out for a walk.” Now we come across a new
connective — namely, but. In our study of logic we shall follow the convention that
the connectives but and and convey the same meaning. Consequently, this sentence
may be represented as u A s.

Now let us return to the results in Table 2.2, particularly the sixth column. For if this is
one’s first encounter with the truth table for the implication p — ¢, then it may be somewhat
difficult to accept the stated entries — especially the results in the first two rows (where p has
the truth value 0). The following example should help make these truth value assignments
easier to grasp.

EXAMPLE 2.2

Consider the following scenario. It is almost the week before Christmas and Penny will be
attending several parties that week. Ever conscious of her weight, she plans not to weigh

herself until the day after Christmas. Considering what those parties may do to her waistline
by then, she makes the following resolution for the December 26 outcome: “If I weigh more
than 120 pounds, then I shall enroll in an exercise class.”

Here we let p and ¢ denote the (primitive) statements

p: I weigh more than 120 pounds.

q: Ishall enroll in an exercise class.

Then Penny’s statement (implication) is given by p — q.
We shall consider the truth values of this particular example of p — g for the rows of
Table 2.2. Consider first the easier cases in rows 4 and 3.

® Row 4: p and g both have the truth value 1. On December 26 Penny finds that she
weighs more than 120 pounds and promptly enrolls in an exercise class, just as she said
she would. Here we consider p — ¢ to be true and assign it the truth value 1.

e Row 3: p has the truth value 1, g has the truth value 0. Now that December 26 has
arrived, Penny finds her weight to be over 120 pounds, but she makes no attempt to enroll
in an exercise class. In this case we feel that Penny has broken her resolution — in other
words, the implication p — g is false (and has the truth value 0).

The cases in rows 1 and 2 may not immediately agree with our intuition, but the example
should make these results a little easier to accept.
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® Row 1: p and g both have the truth value 0. Here Penny finds that on December 26
her weight is 120 pounds or less and she does not enroll in an exercise class. She has not
violated her resolution; we take her statement p — ¢ to be true and assign it the truth
value 1.

® Row 2: p has the truth value 0, g has the truth value 1. This last case finds Penny
weighing 120 pounds or less on December 26 but still enrolling in an exercise class.
Perhaps her weight is 119 or 120 pounds and she feels this is still too high. Or maybe
she wants to join an exercise class because she thinks it will be good for her health. No
matter what the reason, she has not gone against her resolution p — ¢. Once again, we
accept this compound statement as true, assigning it the truth value 1.

Our next example discusses a related notion: the decision (or selection) structure in
computer programming.

In computer science the if-then and if-then-else decision structures arise (in various for-
mats) in high-level programming languages such as Java and C++. The hypothesis p is often
a relational expression such as x > 2. This expression then becomes a (logical) statement
that has the truth value O or 1, depending on the value of the variable x at that point in
the program. The conclusion ¢ is usually an “executable statement.” (So ¢ is not one of
the logical statements that we have been discussing.) When dealing with “if p then ¢,” in
this context, the computer executes g only on the condition that p is true. For p false, the
computer goes to the next instruction in the program sequence. For the decision structure
“if p then q else r,” g is executed when p is true and r is executed when p is false.

Before continuing, a word of caution: Be careful when using the symbols — and <> . The
implication and the biconditional are not the same, as evidenced by the last two columns
of Table 2.2.

In our everyday language, however, we often find situations where an implication is used
when the intention actually calls for a biconditional. For example, consider the following
implications that a certain parent might direct to his or her child.

s — t: If you do your homework, then you will get to watch the baseball game.

t — s:  You will get to watch the baseball game only if you do your homework.

® Case 1: The implication s — ¢. When the parent says to the child, “If you do your
homework, then you will get to watch the baseball game,” he or she is trying a positive
approach by emphasizing the enjoyment in watching the baseball game.

® Case2: The implication t — s. Here we find the negative approach and the parent who
warns the child in saying, “You will get to watch the baseball game only if you do your
homework.” This parent places the emphasis on the punishment (lack of enjoyment) to
be incurred.

In either case, the parent probably wants his or her implication—beits — tort — s —
to be understood as the biconditional s <> ¢. For in case 1 the parent wants to hint at the
punishment while promising the enjoyment; in case 2, where the punishment has been
used (perhaps, to threaten), if the child does in fact do the homework, then that child will
definitely be given the opportunity to enjoy watching the baseball game.
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EXAMPLE 2.5

In scientific writing one must make every effort to be unambiguous — when an im-
plication is given, it ordinarily cannot, and should not, be interpreted as a biconditional.
Definitions are a notable exception, which we shall discuss in Section 2.5.

Before we continue let us take a step back. When we summarized the material that
gave us Tables 2.1 and 2.2, we may not have stressed enough that the results were for any
statements p, ¢ — not just primitive statements p, g. Examples 2.4 through 2.6 should help
to reinforce this.

Let us examine the truth table for the compound statement “Margaret Mitchell wrote Gone
with the Wind, and if 2 4+ 3 # 5, then combinatorics is a required course for sophomores.”
In symbolic notation this statement is written as g A (—r — p), where p, g, and r represent
the primitive statements introduced at the start of this section. The last column of Table 2.3
contains the truth values for this result. We obtained these truth values by using the fact
that the conjunction of any two statements is true if and only if both statements are true.
This is what we said earlier in Table 2.2, and now one of our statements — namely, the
implication —r — p —is definitely a compound statement, not a primitive one. Columns
4, 5, and 6 in this table show how we build the truth table up by considering smaller parts
of the compound statement and by using the results from Tables 2.1 and 2.2.

Table 2.3
plq|r|=r|-r—>p|qgA(=r—-p)
01010 1 0 0
0101 0 1 0
0|10 1 0 0
0|17]1 0 1 1
1100 1 1 0
11011 0 1 0
1110 1 1 1
111]1 0 1 1

In Table 2.4 we develop the truth tables for the compound statements p V (g A r) (col-
umn 5) and (p Vv q) A r (column 7).

Table 2.4

~N

pV(@Ar) | p (pVQ AT

N
~
L)

—_— O OO, OO O | >
Q

— e = OO OO
—_—_ 0 O = =00 (R
— e e = = OO <L
—OoO = OO0

—_ O = O = O =0
— e = = OO
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Because the truth values in columns 5 and 7 differ (in rows 5 and 7), we must avoid
writing a compound statement such as p V g A r. Without parentheses to indicate which of
the connectives Vv and A should be applied first, we have no idea whether we are dealing
withpVv (g Ar)or(pVvg)Ar.

Our last example for this section illustrates two special types of statements.

The results in columns 4 and 7 of Table 2.5 reveal that the statement p — (p V g) is true and
that the statement p A (—p A q) is false for all truth value assignments for the component
statements p, q.

Table 2.5
plq|pVvVg | p>(pVq | =p | =pAqg | pA(=pAQ)
010 0 1 1 0 0
0|1 1 1 1 1 0
110 1 1 0 0 0
1|1 1 1 0 0 0

A compound statement is called a tautology if it is true for all truth value assignments for
its component statements. If a compound statement is false for all such assignments, then
it is called a contradiction.

Throughout this chapter we shall use the symbol 7j to denote any tautology and the
symbol Fj to denote any contradiction.

We can use the ideas of tautology and implication to describe what we mean by a valid
argument. This will be of primary interest to us in Section 2.3, and it will help us develop
needed skills for proving mathematical theorems. In general, an argument starts with a list
of given statements called premises and a statement called the conclusion of the argument.
We examine these premises, say pi, p2, P3, - - ., Pn, and try to show that the conclusion
q follows logically from these given statements — that is, we try to show that if each of
D1, P2, P3s - - -, Dn 1S a true statement, then the statement g is also true. To do so one way
is to examine the implication

(PiAP2ADPIA--Ap)T =g,

where the hypothesis is the conjunction of the n premises. If any one of py, p2, p3, ..., pnis
false, then no matter what truth value g has, the implication (py A p2 A p3 A=A py) > ¢
is true. Consequently, if we start with the premises py, p2, ps, . .., p, —each with truth
value 1— and find that under these circumstances g also has the value 1, then the implication

(PLADP2ADPIN- -~ ADPp) —>q

is a tautology and we have a valid argument.

At this point we have dealt only with the conjunction of two statements, so we must point out that the
conjunction p; A p2 A p3 A« -+ A p, of n statements is true if and only if each p,, 1 <i <n, is true. We shall
deal with this generalized conjunction in detail in Example 4.16 of Section 4.2.
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EXERCISES 2.1

1. Determine whether each of the following sentences is a
statement.

a) In 2003 George W. Bush was the president of the United
States.

b) x + 3 is a positive integer.

¢) Fifteen is an even number.

d) If Jennifer is late for the party, then her cousin Zachary
will be quite angry.

e) What time is it?

f) As of June 30, 2003, Christine Marie Evert had won the
French Open a record seven times.

2. Identify the primitive statements in Exercise 1.

3. Let p, g be primitive statements for which the implication
p — q is false. Determine the truth values for each of the fol-
lowing.

a) pAg b) -pvg ©qg—>p

4. Let p, g, r, s denote the following statements:

d) ~q > —p

p: 1 finish writing my computer program before lunch.
q: Ishall play tennis in the afternoon.

r: The sun is shining.

s:  The humidity is low.

Write the following in symbolic form.
a) If the sun is shining, I shall play tennis this afternoon.

b) Finishing the writing of my computer program before
lunch is necessary for my playing tennis this afternoon.

¢) Low humidity and sunshine are sufficient for me to play
tennis this afternoon.

5. Let p, g, r denote the following statements about a partic-
ular triangle ABC.

p: Triangle ABC is isosceles.
q: Triangle ABC is equilateral.
r: Triangle ABC is equiangular.

Translate each of the following into an English sentence.

a)qg—p b) -p —> —¢q
c)gor d) pA—q
e r—p

6. Determine the truth value of each of the following impli-
cations.

a) If3+4=12,then3+2=06.
b) If34+3 =06, then3+4=09.

¢) If Thomas Jefferson was the third president of the United
States, then 2 + 3 = 5.

7. Rewrite each of the following statements as an implication
in the if-then form.

a) Practicing her serve daily is a sufficient condition for
Darci to have a good chance of winning the tennis tourna-
ment.

b) Fix my air conditioner or I won’t pay the rent.
¢) Mary will be allowed on Larry’s motorcycle only if she
wears her helmet.

8. Construct a truth table for each of the following compound
statements, where p, g, r denote primitive statements.

a) ~(pVv —q)—>—-p b) p—>(q—r)
o) (p—>q)—r d) (p—>q)—>(@—p)
e)[pA(p—>qgl—gq ) prg)—>p

g8 g« (—pV—q)
b [(p—>Alg—>n]->(p—>r1)
9. Which of the compound statements in Exercise 8 are
tautologies?
10. Verify that [p —> (g > ] —>[(p—> q) > (p—>1r)]isa
tautology.
11. a) How many rows are needed for the truth table of the
compound statement (p V —gq) < [(—r A s) — t], where
D, q,r,s,and ¢t are primitive statements?

b) Let py, pa, ..., p, denote n primitive statements. Let
p be a compound statement that contains at least one oc-
currence each of p,, for 1 <i <n-—and p contains no
other primitive statement. How many rows are needed to
construct the truth table for p?

12. Determine all truth value assignments, if any, for the prim-
itive statements p, g, r, s, t that make each of the following
compound statements false.

a) [(pAg)Ar]—=>(sViD)
b) [pA(@AN)]— (s¥1)
13. If statement g has the truth value 1, determine all truth value

assignments for the primitive statements, p, r, and s for which
the truth value of the statement

(g = [(=pVr)A=s]h Al-s = (-r Ag)]
is 1.
14. At the start of a program (written in pseudocode) the inte-
ger variable n is assigned the value 7. Determine the value of
n after each of the following successive statements is encoun-
tered during the execution of this program. [Here the value of
n following the execution of the statement in part (a) becomes
the value of n for the statement in part (b), and so on, through
the statement in part (d). For positive integers a, b, |a/b] re-
turns the integer part of the quotient — for example, |6/2] = 3,
17/2] =3, [2/5] =0, and |8/3] = 2.]

a)ifn>5thenn:=n+2



b)if ((n+2=8) or (n-3=6)) then
n:=2%*n+1

¢) if ((n-3=16) and (|n/6] =1)) then
n:=n+3

d) if ((n#21) and (n- 7 =15)) then
n:=n-4

15. The integer variables m and n are assigned the values 3
and 8, respectively, during the execution of a program (written
in pseudocode). Each of the following successive statements is
then encountered during program execution. [Here the values
of m, n following the execution of the statement in part (a) be-
come the values of m, n for the statement in part (b), and so on,
through the statement in part (e).] What are the values of m, n
after each of these statements is encountered?
a) ifn-m=5thenn :=n-2
b) if ((2 *m=n) and (|n/4]=1)) then
n:=4*m-3
¢) if ((n<8) or ([m/2]=2)) thenn
elsem:=2*n
d) if ((m<20) and (|n/6] =1)) then
m:=m-n->5
e) if ((n=2*m) or (|n/2] =5)) then
m:=m+ 2

t=2*m

16. In the following program segment i, j, m, and n are integer
variables. The values of m and n are supplied by the user earlier
in the execution of the total program.
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fori:=1tomdo
for j:=1tondo

if i # j then

print i + j

How many times is the print statement in the segment exe-
cuted when (a) m = 10, n = 10; (b)m =20, n = 20; (c)m =
10, n = 20; (d) m =20, n = 10?

17. After baking a pie for the two nieces and two nephews who
are visiting her, Aunt Nellie leaves the pie on her kitchen ta-
ble to cool. Then she drives to the mall to close her boutique
for the day. Upon her return she finds that someone has eaten
one-quarter of the pie. Since no one was in her house that day —
except for the four visitors — Aunt Nellie questions each niece
and nephew about who ate the piece of pie. The four “suspects”
tell her the following:

Charles:  Kelly ate the piece of pie.

Dawn:  1did not eat the piece of pie.

Kelly: Tyler ate the pie.

Tyler: Kelly lied when she said I ate the pie.

If only one of these four statements is true and only one of
the four committed this heinous crime, who is the vile culprit
that Aunt Nellie will have to punish severely?

EXAMPLE 2.7

In all areas of mathematics we need to know when the entities we are studying are equal or
essentially the same. For example, in arithmetic and algebra we know that two nonzero real
numbers are equal when they have the same magnitude and algebraic sign. Hence, for two
nonzero real numbers x, y, we have x = y if |x| = |y| and xy > 0, and conversely (that is,
if x =y, then |x| = |y| and xy > 0). When we deal with triangles in geometry, the notion
of congruence arises. Here triangle ABC and triangle DE F are congruent if, for instance,
they have equal corresponding sides — that is, the length of side AB = the length of side
DE, the length of side BC = the length of side E F, and the length of side CA = the length
of side FD.

Our study of logic is often referred to as the algebra of propositions (as opposed to the
algebra of real numbers). In this algebra we shall use the truth tables of the statements,
or propositions, to develop an idea of when two such entities are essentially the same. We
begin with an example.

For primitive statements p and g, Table 2.6 provides the truth tables for the compound
statements —p V g and p — q. Here we see that the corresponding truth tables for the two
statements —p V g and p — ¢ are exactly the same.
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Table 2.6
p|q9|—~p|~"PVe | P—¢q
00 1 1 1
011 1 1 1
110 O 0 0
14{1 0 1 1

This situation leads us to the following idea.

Two statements sy, s; are said to be logically equivalent, and we write s; <= s,, when the
statement s, is true (respectively, false) if and only if the statement s, is true (respectively,
false).

Note that when s; <= s, the statements s; and s, provide the same truth tables because
51, 82 have the same truth values for all choices of truth values for their primitive compo-
nents.

As aresult of this concept we see that we can express the connective for the implication (of
primitive statements) in terms of negation and disjunction —that is, (p - ¢) < —p VvV q.
In the same manner, from the result in Table 2.7 we have (p < ¢) < (p = ¢) A (@ = p),
and this helps validate the use of the term biconditional. Using the logical equivalence from
Table 2.6, we find that we can also write (p <> g¢) <> (—p V q) A (—q V p). Consequently,
if we so choose, we can eliminate the connectives — and <> from compound statements.

Table 2.7
plq|p—>q|q—=>p| (p=9A(@—>p) | poyg
010 1 1 1 1
011 1 0 0 0
110 0 1 0 0
1|1 1 1 1 1

Examining Table 2.8, we find that negation, along with the connectives A and V, are all
we need to replace the exclusive or connective, V. In fact, we may even eliminate either A
or V. However, for the related applications we want to study later in the text, we shall need
both A and V as well as negation.

Table 2.8

Pplq|pYqg | pVvqg | pArgq | ~(pAqg) | (pVOA-(pPAQ)
010 0 0 0 1 0

011 1 1 0 1 1

110 1 1 0 1 1

11 0 1 1 0 0
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We now use the idea of logical equivalence to examine some of the important properties
that hold for the algebra of propositions.

For all real numbers a, b, we know that —(a + b) = (—a) + (—b). Is there a comparable
result for primitive statements p, g?

In Table 2.9 we have constructed the truth tables for the statements —(p A g), =p V —q,
—(pVq), and —=p A —q, where p, g are primitive statements. Columns 4 and 7 reveal
that —=(p A q) <= —p V —¢q; columns 9 and 10 reveal that —(p V q) < —p A —q. These
results are known as DeMorgan’s Laws. They are similar to the familiar law for real numbers,

—(a + b) = (—a) + (-b),

already noted, which shows the negative of a sum to be equal to the sum of the nega-
tives. Here, however, a crucial difference emerges: The negation of the conjunction of two
primitive statements p, g results in the disjunction of their negations —p, —¢q, whereas
the negation of the disjunction of these same statements p, g is logically equivalent to the
conjunction of their negations —p, —q.

Table 2.9
Plg|prqg | ~(pAg) | ~p | ~q | =pV—q | pVqg | =(pVyq) | "PA—q
0|0 0 1 1 1 1 0 1 1
011 0 1 1 0 1 1 0 0
110 0 1 0 1 1 1 0 0
111 1 0 0 0 0 1 0 0

Although p, g were primitive statements in the preceding example we shall soon learn
that DeMorgan’s Laws hold for any two arbitrary statements.

In the arithmetic of real numbers, the operations of addition and multiplication are both
involved in the principle called the Distributive Law of Multiplication over Addition: For
all real numbers a, b, c,

aX(b+c)=(@Xb)+ (aXc).

The next example shows that there is a similar law for primitive statements. There is also
a second related law (for primitive statements) that has no counterpart in the arithmetic of
real numbers.

Table 2.10 contains the truth tables for the statements p A (g Vr), (p Aq)V (p AT),
pV(gAr),and (pV q) A (pVr). From the table it follows that for all primitive state-
ments p, g, and r,

pPA(@Vr)&=(pAg)V(pATr) The Distributive Law of A over vV
pV@@Ar)&=(pVvg A(pVr) The Distributive Law of Vv over A

The second distributive law has no counterpart in the arithmetic of real numbers. That
is, it is not true for all real numbers a, b, and c that the following holds: a + (b X ¢) =
(@a+b)X(a+c). For a=2, b=3, and ¢ =5, for instance, a + (b X ¢) =17 but
(a+b) X (a+c)=35.
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Table 2.10
Plag|r | pAa@vr) | (pPAQV(pAr) | pV(@Ar) | (pVgA(pVr)
0[0]|O0 0 0 0 0
001 0 0 0 0
01110 0 0 0 0
0111 0 0 1 1
1{01]0 0 0 1 1
1101 1 1 1 1
11110 1 1 1 1
1 (111 1 1 1 1

Before going any further, we note that, in general, if sy, s, are statements and s; <> s,
is a tautology, then sy, s, must have the same corresponding truth values (that is, for each
assignment of truth values to the primitive statements in s; and s, s; is true if and only
if s, is true and s; is false if and only if s, is false) and s; <= s,. When s, and s, are
logically equivalent statements (that is, s; <= s,), then the compound statement s; <> s, is
a tautology. Under these circumstances it is also true that —s; <= —s,, and —s; <> —s; is
a tautology.

If s, 52, and s3 are statements where s; <= s, and s, <= s3 then 5| <= s53. When two
statements s; and s, are not logically equivalent, we may write s; <% s; to designate this
situation.

Using the concepts of logical equivalence, tautology, and contradiction, we state the
following list of laws for the algebra of propositions.

The Laws of Logic
For any primitive statements p, g, r, any tautology 7o, and any contradiction Fy,
1) ==p&p ‘ Law of Double Negation
2) ~(pVg) &= ‘wp A=g DeMorgan’s Laws
~(pAg)=>—pV—q ,
3) pvgssqVvyp Commutative Laws
PAG<>gqAp ’
4 pvigvryes(pvgvr! © Associative Laws
PA@AT) = (PAG) AT
5) pvgAarye (pvg A(pvr) . Distributive Laws
PAQ@V & @PAQYV(PAT) 4 ‘
6) pVvp&p ‘ Idempotent Laws
PAp&p
N pvEi&p Identity Laws
pATo<=>p ;

"We note that because of the Associative Laws, there is no ambiguity in statements of the form p v g v r or
PAGAT.
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8) pvpe=Th Inverse Laws
pA—p & Fy
9 pvhe=Th Domination Laws
PARES R
10) pvipAg)<=>p Absorption Laws
pA(pV@)&>p

We now turn our attention to proving all of these properties. In so doing we realize that
we could simply construct the truth tables and compare the results for the corresponding
truth values in each case —as we did in Examples 2.8 and 2.9. However, before we start
writing, let us take one more look at this list of 19 laws, which, aside from the Law of
Double Negation, fall naturally into pairs. This pairing idea will help us after we examine
the following concept.

Let s be a statement. If s contains no logical connectives other than A and Vv, then the dual
of s, denoted s, is the statement obtained from s by replacing each occurrence of A and Vv
by Vv and A, respectively, and each occurrence of Tp and Fy by Fy and Ty, respectively.

If p is any primitive statement, then p? is the same as p — that is, the dual of a primitive
statement is simply the same primitive statement. And (—p)? is the same as —p. The
statements p V —p and p A —p are duals of each other whenever p is primitive— and so
are the statements p Vv Tp and p A Fy.

Given the primitive statements p, ¢, r and the compound statement

s: (pA—q)V (r ATh),

we find that the dual of s is

s (pV=q) A (rV Fy).
(Note that —g is unchanged as we go from s to s%.)

We now state and use a theorem without proving it. However, in Chapter 15 we shall
justify the result that appears here.

THEOREM 2.1

The Principle of Duality. Let s and t be statements that contain no logical connectives other
than A and V. If s <= 1, then s¢ < 4.

As a result, laws 2 through 10 in our list can be established by proving one of the laws
in each pair and then invoking this principle.

We also find that it is possible to derive many other logical equivalences. For example,
if g, r, s are primitive statements, the results in columns 5 and 7 of Table 2.11 show us that
(rans)—q&<=—-(rAs)Vg

or that [(r A s) = g] < [—(r A s) V q] is a tautology. However, instead of always con-
structing more (and, unfortunately, larger) truth tables it might be a good idea to recall from
Example 2.7 that for primitive statements p, g, the compound statement

(p—>q)< (—pVvyq)
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Table 2.11
g | r|s|ras| (rAas)=>q | =(ras) | =(rAas)vg
010]0 0 1 1 1
01011 0 1 1 1
0|1]0 0 1 1 1
01111 1 0 0 0
110(0 0 1 1 1
11011 0 1 1 1
11170 0 1 1 1
111 1 1 0 1

is a tautology. If we were to replace each occurrence of this primitive statement p by the
compound statement r A s, then we would obtain the earlier tautology

[(r As) = gl < [—(r As) Vgl
What has happened here illustrates the first of the following two substitution rules:

1) Suppose that the compound statement P is a tautology. If p is a primitive statement
that appears in P and we replace each occurrence of p by the same statement g, then
the resulting compound statement P, is also a tautology.

2) Let P be a compound statement where p is an arbitrary statement that appears in
P, and let g be a statement such that ¢ <= p. Suppose that in P we replace one or
more occurrences of p by g. Then this replacement yields the compound statement
P;. Under these circumstances P, <= P.

These rules are further illustrated in the following two examples.

EXAMPLE 2.10 a) From the first of DeMorgan’s Laws we know that for all primitive statements p, g,

the compound statement
P: =(pVgqg) <o (-pA—q)

is a tautology. When we replace each occurrence of p by r A s, it follows from the
first substitution rule that

Pi: =[(rAs)vql< [=F As)A—q]

is also a tautology. Extending this result one step further, we may replace each occur-
rence of g by t — u. The same substitution rule now yields the tautology

Py —[(rAs)V(E—>u)] o [~FAs)A-E— u)],
and hence, by the remarks following shortly after Example 2.9, the logical equivalence
S[(rAas)V(E—>uw]<<[~FAs)A=E—u)l.

b) For primitive statements p, g, we learn from the last column of Table 2.12 that the
compound statement [p A (p — ¢q)] — g is a tautology. Consequently, if r, s, ¢, u are
any statements, then by the first substitution rule we obtain the new tautology

[(r—=>s)A[(r—=>s)—> (mtVu]]l— (-t Vu)

when we replace each occurrence of p by r — s and each occurrence of g by —¢ Vv u.
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Table 2.12
Pl lq|p—=>q|pAp=q) [ [pA(P>9]—g
010 1 0 1
011 1 0 1
110 0 0 1
1)1 1 1 1
EXAMPLE 2.11 a) For an application of the second substitution rule, let P denote the compound statement

(p — q) — r.Because (p = q) < —p V ¢ (asshown in Example 2.7 and Table 2.6),

if P, denotes the compound statement (—p V g) — r, then P; < P. (We also find
that [(p — q) = r] < [(—p V q) — r] is a tautology.)

b) Now let P represent the compound statement (actually a tautology) p — (p V q).
Since ——p < p, the compound statement P;: p — (——p V q) is derived from P
by replacing only the second occurrence (but not the first occurrence) of p by —=—p.
The second substitution rule still implies that P; <= P. [Note that P,: —=—p —
(——p V q), derived by replacing both occurrences of p by ——p, is also logically
equivalent to P.]

Our next example demonstrates how we can use the idea of logical equivalence together
with the laws of logic and the substitution rules.

EXAMPLE 2.12 Negate and glmpllfy the compound statement (p V q) — r.
We organize our explanation as follows:

1) (pVq) —>r< —(pVq)Vr by the first substitution rule because
(s = 1) < (—s V1) is a tautology for primitive statements s, ¢].

2) Negating the statements in step (1), we have —=[(p vV q) = r] < —[~(p VvV q) vV r].

3) From the first of DeMorgan’s Laws and the first substitution rule,
“[=(pVvg)Vvrle= —=(pVvg) A—r

4) The Law of Double Negation and the second substitution rule now gives us
—=(pVg)AN-Tr&= (pVqg) AT,

From steps (1) through (4) we have —=[(p V q) > rl < (p VvV q) A —r.

When we wanted to write the negation of an implication, as in Example 2.12, we found
that the concept of logical equivalence played a key role —in conjunction with the laws of
logic and the substitution rules. This idea is important enough to warrant a second look.

EXAMPLE 2.13 Let p, g denote the primitive statements

p: Joan goes to Lake George. q: Mary pays for Joan’s shopping spree.
and consider the implication

p — q: If Joan goes to Lake George, then Mary will pay for Joan’s shopping spree.
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EXAMPLE 2.14

EXAMPLE 2.15

Here we want to write the negation of p — ¢ in a way other than simply —(p — ¢). We
want to avoid writing the negation as “It is not the case that if Joan goes to Lake George,
then Mary will pay for Joan’s shopping spree.”

To accomplish this we consider the following. Since p — g <= —p V g, it follows that
—=(p = q) < —(—p V q). Thenby DeMorgan’s Law wehave =(—p V q) < ——p A —q,
and from the Law of Double Negation and the second substitution rule it follows that
—=p A =g < p A —q. Consequently,

—~(p=>q)=—-(pVg = —TpA—qg=pATy,
and we may write the negation of p — ¢ in this case as

—(p — q): Joan goes to Lake George, but Mary does not
pay for Joan’s shopping spree.

(Note: The negation of an if-then statement does not begin with the word if. It is not another
implication.)

In Definition 2.3 the dual s¢ of a statement s was defined only for statements involving
negation and the basic connectives A and V. How does one determine the dual of a statement
such as s: p — g, where p, g are primitive?

Because (p — q) <> —p V q, s? is logically equivalent to the statement (—p V )¢,
whichis =p A g.

The implication p — ¢ and certain statements related to it are now examined in the
following example.

Table 2.13 gives the truth tables for the statements p — g, —-¢ — —p, ¢ — p, and
—p — —q. The third and fourth columns of the table reveal that

(p—q) = (—q — —p).

Table 2.13
Plg9|pP—>q|™—>"pP | 92>P | ~P>q
00 1 1 1 1
01 1 1 0 0
110 0 0 1 1
1|1 1 1 1 1

The statement —g — —p is called the contrapositive of the implication p — ¢. Columns
5 and 6 of the table show that

(g —> p) = (—p—> —q).

The statement ¢ — p is called the converse of p — q; —p — —q is called the inverse of
p — q. We also see from Table 2.13 that

(p—>q) & (@—p) and (—p—> —q) & (=g — —p).

Consequently, we must keep the implication and its converse straight. The fact that a certain
implication p — ¢ is true (in particular, as in row 2 of the table) does not require that the
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converse ¢ — p also be true. However, it does necessitate the truth of the contrapositive
-q —> —p.
Let us consider a specific example where p, g represent the statements

p:  Jeff is concerned about his cholesterol (HDL and LDL) levels.

q: Jeff walks at least two miles three times a week.
Then we obtain

® (The implication: p — g). If Jeff is concerned about his cholesterol levels, then he
will walk at least two miles three times a week.

® (The contrapositive: =g — —p). If Jeff does not walk at least two miles three times a
week, then he is not concerned about his cholesterol levels.

® (The converse: g — p). If Jeff walks at least two miles three times a week, then he is
concerned about his cholesterol levels.

® (Theinverse: —p — —q). If Jeff is not concerned about his cholesterol levels, then he
will not walk at least two miles three times a week.

If p is true and q is false, then the implication p — ¢ and the contrapositive ~g — —p
are false, while the converse ¢ — p and the inverse —p — —q are true. For the case where
p is false and g is true, the implication p — ¢ and the contrapositive —g — —p are now
true, while the converse ¢ — p and the inverse —p — —gq are false. When p, ¢ are both true
or both false, then the implication is true, as are the contrapositive, converse, and inverse.

We turn now to two examples involving the simplification of compound statements. For
simplicity, we shall list the major laws of logic being used, but we shall not mention any
applications of our two substitution rules.

For primitive statements p, ¢, is there any simpler way to express the compound statement
EXAMPLE 2.16 p P, 4 y sunprer way 1o exp P

(p VvV gq) A —=(—p A q)—thatis, can we find a simpler statement that is logically equivalent
to the one given?
Here one finds that

(Vg AN=(=pArg) Reasons
= (pVgA(EmpV—q) DeMorgan’s Law
S {@EVvgyn(pVv—gq) Law of Double Negation
<= (pVvigAn—gq) Distributive Law of Vv over A
& pVEF Inverse Law
A4 Identity Law

Consequently, we see that

(V@) A—=(=pArgqg)=p,

so we can express the given compound statement by the simpler logically equivalent state-
ment p.

EXAMPLE 2.17 Consider the compound statement

=[=[(p Vv q) Ar]V —q],
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where p, g, r are primitive statements. This statement contains four occurrences of primitive
statements, three negation symbols, and three connectives.
From the laws of logic it follows that

=[=[(pVq) Ar]V —q] Reasons
= —=[(pvg) Ar]A——g DeMorgan’s Law
S[(pvg)ArlAg Law of Double Negation
= (pVvg) AT Ag) Associative Law of A
S (pVvgAlgAar) Commutative Law of A
S [(pVvg) AgqlAT Associative Law of A
S qgAar Absorption Law (as well as the

Commutative Laws for A and V)
Consequently, the original statement
—[=[(pVg) ATr]V —q]
is logically equivalent to the much simpler statement
qnr,

where we find only two primitive statements, no negation symbols, and only one connective.
Note further that from Example 2.7 we have

=[[(pVvag) Ar]— —ql = —[-[(pVqg) Ar]V—q],
so it follows that

“ll(pVvg)Ar]l—> —ql =g Arr.

We close this section with an application on how the ideas in Examples 2.16 and 2.17 can
be used in simplifying switching networks.

A switching network is made up of wires and switches connecting two terminals 7} and
EXAMPLE 2.18 TR .
T,. In such a network, each switch is either open (0), so that no current flows through it, or

closed (1), so that current does flow through it.
In Fig. 2.1(a) we have a network with one switch. Each of parts (b) and (c) contains two
(independent) switches.

(€) (b) ©
Figure 2.1

For the network in part (b), current flows from 7; to T; if either of the switches p, g is
closed. We call this a parallel network and represent it by p V g. The network in part (c)



2.2 Logical Equivalence: The Laws of Logic 65

requires that each of the switches p, g be closed in order for current to flow from 7 to 75.
Here the switches are in series; this network is represented by p A g.

The switches in a network need not act independently of each other. Consider the network
shown in Fig. 2.2(a). Here the switches labeled ¢ and —¢ are not independent. We have
coupled these two switches so that ¢ is open (closed) if and only if —¢ is simultaneously
closed (open). The same is true for the switches at g, —g. (Also, for example, the three

switches labeled p are not independent.)

(a)

(b)

p p p p
o——4 t -t ——1—o *— —e
T T T ¢ T
r L -q — r

-~q

Figure 2.2

This network is represented by the statement

(pVagVvr)A(pVEV—q) A
(p v —t v r). Using the laws of logic, we may simplify this statement as follows.

(pvgVr)A(pVvViV=g)A(pV—tVr) Reasons

< pVvi@vnA(Vv-g)A(=tvVvr)] Distributive Law of v
over A

SpVil@VvrIAtVvryAty —q)] Commutative Law of A

SSpvil@ga-t)vr) Al v —g)] Distributive Law of v
over A

= pVI@A-t)Vr)A (==t V —g)] Law of Double Negation

<> p V(@A) vr) A—=(=t Ag)] DeMorgan’s Law

S pVI-(tAQ At Ag) V)] Commutative Law of A
(twice)

&S pVI(=(=tAgQ AtAG)) V (—(=t Ag) AT)] Distributive Law of A
over vV

< pVIFRV(-(-tAg)AT)]

—s A s &> Fy, forany
statement s

<= pVIi(—(—tAQ) AT] & Fy is the identity for v

<> pVirA=(-tAg)] Commutative Law of A

< pViranv-g)] DeMorgan’s Law and
the Law of Double
Negation

Hence (pVvVgVr)A(pVEV—=g)A(pV—tVr)<spVrAtV—q)], and the net-
work shown in Fig. 2.2(b) is equivalent to the original network in the sense that current
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flows from T; to 75 in network (a) exactly when it does so in network (b). But network (b)
has only four switches, five fewer than network (a).

EXERCISES 2.2

1. Let p, g, r denote primitive statements.

a) Use truth tables to verify the following logical equiva-
lences.

) po>@nAnnesEpP->9A(p—r)
ii) [(pvg)=>rle=(p—>r)A(@—>r1)]
ii) [p—>@Vvnl=[-r—>(p-9]

b) Use the substitution rules to show that
[p—=>@vrle=lpa—g) —>r]
2. Verify the first Absorption Law by means of a truth table.

3. Use the substitution rules to verify that each of the follow-
ing is a tautology. (Here p, ¢, and r are primitive statements.)

a) [pv@An]v-lpVvignan]
b) [((pVq) = r]e[-r——=(pVaqg)]
4. For primitive statements p, g, r, and s, simplify the com-
pound statement
HlpA@) ATIVI(PAG) A=V —q] — 5.

5. Negate and express each of the following statements in
smooth English.

a) Kelsey will get a good education if she puts her studies
before her interest in cheerleading.

b) Norma is doing her homework, and Karen is practicing
her piano lessons.

¢) If Harold passes his C++ course and finishes his data
structures project, then he will graduate at the end of the
semester.

6. Negate each of the following and simplify the resulting
statement.

a) pA(@VIr)A(mpV—gVr)
b) (pAg)—r
¢) p—=> (g AT)
d) pvqgV(=pA—gAT)
7. a) If p, g are primitive statements, prove that
PV AP ADPAD) = (PAQ.
b) Write the dual of the logical equivalence in part (a).

8. Write the dual for (a) g — p, (b)) p > (g A T), (c) p © q,
and (d) p Y g, where p, ¢, and r are primitive statements.

9. Write the converse, inverse, and contrapositive of each of
the following implications. For each implication, determine its
truth value as well as the truth values of its corresponding con-
verse, inverse, and contrapositive.

a) If0+0=0,thenl+1=1.
b) If -1 <3 and 3 +7 = 10, then sin () = —1.
10. Determine whether each of the following is true or false.
Here p, g are arbitrary statements.
a) An equivalent way to express the converse of “p is
sufficient for ¢ is “p is necessary for g.”
b) An equivalent way to express the inverse of “p is
necessary for ¢” is “—q is sufficient for —p.”
¢) An equivalent way to express the contrapositive of
“p is necessary for g” is “—g is necessary for —p.”

11. Let p, g, and r denote primitive statements. Find a form of
the contrapositive of p — (¢ — r) with (a) only one occurrence
of the connective —; (b) no occurrences of the connective —.

12. Show that for primitive statements p, ¢,
pPYa=(pA—g)V(—p Al —(p<q).
13. Verify that [(p & g) A(g o 1) A (r & p)] &=

[(p—=> q) A(g—r)A(r — p)l, for primitive statements p,
q,andr.

14. For primitive statements p, ¢,
a) verify that p — [q¢ — (p A ¢)] is a tautology.
b) verify that (p vV ¢) = [g — q] is a tautology by using
the result from part (a) along with the substitution rules and
the laws of logic.
¢)is(pVvq) = [qg — (p Aq)] atautology?

15. Define the connective “Nand” or “Not ... and ...” by

(p 1 q) < —(p Aq), for any statements p, q. Represent the
following using only this connective.

a) —p b) pVvgq ¢ pAg
d)p—>g e) peg
16. The connective “Nor” or “Not ... or ...” is defined for

any statements p, g by (p | g) < —(p V q). Represent the
statements in parts (a) through (e) of Exercise 15, using only
this connective.

17. For any statements p, g, prove that

a) ~(plq) = (p1t—9)

b) =(p 1 q) = (=p | —q)

18. Give the reasons for each step in the following simplifica-
tions of compound statements.

a) [((pvayA(pV—9)]lVg
=I[pVvgr—glvyg
=((pVvFE)Vvy
<~ pVg

Reasons
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l7 ) —|
P L q J P —p—r— t—
-q

o— —t—p——g( —e
r
t -q —P—Qq—=-r— t

(a or (b)

Figure 2.3
b) (p—=>q@) AN[~g AV —q)] Reasons 19. Provide the steps and reasons, as in Exercise 18, to establish

=S (P29 N—q
=PV A—g
& =g A(—-pVgq)

< (mgA=p)V(~g Aq)

<= (g A—p)V F
<~ g N—p
< —(qVp)

2
Logical Implication

the following logical equivalences.
a) pvipn(pVvele=rp
b) pvgVv(—pA—-gAr)&=pVvgVr
©) [(mpV—g)=> (pAgAT)]=PpArg
20. Simplify each of the networks shown in Fig. 2.3.

i
: Rules of Inference

EXAMPLE 2.19

At the end of Section 2.1 we mentioned the notion of a valid argument. Now we will begin
a formal study of what we shall mean by an argument and when such an argument is valid.
This in turn will help us when we investigate how to prove theorems throughout the text.

We start by considering the general form of an argument, one we wish to show is valid.
So let us consider the implication

(PIAP2ADPIAN- -~ ADy) (.

Here n is a positive integer, the statements p;, p2, ps3, ..., p, are called the premises
of the argument, and the statement g is the conclusion for the argument.

The preceding argument is called valid if whenever each of the premises p1, p2, p3, .. -,
pn is true, then the conclusion ¢ is likewise true. [Note that if any one of
P1, D2, P3, - - -, Dy 1s false, then the hypothesis py A po A p3 A--- A p, is false and the
implication (p; A p2 A p3 A+ -+ A p,) — q is automatically true, regardless of the truth
value of g.] Consequently, one way to establish the validity of a given argument is to show
that the statement (p; A p2 A p3 A -+ - A p,) — q is a tautology.

The following examples illustrate this particular approach.

Let p, g, r denote the primitive statements given as

p: Roger studies.
q: Roger plays racketball.

r:  Roger passes discrete mathematics.
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EXAMPLE 2.20

Now let p1, p2, p3 denote the premises

p1: If Roger studies, then he will pass discrete mathematics.
p2:  If Roger doesn’t play racketball, then he’ll study.

p3:  Roger failed discrete mathematics.
We want to determine whether the argument
(P1AP2AP3) —>q
is valid. To do so, we rewrite py, p», p3 as
pi: p—>r p2: —q—>p p3:  —r
and examine the truth table for the implication
[(p=>1r)A(=g—>p)A-rl—>g

given in Table 2.14. Because the final column in Table 2.14 contains all 1’s, the implication
is a tautology. Hence we can say that (p; A pa A p3) — g is a valid argument.

Table 2.14
)41 P2 p3 (PLAP2AP3) > ¢
plgq|r|ip=>r|=q->p|=r|l(p=>r)A(~q—>p)A=-r]l>gqg
0|00 1 0 1 1
0[0]1 1 0 0 1
0|]1]0 1 1 1 1
0111 1 1 0 1
110]0 0 1 1 1
1{0]1 1 1 0 1
1111]0 0 1 1 1
1111 1 1 0 1

Let us now consider the truth table in Table 2.15. The results in the last column of this table
show that for any primitive statements p, r, and s, the implication

[pPAUpAT) = $]—=> (r—5)

Table 2.15

=

(P1AP)—¢q
[(pAWpATr)—>5$)]—> (r—=>5)

D2

(pAr)—>s | r

~
1%
N
~
! |=
7]

_——== OO OO
= N =
—_—OoO = O =0O =0
—_—_ 0 00 OO0 |>
— O e e e e e

—_ O = O
Pt —
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EXAMPLE 2.21
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is a tautology. Consequently, for premises

pi: P p2. (pAT)—>s

and conclusion g: (r — s), we know that (p; A p2) — ¢ is a valid argument, and we may
say that the truth of the conclusion ¢ is deduced or inferred from the truth of the premises

P1, p2.

The idea presented in the preceding two examples leads to the following.

If p, g are arbitrary statements such that p — g is a tautology, then we say that p logically
implies q and we write p = ¢ to denote this situation.

When p, g are statements and p = ¢, the implication p — ¢ is a tautology and we
refer to p — q as a logical implication. Note that we can avoid dealing with the idea of a
tautology here by saying that p = ¢ (that is, p logically implies g) if g is true whenever p
is true.

In Example 2.6 we found that for primitive statements p, g, the implication p — (p V q)
is a tautology. In this case, therefore, we can say that p logically implies p V g and write
p = (p V q). Furthermore, because of the first substitution rule, we also find that p =
(p V q) for any statements p, g —that is, p — (p V q) is a tautology for any statements
D, q, whether or not they are primitive statements.

Let p, g be arbitrary statements.

1) If p < g, then the statement p <> g is a tautology, so the statements p, g have the
same (corresponding) truth values. Under these conditions the statements p — ¢,
q — p are tautologies, and we have p = g and g = p.

2) Conversely, suppose that p = g and ¢ = p. The logical implication p — ¢ tells us
that we never have statement p with the truth value 1 and statement g with the truth
value 0. But could we have g with the truth value 1 and p with the truth value 0?
If this occurred, we could not have the logical implication ¢ — p. Therefore, when
p = q and g = p, the statements p, g have the same (corresponding) truth values
and p < gq.

Finally, the notation p 7 ¢ is used to indicate that p — ¢ is not a tautology — so the given
implication (namely, p — q) is not a logical implication.
From the results in Example 2.8 (Table 2.9) and the first substitution rule, we know that for
statements p, ¢,
~(pNg) &= —pV—q.

Consequently,

=(pAg)=(=pV—q) and (—=pV—g)=—-(pAgq)
for all statements p, g. Alternatively, because each of the implications

=(pAq)—> (=pV—q) and (—=pV—g)—>—(pAg)
is a tautology, we may also write

[-(pAg)—= (—pV—q)l=Typ and [(—pV—g)—> —~(pAqg)]l=Th
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Returning now to our study of techniques for establishing the validity of an argument, we
must take a careful look at the size of Tables 2.14 and 2.15. Each table has eight rows. For
Table 2.14 we were able to express the three premises py, p», and ps3, and the conclusion
g, in terms of the three primitive statements p, g, and r. A similar situation arose for the
argument we analyzed in Table 2.15, where we had only two premises. But if we were
confronted, for example, with establishing whether

[(p=>r)A@F—=>)AEV-S)A(tVU)A—u]l—> —p

is a logical implication (or presents a valid argument), the needed table would require
23 = 32 rows. As the number of premises gets larger and our truth tables grow to 64, 128,
256, or more rows, this first technique for establishing the validity of an argument rapidly
loses its appeal.

Furthermore, looking at Table 2.14 once again, we realize that in order to establish
whether

[((p—>r)AN(=q—>p)A-r]—>q

is a valid argument, we need to consider only those rows of the table where each of the three
premises p — r,—q — p, and —r has the truth value 1. (Remember that if the hypothesis —
consisting of the conjunction of all of the premises —is false, then the implication is true
regardless of the truth value of the conclusion.) This happens only in the third row, so a
good deal of Table 2.14 is not really necessary. (It is not always the case that only one row
has all of the premises true. Note that in Table 2.15 we would be concerned with the results
in rows 5, 6, and 8.)

Consequently, what these observations are telling us is that we can possibly eliminate a
great deal of the effort put into constructing the truth tables in Table 2.14 and Table 2.15. And
since we want to avoid even larger tables, we are persuaded to develop a list of techniques
called rules of inference that will help us as follows:

1) Using these techniques will enable us to consider only the cases wherein all the
premises are true. Hence we consider the conclusion only for those rows of a truth
table wherein each premise has the truth value 1—and we do not construct the truth

table.
2) Therules of inference are fundamental in the development of a step-by-step validation
of how the conclusion ¢ logically follows from the premises p;, p2, p3, ..., pn in

an implication of the form

(PIAP2ADPIA---ADn)—>q.

Such a development will establish the validity of the given argument, for it will show
how the truth of the conclusion can be deduced from the truth of the premises.

Each rule of inference arises from a logical implication. In some cases, the logical
implication is stated without proof. (However, several of these proofs will be dealt with in
the Section Exercises.)

Many rules of inference arise in the study of logic. We concentrate on those that we need
to help us validate the arguments that arise in our study of logic. These rules will also help
us later when we turn to methods for proving theorems throughout the remainder of the
text. Table 2.19 (on p. 78) summarizes the rules we shall now start to investigate.
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2.3 Logical Implication: Rules of Inference n

For a first example we consider the rule of inference called Modus Ponens, or the Rule of
Detachment. (Modus Ponens comes from Latin and may be translated as “the method of
affirming.”) In symbolic form this rule is expressed by the logical implication

[pA(p—>q]—gq,

which is verified in Table 2.16, where we find that the fourth row is the only one where both
of the premises p and p — ¢ (and the conclusion ¢) are true.

Table 2.16
plgq|p=>q | pPA(p=>q) |[pPA(P>Pl>9q
00 1 0 1
0|1 1 0 1
10 0 0 1
11 1 1 1

The actual rule will be written in the tabular form

p
P4
g
where the three dots ( .".) stand for the word “therefore,” indicating that g is the conclusion
for the premises p and p — ¢, which appear above the horizontal line.
This rule arises when we argue that if (1) p is true, and (2) p — q is true (or p = q),
then the conclusion g must also be true. (After all, if ¢ were false and p were true, then we
could not have p — ¢ true.)

The following valid arguments show us how to apply the Rule of Detachment.

a) 1) Lydia wins a ten-million-dollar lottery. )4
2) If Lydia wins a ten-million-dollar lottery, then Kay will quit her job. p—q
3) Therefore Kay will quit her job. .q

b) 1) If Allison vacations in Paris, then she will have to win a scholarship. p—>q
2) Allison is vacationing in Paris. )4
3) Therefore Allison won a scholarship. g

Before closing the discussion on our first rule of inference let us make one final ob-
servation. The two examples in (a) and (b) might suggest that the valid argument
[p A(p— q)]—q is appropriate only for primitive statements p, g. However,
since [p A (p — q)] — q is a tautology for primitive statements p, g, it follows from the
first substitution rule that (all occurrences of) p or ¢ may be replaced by compound state-
ments — and the resulting implication will also be a tautology. Consequently, if 7, s, ¢, and
u are primitive statements, then

rvs
(rvs)— (-t Au)
R VAN 7}

is a valid argument, by the Rule of Detachment—just as [(r Vs) A[(r Vs) —>
(=t Au)]] > (-t A u) is a tautology.
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EXAMPLE 2.23

EXAMPLE 2.24

A similar situation — in which we can apply the first substitution rule — occurs for each
of the rules of inference we shall study. However, we shall not mention this so explicitly
with these other rules of inference.

A second rule of inference is given by the logical implication
[(p=> A (G@—=>1]—=(p—=r1),
where p, ¢, and r are any statements. In tabular form it is written

pP—=>q
q—>r
Sop—>r

This rule, which is referred to as the Law of the Syllogism, arises in many arguments. For
example, we may use it as follows:

1) If the integer 35244 is divisible by 396, then the integer 35244 is

divisible by 66. p—>q
2) If the integer 35244 is divisible by 66, then the integer 35244 is

divisible by 3. q—>r
3) Therefore, if the integer 35244 is divisible by 396, then the integer

35244 is divisible by 3. Sp—>r

The next example involves a slightly longer argument that uses the rules of inference
developed in Examples 2.22 and 2.23. In fact, we find here that there may be more than one
way to establish the validity of an argument.

Consider the following argument.

1) Rita is baking a cake.

2) If Rita is baking a cake, then she is not practicing her flute.

3) If Rita is not practicing her flute, then her father will not buy her a car.
4) Therefore Rita’s father will not buy her a car.

Concentrating on the forms of the statements in the preceding argument, we may write
the argument as

p *)
p—>q
-uq —> Yy

S

Now we need no longer worry about what the statements actually stand for. Our objective
is to use the two rules of inference that we have studied so far in order to deduce the truth
of the statement —r from the truth of the three premises p, p — —¢q, and ~q — —r.
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We establish the validity of the argument as follows:

Steps Reasons

1) p—>—q Premise

2) —q —> —r Premise

3) p—>-r This follows from steps (1) and (2) and the Law of the Syllogism
4) p Premise

5) .-r This follows from steps (4) and (3) and the Rule of Detachment

Before continuing with a third rule of inference we shall show that the argument presented
at (*) can be validated in a second way. Here our “reasons” will be shortened to the form
we shall use for the rest of the section. However, we shall always list whatever is needed
to demonstrate how each step in an argument comes about, or follows, from prior steps.

A second way to validate the argument follows.

Steps Reasons
D p Premise
2) p—>—q Premise
3) —q Steps (1) and (2) and the Rule of Detachment
4) —q > —-r Premise
5) .—r Steps (3) and (4) and the Rule of Detachment

The rule of inference called Modus Tollens is given by

EXAMPLE 2.25

pP—>q
.
S.op

This follows from the logical implication [(p — g) A =q] — —p. Modus Tollens comes
from Latin and can be translated as “method of denying.” This is appropriate because we
deny the conclusion, ¢, so as to prove —p. (Note that we can also obtain this rule from the
one for Modus Ponens by using the fact that p — g < —g — —p.)

The following exemplifies the use of Modus Tollens is making a valid inference:

1) If Connie is elected president of Phi Delta sorority, then Helen will

pledge that sorority. pP—>q
2) Helen did not pledge Phi Delta sorority. —q
3) Therefore Connie was not elected president of Phi Delta sorority. S.op

And now we shall use Modus Tollens to show that the following argument is valid (for
primitive statements p, r, s, t, and u).

p—>r
r—s
tvV s
—tVvVu
—u
S.Tp

Both Modus Tollens and the Law of the Syllogism come into play, along with the logical
equivalence we developed in Example 2.7.
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Steps Reasons
1) p>rr—s Premises
2) pos Step (1) and the Law of the Syllogism
3) tVv-s Premise
4) sVt Step (3) and the Commutative Law of Vv
5) s>t Step (4) and the factthat —s Vi < s >t
6) p—>t Steps (2) and (5) and the Law of the Syllogism
7) —tVu Premise
8) t—u Step (7) and the factthat =t Vu <t - u
9) p—u Steps (6) and (8) and the Law of the Syllogism
10) —u Premise
11) . —p Steps (9) and (10) and Modus Tollens

Before continuing with another rule of inference let us summarize what we have just
accomplished (and not accomplished). The preceding argument shows that

[(p=>r)AFT—>s)AEV—-s)A (-t Vu)A—-ul= —p.
We have not used the laws of logic, as in Section 2.2, to express the statement
(P=rAFT—=>S)ANEV-S)A(tVU)A—uU
as a simpler logically equivalent statement. Note that
[((p=>r)A@Fr—8s)A{EV—s) At VuUu)A—u]l &5 —p.

For when p has the truth value 0 and u has the truth value 1, the truth value of —p is 1 while
thatof ~uand (p > r) A(r—>s) At V-s)A(—tVu)A—uisO.

Let us once more examine a tabular form for each of the two related rules of inference,
Modus Ponens and Modus Tollens.

Modus Ponens: p — g Modus Tollens: p— g
_pr_ B
..q S.p

The reason we wish to do this is that there are other tabular forms that may arise —and
these are similar in appearance but present invalid arguments — where each of the premises
is true but the conclusion is false.

a) Consider the following argument:
1) If Margaret Thatcher is the president of the United States, then

she is at least 35 years old. p—>q
2) Margaret Thatcher is at least 35 years old. q
3) Therefore Margaret Thatcher is the president of the United States. R/

Here we find that [(p — q) A q] — p is not a tautology. For if we consider the truth
value assignments p: 0 and g: 1, then each of the premises p — g and ¢ is true
while the conclusion p is false. This invalid argument results from the fallacy
(error in reasoning) where we try to argue by the converse—that is, while
[(p = q) A Pl = q, itis not the case that [(p — q) A q]l = p.
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b) Asecond argument where the conclusion doesn’t necessarily follow from the premises

may be given by:

1) If2+3=6,then2+4 =6. p—q
2) 2+3#6. —p

3) Therefore 2 44 # 6. S.g

In this case we find that [(p — g) A =p] — —q is nor a tautology. Once again
the truth value assignments p: 0 and g: 1 show us that the premises p — g and —p
can both be true while the conclusion —g is false. The fallacy behind this invalid
argument arises from our attempt to argue by the inverse—for although
[(p = g) A —q] = —p, it does not follow that [(p — g) A —=p] = —q.

Before proceeding further we now mention a rather simple but important rule of infer-
ence.

The following rule of inference arises from the observation that if p, g are true statements,
then p A g is a true statement.

Now suppose that statements p, ¢ occur in the development of an argument. These
statements may be (given) premises or results that are derived from premises and/or from
results developed earlier in the argument. Then under these circumstances the two statements
P, q can be combined into their conjunction p A ¢, and this new statement can be used in
later steps as the argument continues.

We call this rule the Rule of Conjunction and write it in tabular form as

p
q

R AN

As we proceed further with our study of rules of inference, we find another fairly simple
but important rule.

The following rule of inference — one we may feel justillustrates good old common sense —
is called the Rule of Disjunctive Syllogism. This rule comes about from the logical impli-
cation

[((pVvag)A—pl—gq,

which we can derive from Modus Ponens by observing that p vV g <= —p — q.
In tabular form we write

pVvVq
-p
.q

This rule of inference arises when there are exactly two possibilities to consider and we are
able to eliminate one of them as being true. Then the other possibility has to be true. The
following illustrates one such application of this rule.
1) Bart’s wallet is in his back pocket or it is on his desk. pVgq
2) Bart’s wallet is not in his back pocket. —p

3) Therefore Bart’s wallet is on his desk. .q
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EXAMPLE 2.28

At this point we have examined five rules of inference. But before we try to validate any
more arguments like the one (with 11 steps) in Example 2.25, we shall look at one more
of these rules. This one underlies a method of proof that is sometimes confused with the
contrapositive method (or proof) given in Modus Tollens. The confusion arises because
both methods involve the negation of a statement. However, we will soon realize that these
are two distinct methods. (Toward the end of Section 2.5 we shall compare and contrast
these two methods once again.)

Let p denote an arbitrary statement, and Fj a contradiction. The results in column 5 of Table
2.17 show that the implication (—p — Fy) — p is a tautology, and this provides us with
the rule of inference called the Rule of Contradiction. In tabular form this rule is written as

-p—>F
D

Table 2.17

p|-p | F|-p>F | (-p>F)->p

11010 1
0| 1 0 0 1

—

This rule tells us that if p is a statement and —p — Fy is true, then — p must be false because
Fy is false. So then we have p true.

The Rule of Contradiction is the basis of a method for establishing the validity of an
argument — namely, the method of Proof by Contradiction, or Reductio ad Absurdum. The
idea behind the method of Proof by Contradiction is to establish a statement (namely, the
conclusion of an argument) by showing that, if this statement were false, then we would
be able to deduce an impossible consequence. The use of this method arises in certain
arguments which we shall now describe.

In general, when we want to establish the validity of the argument

(PrAP2A---Apy)—q,
we can establish the validity of the logically equivalent argument
(Pt AP2A-- - ANpuA—q) = Fo.

[This follows from the tautology in column 7 of Table 2.18 and the first substitution rule —
where we replace the primitive statement p by the statement (p; A py A -+ - A p,)'.]

Table 2.18
Plq | F|pr-q | (pA—~q)>F | p>q | (p>q) o (pAr—g)— Fl
0[0] O 0 1 1 1
oO(1/(0 0 1 1 1
1(0|0 1 0 0 1
111]0 0 1 1 1
In Section 4.2 we shall provide the reason why we know that for any statements p;, p2, ..., Pn, and g, it

follows that (p1 Apa A+ APp) A=g4= prAP2A--Apy AN—q.
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When we apply the method of Proof by Contradiction, we first assume that what we are
trying to validate (or prove) is actually false. Then we use this assumption as an additional
premise in order to produce a contradiction (or impossible situation) of the form s A —s, for
some statement s. Once we have derived this contradiction we may then conclude that the
statement we were given was in fact true — and this validates the argument (or completes
the proof).

We shall turn to the method of Proof by Contradiction when it is (or appears to be) easier
to use —q in conjunction with the premises p1, pa, . . ., p, inorder to deduce a contradiction
than it is to deduce the conclusion g directly from the premises py, p, ..., p,. The method
of Proof by Contradiction will be used in some of the later examples for this section —
namely, Examples 2.32 and 2.35. We shall also find it frequently reappearing in other
chapters in the text.

Now that we have examined six rules of inference, we summarize these rules and intro-
duce several others in Table 2.19 (on the following page).

The next five examples will present valid arguments. In so doing, these examples will

show us how to apply the rules listed in Table 2.19 in conjunction with other results, such
as the laws of logic.

Our first example demonstrates the validity of the argument

p—r
-p—>4q
q—s
Steps Reasons
1) po>r Premise
2) =r—> —p Step(l)and p > r < —r - —p
3) -p—>gq Premise
4) —-r—>gq Steps (2) and (3) and the Law of the Syllogism
5) g—>s Premise

6) ..—r—s Steps (4) and (5) and the Law of the Syllogism

A second way to validate the given argument proceeds as follows.

Steps Reasons

1) po>r Premise

2) g—s Premise

3) =p—>gq Premise

4) pvg Step (3) and (—p — q) <= (——p VvV q) & (p V q), where the
second logical equivalence follows by the Law of Double Negation

S) rvs Steps (1), (2), and (4) and the Rule of the Constructive Dilemma

6) -.—r—s Step(5)and (r Vs) < (——r Vs) & (—r — s), where the Law of
Double Negation is used in the first logical equivalence

The next example is somewhat more involved.
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Table 2.19
Rule of Inference Related Logical Implication Name of Rule
) »p [pPA(P—>l—q Rule of Detachment
pP—>q (Modus Ponens)
..q
2) p—oyg (p=9A@—>r)]—>(p—>r) Law of the Syllogism
q —>r
Sp—>r
3 p—ogq [(p—>qg)A—q]l— —p Modus Tollens
—q
S.op
49 p Rule of Conjunction
q
“PAq
5) pvg [(pVvg)A—pl—gq Rule of Disjunctive
—-p Syllogism
.q
6) -p—>F (mp— Fo)—>p Rule of
.4 Contradiction
U Y (pAg)—>p Rule of Conjunctive
A/ Simplification
8 »p p—>pVq Rule of Disjunctive
.pVq Amplification
9 pAg [(pAg)A[p—=>(@—=>D]l—>r Rule of Conditional
p—>(@q—>r) Proof
T
10) p-or [(p=>r)A@—>n]—>[(pVvg) —r] Rule for Proof
q—>r by Cases
S(pvg) —>r
1) p—g [(p=> AT —=s)A(pVIr)]—(qVs) Rule of the
r—s Constructive
pVvr Dilemma
qVs
12) p—>gq [(p=>g) AT —>s)A(—gV —s)]— (—mpV—r) Rule of the
r—>s Destructive
A Dilemma
—=pV —r
EXAMPLE 2.30 Establish the validity of the argument

P—>q

q—> (rAs)
—=r VvV (=t Vu)
pAt




EXAMPLE 2.31

2.3 Logical Implication: Rules of Inference 79

Steps Reasons
1) p—>g Premise
2) g—>(ras) Premise
3) p—>(rAas) Steps (1) and (2) and the Law of the Syllogism
4) pAt Premise
Sy p Step (4) and the Rule of Conjunctive Simplification
6) rAs Steps (5) and (3) and the Rule of Detachment
7 r Step (6) and the Rule of Conjunctive Simplification
8) —rv(—tvu) Premise
9) ~(rAt)vVu Step (8), the Associative Law of Vv, and DeMorgan’s Laws
10) ¢ Step (4) and the Rule of Conjunctive Simplification
11) r At Steps (7) and (10) and the Rule of Conjunction
12) u Steps (9) and (11), the Law of Double Negation, and the

Rule of Disjunctive Syllogism

This example will provide a way to show that the following argument is valid.

If the band could not play rock music or the refreshments were not delivered
on time, then the New Year’s party would have been canceled and Alicia would
have been angry. If the party were canceled, then refunds would have had to be
made. No refunds were made.

Therefore the band could play rock music.

First we convert the given argument into symbolic form by using the following statement
assignments:

The band could play rock music.

The refreshments were delivered on time.
The New Year’s party was canceled.
Alicia was angry.

Refunds had to be made.

N

The argument above now becomes

(=pV—q)— (rns)

r—t
-t
..D
We can establish the validity of this argument as follows.
Steps Reasons
1) rot Premise
2) —t Premise
3) —r Steps (1) and (2) and Modus Tollens
4) —r v -s Step (3) and the Rule of Disjunctive Amplification
5) —=(r As) Step (4) and DeMorgan’s Laws
6) (—mpV—q)—> (rAs) Premise
7) —=(—pV —q) Steps (6) and (5) and Modus Tollens
8) pAg Step (7), DeMorgan’s Laws, and the Law of Double
Negation

9 -.p Step (8) and the Rule of Conjunctive Simplification
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EXAMPLE 2.32

In this instance we shall use the method of Proof by Contradiction. Consider the argument

P9
q—=>r
-r

P

To establish the validity for this argument, we assume the negation — p of the conclusion p
as another premise. The objective now is to use these four premises to derive a contradiction
Fy. Our derivation follows.

Steps Reasons
1) -peg Premise
2) (=p>q@)n(@—>—-p) Step(l)and (—p < q) <= [(=p —> q) A (g > —p)]
3) -p—>g Step (2) and the Rule of Conjunctive Simplification
4) g—>r Premise
5) =p—>r Steps (3) and (4) and the Law of the Syllogism
6) —p Premise (the one assumed)
7 r Steps (5) and (6) and the Rule of Detachment
8) —r Premise
9) r A—r(<= Fy) Steps (7) and (8) and the Rule of Conjunction
10) -.p Steps (6) and (9) and the method of Proof by
Contradiction

If we examine further what has happened here, we find that
(=P g A(lg—>r)A=rA=pl= Fo.

This requires the truth value of [(—p <> ¢) A (g = r) A—r A—=p] to be 0. Because
—p < q, q — r, and —r are the given premises, each of these statements has the truth
value 1. Consequently, for [(—p <> g) A (g = r) A =r A —p] to have the truth value 0, the
statement — p must have the truth value 0. Therefore p has the truth value 1, and the conclu-
sion p of the argument is true.

Before we consider our next example, we need to examine columns 5 and 7 of Table
2.20. These identical columns tell us that for primitive statements p, ¢, and r,

[p—=>(@—=>nl=lprg) —rl

Using the first substitution rule, let us replace each occurrence of p by the compound
statement (p; A pa A - -+ A pp). Then we obtain the new result

prAp2A-AP)=>@=>NS(PLAP2A AP AQ)T >

TIn Section 4.2 we shall present a formal proof of why

(PIADP2A AP NG PIAPIA- - APp NG
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Table 2.20

(pAg)—>r p—>(qg—r)

1

N
~
N

—_——_ 0 000 Oo O |>
Q

<
\

—m e = OO OO
—_—— O O = OO N
—_—OoO = OO =0
i R
— O = e = O =
— O b e e e

This result tells us that if we wish to establish the validity of the argument (*) we may be
able to do so by establishing the validity of the corresponding argument (**).

™ m ™)  mn

p2 P2

pn pn
.q—>r q
o

After all, suppose we want to show that ¢ — r has the truth value 1, when each of
D1, P2, - . ., Py does. If the truth value for g is 0, then there is nothing left to do, since
the truth value for ¢ — r is 1. Hence the real problem is to show that ¢ — r has truth
value 1, when each of p1, py, ..., p,, and q does—that is, we need to show that when
D1, D2, - - - » Pn, q €ach have truth value 1, then the truth value of r is 1.

We demonstrate this principle in the next example.

In order to establish the validity of the argument

@) u—r
(ras)y—>(pvi)
qg—> (uANs)

-t

S.gq—>p

we consider the corresponding argument

(**) Uu—r
(rAs)y—>(pVvi)
qg—> WAs)

-t
q
oD

[Note that g is the hypothesis of the conclusion ¢ — p for argument (*) and that it becomes
another premise for argument (**) where the conclusion is p.]
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EXAMPLE 2.34

To validate the argument (**) we proceed as follows.

Steps Reasons
1) ¢ Premise
2) g—> (uAs) Premise
) uns Steps (1) and (2) and the Rule of Detachment
4) u Step (3) and the Rule of Conjunctive Simplification
S) u—r Premise
6) r Steps (4) and (5) and the Rule of Detachment
7 s Step (3) and the Rule of Conjunctive Simplification
8) ras Steps (6) and (7) and the Rule of Conjunction
9) (ras)—=>(pVve) Premise
10) pvit Steps (8) and (9) and the Rule of Detachment
11) —¢ Premise
12) -.p Steps (10) and (11) and the Rule of Disjunctive Syllogism

We now know that for argument (**)
[(u—=>r)ALrAs) > (pVDIALGg > @A) A—tAgl=p,
and for argument (*) it follows that

[(u—=r)AlrAs) = (pVDIALg—> wAS]A-t]= (g — p).

Examples 2.29 through 2.33 have given us some idea of how to establish the validity
of an argument. Following Example 2.25 we discussed two situations indicating when an
argument is invalid — namely, when we try to argue by the converse or the inverse. So now
it is time for us to learn a little more about how to determine when an argument is invalid.

Given an argument

pP1
p2
p3

_Pn
c.q
we say that the argument is invalid if it is possible for each of the premises p1, p2, p3, ...,
Pn to be true (with truth value 1), while the conclusion g is false (with truth value 0).
The next example illustrates an indirect method whereby we may be able to show that
an argument we feel is invalid (perhaps because we cannot find a way to show that it is
valid) actually is invalid.

Consider the primitive statements p, g, r, s, and ¢ and the argument

P

PVyq

q— (r—>s)

t—r
e i 4

To show that this is an invalid argument, we need one assignment of truth values for each
of the statements p, g, r, s, and ¢ such that the conclusion —s — —t is false (has the truth
value 0) while the four premises are all true (have the truth value 1). The only time the
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conclusion —s — —t is false is when —s is true and —¢ is false. This implies that the truth
value for s is 0 and that the truth value for ¢ is 1.

Because p is one of the premises, its truth value must be 1. For the premise p V g to
have the truth value 1, g may be either true (1) or false (0). So let us consider the premise
t — r where we know that ¢ is true. If t — r is to be true, then r must be true (have the
truth value 1). Now with r true (1) and s false (0), it follows that » — s is false (0), and that
the truth value of the premise ¢ — (r — s) will be 1 only when g is false (0).

Consequently, under the truth value assignments

p: 1 qg: 0 ri 1 s: 0 1,
the four premises
p pVgq qg— (r—ys) t—>r
all have the truth value 1, while the conclusion

—s — —t

has the truth value 0. In this case we have shown the given argument to be invalid.

The truth value assignments p: 1, ¢: 0, r: 1, 5: 0, and ¢: 1 of Example 2.34 provide one
case that disproves what we thought might have been a valid argument. We should now
start to realize that in trying to show that an implication of the form

(PMIADP2ADIA---ADpy)—>q

presents a valid argument, we need to consider all cases where the premises py, p2, p3, - - -,
D, are true. [Each such case is an assignment of truth values for the primitive statements
(that make up the premises) where py, p, p3, . .., p, aretrue.] In order to do so— namely,
to cover the cases without writing out the truth table — we have been using the rules of
inference together with the laws of logic and other logical equivalences. To cover all the
necessary cases, we cannot use one specific example (or case) as a means of establishing
the validity of the argument (for all possible cases). However, whenever we wish to show
that an implication (of the preceding form) is not a tautology, all we need to find is one
case for which the implication is false — that is, one case in which all the premises are true
but the conclusion is false. This one case provides a counterexample for the argument and
shows it to be invalid.

Let us consider a second example wherein we try the indirect approach of Example 2.34.

What can we say about the validity or invalidity of the following argument? Here p, ¢, r,
and s denote primitive statements.)

pP—>q

q—s

r— s

-pVr

.op

Can the conclusion —p be false while the four premises are all true? The conclusion —p
is false when p has the truth value 1. So for the premise p — ¢ to be true, the truth value
of g must be 1. From the truth of the premise ¢ — s, the truth of g forces the truth of
s. Consequently, at this point we have statements p, g, and s all with the truth value 1.
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Continuing with the premise »r — —s, we find that because s has the truth value 1, the truth
value of » must be 0. Hence r is false. But with —p false and the premise —p ¥ r true, we
also have r true. Therefore we find that p = (—r A r).

We have failed in our attempt to find a counterexample to the validity of the given
argument. However, this failure has shown us that the given argument is valid — and the
validity follows by using the method of Proof by Contradiction.

This introduction to the rules of inference has been far from exhaustive. Several of the
books cited among the references listed near the end of this chapter offer additional material
for the reader who wishes to pursue this topic further. In Section 2.5 we shall apply the ideas
developed in this section to statements of a more mathematical nature. For we shall want to
learn how to develop a proof for a theorem. And then in Chapter 4 another very important
proof technique called mathematical induction will be added to our arsenal of weapons for
proving mathematical theorems. First, however, the reader should carefully complete the

exercises for this section.

1. The following are three valid arguments. Establish the va-
lidity of each by means of a truth table. In each case, determine
which rows of the table are crucial for assessing the validity of
the argument and which rows can be ignored.

a) [pA(p=>@ Ar]l=>[(pVvg) —r]
b) [[(pAg) > rIA=g A (p— —r)]—> (-pV—q)
o lpvigvnin—ql—(pvVvr)
2. Use truth tables to verify that each of the following is a
logical implication.
a) [(p>q)Ag—>n]—>(p—>r1)
b) [(p > q) A—~q]— —p
o lpvg)A=pl—g
d [(p>r)A@G@—=>nN]—>[(pVg) —>r]
3. Verify that each of the following is a logical implication by

showing that it is impossible for the conclusion to have the truth
value 0 while the hypothesis has the truth value 1.

a) (pAg)—>p

b) p—>(pVvyg)

o) [(pvg)A-pl—q
Dp>PDAT—>s)A(pVr))—>(@qVs)

e) [(p—=>q) A(r—s)A(=gV=s)]— (—pV-r)

4. For each of the following pairs of statements, use Modus
Ponens or Modus Tollens to fill in the blank line so that a valid
argument is presented.

a) If Janice has trouble starting her car, then her daughter
Angela will check Janice’s spark plugs.
Janice had trouble starting her car.

b) If Brady solved the first problem correctly, then the an-
swer he obtained is 137.
Brady’s answer to the first problem is not 137.

c¢) If this is a repeat-until loop, then the body of this loop
is executed at least once.

.. The body of the loop is executed at least once.

d) If Tim plays basketball in the afternoon, then he will not
watch television in the evening.

.. Tim didn’t play basketball in the afternoon.

5. Consider each of the following arguments. If the argument
is valid, identify the rule of inference that establishes its validity.
If not, indicate whether the error is due to an attempt to argue
by the converse or by the inverse.

a) Andrea can program in C++, and she can program in
Java.
Therefore Andrea can program in C++.

b) A sufficient condition for Bubbles to win the golf tour-
nament is that her opponent Meg not sink a birdie on the
last hole.

Bubbles won the golf tournament.

Therefore Bubbles’ opponent Meg did not sink a birdie on
the last hole.

¢) If Ron’s computer program is correct, then he’ll be able
to complete his computer science assignment in at most two
hours.

It takes Ron over two hours to complete his computer sci-
ence assignment.

Therefore Ron’s computer program is not correct.

d) Eileen’s car keys are in her purse, or they are on the
kitchen table.
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Eileen’s car keys are not on the kitchen table. 9. a) Give the reasons for the steps given to validate the
Therefore Eileen’s car keys are in her purse. argument
e) If interest rates fall, then the stock market will rise. [(p—=g)A(=rVs)A(pVr)]— (—qg —s).
Interest rates are not falling.
Therefore the stock market will not rise. S;e)ps ( Reasons
6. For primitive statements p, ¢, and r, let P denote the 2 - /iI :; s)
statement
3) —s
[pA(@AN]IV-lpV(gAr)] 4) —rvs
while P, denotes the statement 5) -r
6) p—gq
[pAG@VIIV=IPV gVl 7 g
a) Use the rules of inference to show that 8) —p
gAr=qVr. 9) pvr
b) Is it true that P = P;? 10 r
v 1) —rAr

7. Give the reason(s) for each step needed to show that the 12) ©.—q —s

following argument is valid. . . .
b) Give a direct proof for the result in part (a).
[pA(P>DANEVIIANT—>—g)]— (sVi) . . .
¢) Give a direct proof for the result in Example 2.32.

f;eps Reasons 10. Establish the validity of the following arguments.
p
2) p>g a) [(pA—=g)Ar]=>[(pAT) V4]
3) g b) [pA(p—>g@)A(—gVI)]—>T
4) r——q ¢ p—gq ) p—g
S) g—-r g r— —q
6) —r —r ’
7 sVvr s.=(pvr) )
8) s
9) sVt e p—>(g—>r) f) pnrg
- =g —> —p p—(rAng)
8. Give the reasons for the steps verifying the following p r—(svt)
argument. r —s
(mpVvg)—>r ot
ro v & p—@—r) h) pvg
-5 A U pVs -pVr
~u— —t t—gq —-r
S.p -5 o.q
Steps Reasons Sore
1) —s A—u 11. Show that each of the following arguments is invalid by
2) —u providing a counterexample — that is, an assignment of truth
3) —u— —t values for the given primitive statements p, g, r, and s such
4) —t that all premises are true (have the truth value 1) while the con-
5) —s clusion is false (has the truth value 0).
6) —s At a) [(p A=) Alp— (@ = D11 > -
=6V b) [[(p Ag) > rIA (=g V)] > p
8) —(svt)—> —-r d
9) (=5 A —t) —> —r © pPed ) P
10) —r q—>r p—o>r
rv s p—(gqVv-r)

11) (-pvg)—>r
12) —r - =(=pVvyq)
13) - r > (pA—q)
14) pA—g

15) -.p

—s — q —q V s
s cLSs
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Write each of the following arguments in symbolic form.

Then establish the validity of the argument or give a counter-
example to show that it is invalid.

13.

a) If Rochelle gets the supervisor’s position and works
hard, then she’ll get a raise. If she gets the raise, then she’ll
buy a new car. She has not purchased a new car. Therefore
either Rochelle did not get the supervisor’s position or she
did not work hard.

b) If Dominic goes to the racetrack, then Helen will be mad.
If Ralph plays cards all night, then Carmela will be mad. If
either Helen or Carmela gets mad, then Veronica (their at-
torney) will be notified. Veronica has not heard from either
of these two clients. Consequently, Dominic didn’t make it
to the racetrack and Ralph didn’t play cards all night.

¢) Ifthereisachance of rain or her red headband is missing,
then Lois will not mow her lawn. Whenever the tempera-
ture is over 80°F, there is no chance for rain. Today the
temperature is 85°F and Lois is wearing her red headband.
Therefore (sometime today) Lois will mow her lawn.

a) Given primitive statements p, g, r, show that the
implication

[(pv@)A(=mpVvIr)]—(qVr)
is a tautology.

b) The tautology in part (a) provides the rule of inference
known as resolution, where the conclusion (g V r) is called
the resolvent. This rule was proposed in 1965 by J. A. Robin-
son and is the basis of many computer programs designed
to automate a reasoning system.

In applying resolution each premise (in the hypothe-
sis) and the conclusion are written as clauses. A clause is
a primitive statement or its negation, or it is the disjunc-
tion of terms each of which is a primitive statement or the
negation of such a statement. Hence the given rule has the
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clauses (p Vv ¢) and (—p Vv r) as premises and the clause
(g V r) asits conclusion (or, resolvent). Should we have the
premise —(p A q), we replace this by the logically equiva-
lent clause —p V —g, by the first of DeMorgan’s Laws. The
premise —(p V g) can be replaced by the two clauses —p,
—q. This is due to the second DeMorgan Law and the Rule
of Conjunctive Simplification. For the premise p Vv (g A 1),
we apply the Distributive Law of V over A and the Rule
of Conjunctive Simplification to arrive at either of the two
clauses p Vv ¢, p V r. Finally, the premise p — ¢ becomes
the clause —p Vv q.

Establish the validity of the following arguments, using
resolution (along with the rules of inference and the laws

of logic).
@ pvignar) @ p
PSS P<q
SrVs .q
i) pvg (iv) -—pvgqgvVr
p—r —q
r—s -r
S.qVs S.op
(v) ~—pvVs
=tV (sAr)
—qVr
pVqgVvt
Srvs

¢) Write the following argument in symbolic form, then
use resolution (along with the rules of inference and the
laws of logic) to establish its validity.

Jonathan does not have his driver’s license or his new
car is out of gas. Jonathan has his driver’s license or he does
not like to drive his new car. Jonathan’s new car is not out
of gas or he does not like to drive his new car. Therefore,
Jonathan does not like to drive his new car.

In Section 2.1, we mentioned how sentences that involve a variable, such as x, need not
be statements. For example, the sentence “The number x + 2 is an even integer” is not
necessarily true or false unless we know what value is substituted for x. If we restrict our
choices to integers, then when x is replaced by —5, —1, or 3, for instance, the resulting
statement is false. In fact, it is false whenever x is replaced by an odd integer. When an
even integer is substituted for x, however, the resulting statement is true.

We refer to the sentence “The number x + 2 is an even integer” as an open statement,

which we formally define as follows.

Definition 2.5

A declarative sentence is an open statement if

1) it contains one or more variables, and
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2) it is not a statement, but

3) it becomes a statement when the variables in it are replaced by certain allowable
choices.

When we examine the sentence “The number x + 2 is an even integer” in light of
this definition, we find it is an open statement that contains the single variable x. With
regard to the third element of the definition, in our earlier discussion we restricted the
“certain allowable choices” to integers. These allowable choices constitute what is called
the universe or universe of discourse for the open statement. The universe comprises the
choices we wish to consider or allow for the variable(s) in the open statement. (The universe
is an example of a set, a concept we shall examine in some detail in the next chapter.)

In dealing with open statements, we use the following notation:

The open statement “The number x + 2 is an even integer” is denoted by p(x) [or g (x),
r(x), etc.]. Then —p(x) may be read “The number x + 2 is not an even integer.”

We shall use g(x, y) to represent an open statement that contains two variables. For
example, consider

q(x,y): Thenumbersy + 2, x — y, and x + 2y are even integers.

In the case of g (x, y), there is more than one occurrence of each of the variables x, y. It is
understood that when we replace one of the x’s by a choice from our universe, we replace
the other x by the same choice. Likewise, when a substitution (from the universe) is made
for one occurrence of y, that same substitution is made for all other occurrences of the
variable y.

With p(x) and g (x, y) as above, and the universe still stipulating the integers as our only
allowable choices, we get the following results when we make some replacements for the
variables x, y.

p(5): The number 7(= 5 + 2) is an even integer. (FALSE)
=p(7): The number 9 is not an even integer. (TRUE)
q(4,2): The numbers 4, 2, and 8 are even integers. (TRUE)

We also note, for example, that ¢(5, 2) and g (4, 7) are both false statements, whereas
—q (5, 2) and —¢q (4, 7) are true.

Consequently, we see that for both p(x) and ¢ (x, y), as already given, some substitutions
result in true statements and others in false statements. Therefore we can make the following
true statements.

1) For some x, p(x).
2) For some x, y, g(x, y).

Note that in this situation, the statements “For some x, —p(x)” and “For some x, y,
—q(x, y)” are also true. [Since the statements “For some x, p(x)” and “For some x, = p(x)”
are both true, we realize that the second statement is not the negation of the first— even
though the open statement —p(x) is the negation of the open statement p(x). And a similar
result is true for the statements involving g (x, y) and —g(x, y).]

The phrases “For some x” and “For some x, y” are said to quantify the open statements
p(x) and g (x, y), respectively. Many postulates, definitions, and theorems in mathematics
involve statements that are quantified open statements. These result from the two types of
quantifiers, which are called the existential and the universal quantifiers.
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Statement (1) uses the existential quantifier “For some x,” which can also be expressed
as “For at least one x” or “There exists an x such that.” This quantifier is written in symbolic
form as Jx. Hence the statement “For some x, p(x)” becomes 3x p(x), in symbolic form.

Statement (2) becomes Jx Iy g (x, y) in symbolic form. The notation I,y can be used
to abbreviate 3x Jy g (x, y) to Ix,y g(x, y).

The universal quantifier is denoted by Vx and is read “For all x,” “For any x,” “For each
x,” or “For every x.” “For all x, y,” “For any x, y,” “For every x, y,” or “For all x and y”
is denoted by Vx Vy, which can be abbreviated to Vx, y.

Taking p(x) as defined earlier and using the universal quantifier, we can change the open
statement p(x) into the (quantified) statement Vx p(x), a false statement.

If we consider the open statement r(x): “2x is an even integer” with the same universe
(of all integers), then the (quantified) statement Vx r(x) is a true statement. When we say
that Vx r(x) is true, we mean that no matter which integer (from our universe) is substituted
for x in r(x), the resulting statement is true. Also note that the statement Ix r(x) is a true
statement, whereas Vx —r(x) and 3x —r(x) are both false.

The variable x in each of open statements p(x) and r(x) is called a free variable (of
the open statement). As x varies over the universe for an open statement, the truth value
of the statement (that results upon the replacement of each occurrence of x) may vary.
For instance, in the case of p(x), we found p(5) to be false — while p(6) turns out to be
a true statement. The open statement r (x), however, becomes a true statement for every
replacement (for x) taken from the universe of all integers. In contrast to the open statement
p(x) the statement Ix p(x) has a fixed truth value —namely, true. And in the symbolic
representation Ix p(x) the variable x is said to be a bound variable —it is bound by the
existential quantifier 3. This is also the case for the statements Vx r (x) and Vx —r (x), where
in each case the variable x is bound by the universal quantifier V.

For the open statement g (x, y) we have two free variables, each of which is bound by
the quantifier 3 in either of the statements 3x Iy ¢g(x, y) or Ix,y g(x, y).

The following example shows how these new ideas about quantifiers can be used in
conjunction with the logical connectives.

Here the universe comprises all real numbers. The open statements p(x), g(x), r(x), and
s(x) are given by

p(x): x>0 r(x): x2=3x-4=0

gx): x*>0 s(x): x2=3>0.

Then the following statements are true.
1) Ax [p(x) Ar(x)]

This follows because the real number 4, for example, is a member of the universe and is
such that both of the statements p(4) and r(4) are true.

2) Vx [p(x) = q(x)]

If we replace x in p(x) by a negative real number a, then p(a) is false, but p(a) — g(a)
is true regardless of the truth value of g(a). Replacing x in p(x) by a nonnegative real
number b, we find that p(b) and ¢ (b) are both true, as is p(b) — g(b). Consequently,
p(x) = g(x) is true for all replacements x taken from the universe of all real numbers, and
the (quantified) statement Vx [p(x) — g (x)] is true.

This statement may be translated into any of the following:

a) For every real number x, if x > 0, then x2>0.
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b) Every nonnegative real number has a nonnegative square.
¢) The square of any nonnegative real number is a nonnegative real number.

d) All nonnegative real numbers have nonnegative squares.

Also, the statement Jx [p(x) — g(x)] is true.

The next statements we examine are false.
1) Vx [g(x) = s(x)]

We want to show that the statement is false, so we need exhibit only one counterexample —
that is, one value of x for which g(x) — s(x) is false—rather than prove something
for all x as we did for statement (2). Replacing x by 1, we find that g(1) is true and
s(1) is false. Therefore g(1) — s(1) is false, and consequently the (quantified) statement
Vx [g(x) = s(x)] is false. [Note that x = 1 does not produce the only counterexample:
Every real number a between —+/3 and /3 will make q(a) true and s(a) false.]

2) Vx [r(x) V s(x)]

Here there are many values for x, such as 1, %, —-%, and 0, that produce counterexamples.

Upon changing quantifiers, however, we find that the statement 3x [r(x) V s(x)] is true.
3) Vx [r(x) = p(x)]

The real number —1 is a solution of the equation x2 —3x —4=0,s0r(—1) is true while
p(—1) is false. Therefore the choice of —1 provides the unique counterexample we need
to show that this (quantified) statement is false.

Statement (3') may be translated into either of the following:

a) For every real number x, if x> — 3x — 4 = 0, then x > 0.

b) For every real number x, if x is a solution of the equation x? — 3x — 4 = 0, then
x>0.

Now we make the following observations. Let p(x) denote any open statement (in the
variable x) with a prescribed nonempty universe (that is, the universe contains at least one
member). Then if Vx p(x) is true, so is Ix p(x), or

Vx p(x) = 3x p(x).

When we write Vx p(x) = dx p(x) we are saying that the implication Vx p(x) —
Jx p(x) is a logical implication — that is, 3x p(x) is true whenever Vx p(x) is true. Also,
we realize that the hypothesis of this implication is the quantified statement Vx p(x), and
the conclusion is Ix p(x), another quantified statement. On the other hand, it does not
follow that if Ix p(x) is true, then Vx p(x) must be true. Hence 3x p(x) does not logically
imply Vx p(x), in general.

Our next example brings out the fact that the quantification of an open statement may
not be as explicit as we might prefer.

a) Let us consider the universe of all real numbers and examine the sentences:

1) If a number is rational, then it is a real number.
2) If x is rational, then x is real.



90

Chapter 2 Fundamentals of Logic

We should agree that these sentences convey the same information. But we should
also question whether the sentences are statements or open statements. In the case
of sentence (2) we at least have the presence of the variable x. But neither sentence
contains an expression such as “For all,” or “For every,” or “For each.” Our one and
only clue to indicate that we are dealing with universally quantified statements here is
the presence of the indefinite article “a” in the first sentence. In situations like these
the use of the universal quantifier is implicit as opposed to explicit.
If we let p(x), g(x) be the open statements

p(x): x is arational number g(x): x is areal number,

then we must recognize the fact that both of the given sentences are somewhat informal
ways of expressing the quantified statement

Vx [p(x) = g(0)].
b) For the universe of all triangles in the plane, the sentence
“An equilateral triangle has three angles of 60°, and conversely.”

provides another instance of implicit quantification. Here the indefinite article “An” is
the only indication that we might be able to express this sentence as a statement with
a universal quantifier. If the open statements

e(t): Triangle ¢ is equilateral.

a(t): Triangle ¢ has three angles of 60°.

are defined for this universe, then the given sentence can be written in the explicit
quantified form

Vi [e(t) < a(1)].

¢) In the typical trigonometry textbook one often comes across the trigonometric identity

2

sin® x +cos?x = 1.

This identify contains no explicit quantification, and the reader must understand or be
told that it is defined for all real numbers x. When the universe of all real numbers is
specified (or at least understood), then the identity can be expressed by the (explicitly)
quantified statement

Vx [sin® x + cos? x = 1].
d) Finally, consider the universe of all positive integers and the sentence

“The integer 41 is equal to the sum of two perfect squares.”

Here we have one more example where the quantification is implicit— but this
time the quantification is existential. We may express the result here in a more formal
(and symbolic) manner as

Im In (41 = m? +n?.

The next example demonstrates that the truth value of a quantified statement may depend
on the universe prescribed.
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Consider the open statement p(x): x2> 1.
1) If the universe consists of all positive integers, then the quantified statement Vx p(x)
is true.

2) For the universe of all positive real numbers, however, the same quantified state-
ment Vx p(x) is false. The positive real number 1/2 provides one of many possible
counterexamples.

Yet for either universe, the quantified statement Ix p(x) is true.

One use of quantifiers in a computer science setting is illustrated in the following
example.

In the following program segment, » is an integer variable and the variable A is an array
A[l], A[2], ..., A[20] of 20 integer values.

forn :=1to20do
Aln] :=n*n-n

The following statements about the array A can be represented in quantified form, where
the universe consists of all integers from 1 to 20, inclusive.

1) Every entry in the array is nonnegative:
Vn (A[n] > 0).
2) There exist two consecutive entries in A where the larger entry is twice the smaller:
Jn (A[n + 1] = 2A[n)).
3) The entries in the array are sorted in (strictly) ascending order:
Vn [(1 <n <19) - (A[n] < Aln +1])].
Our last statement requires the use of two integer variables m, n.
4) The entries in the array are distinct:
Vim Vn [(m # n) — (Alm] # Al])], or
Vm, n [(m <n) — (A[m] # A[n])].

Before continuing, we summarize and somewhat extend, in Table 2.21, what we have
learned about quantifiers.

The results in Table 2.21 may appear to involve only one open statement. However, we
should realize that the open statement p(x) in the table may stand for a conjunction of open
statements, such as g (x) A r(x), or an implication of open statements, such as s (x) — 7 (x).
If, for example, we want to know when the statement Jx [s(x) — #(x)] is true, then we
look at the table for 3x p(x) and use the information provided there. The table tells us that
dx [s(x) — t(x)]is true when s(a) — t(a) is true for some (at least one) a in the prescribed
universe.

We will look further into quantified statements involving more than one open statement.
Before doing so, however, we need to examine the following definition. This definition is
comparable to Definitions 2.2 and 2.4 where we defined the ideas of logically equivalent
statements and logical implication. It settles the same types of questions for open statements.
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Table 2.21

Statement When Is It True? When Is It False?

dx p(x) For some (at least one) a in For every a in the universe,
the universe, p(a) is true. p(a) is false.

Vx p(x) For every replacement a from There is at least one replacement
the universe, p(a) is true. a from the universe for which

p(a) is false.

dx —p(x) For at least one choice a in For every replacement a in the
the universe, p(a) is false, so universe, p(a) is true.
its negation —p(a) is true.

Vx —=p(x) For every replacement a from There is at least one replacement
the universe, p(a) is false and a from the universe for which
its negation —p(a) is true. —p(a) is false and p(a) is true.

Definition 2.6

Definition 2.7

Let p(x), g(x) be open statements defined for a given universe.

The open statements p(x) and g(x) are called (logically) equivalent, and we write
Vx [p(x) < q(x)] when the biconditional p(a) <> g(a) is true for each replacement a
from the universe (that is, p(a) < g(a) for each a in the universe). If the implication
p(a) = q(a) is true for each a in the universe (that is, p(a) = g(a) for each a in the
universe), then we write Vx [p(x) = ¢(x)] and say that p(x) logically implies q(x).

For the universe of all triangles in the plane, let p(x), g(x) denote the open statements
p(x): x is equiangular g(x): x is equilateral.

Then for every particular triangle a (a replacement for x) we know that p(a) <> g(a) is true
(that is, p(a) < q(a), for every triangle in the plane). Consequently, Vx [p(x) <> g (x)].
Observe that here and, in general, Vx [p(x) <= ¢g(x)] if and only if Vx [p(x) = g (x)]
and Vx [g(x) = p(x)].
We also realize that a definition similar to Definition 2.6 can be given for two open
statements that involve two or more variables.

Now we take another look at the logical equivalence of statements (not open state-
ments) as we examine the converse, inverse, and contrapositive of a statement of the form
Vx [p(x) = g(x)].

For open statements p(x), g(x) — defined for a prescribed universe — and the universally
quantified statement Vx [p(x) — g (x)], we define:

1) The contrapositive of ¥x [p(x) — q(x)] to be Vx [—g(x) — —p(x)].

2) The converse of ¥x [p(x) = g(x)] to be Vx [q(x) = p(x)].

3) The inverse of Vx [p(x) — q(x)] to be Vx [—p(x) = —gq(x)].

The following two examples illustrate Definition 2.7.
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EXAMPLE 2.40 For the universe of all quadrilaterals in the plane let s (x) and e(x) denote the open statements

s(x): xisasquare e(x): x is equilateral.
a) The statement
Vx [s(x) = e(x)]
is a true statement and is logically equivalent to its contrapositive
Vx [—e(x) = —s(x)]
because [s(a) — e(a)] < [—e(a) — —s(a)] for each replacement a. Hence
Vx [s(x) = e(x)] & Vx [—e(x) = —s(x)].
b) The statement
Vx [e(x) = s(x)]
is a false statement and is the converse of the true statement
Vx [s(x) = e(x)].
The false statement
Vx [—=s(x) = —e(x)]

is the inverse of the given statement Vx [s(x) — e(x)].
Since [e(a) — s(a)] < [—s(a) = —e(a)] for each specific quadrilateral a, we
find that the converse and inverse are logically equivalent — that is,

Vx [e(x) = s(x)] & Vx [-s(x) = —e(x)].

EXAMPLE 2.41 Here p(x) and g (x) are the open statements

px): x| >3 qgx): x>3
and the universe consists of all real numbers.
a) The statement Vx [p(x) — g(x)] is a false statement. For example, if x = —5, then
p(=5) is true while g(—5) is false. Consequently, p(—5) — ¢g(-5) is false, and so
is Vx [p(x) = q(x)].
b) We can express the converse of the given statement [in part (a)] as follows:
Every real number greater than 3 has magnitude
(or, absolute value) greater than 3.
In symbolic form this true statement is written Vx [¢g(x) — p(x)].
¢) The inverse of the given statement is also a true statement. In symbolic form we have

Vx [—p(x) = —g(x)], which can be expressed in words by

If the magnitude of a real number is less than or equal to 3,
then the number itself is less than or equal to 3.
And this is logically equivalent to the (converse) statement given in part (b).

d) Here the contrapositive of the statement in part (a) is given by Vx [—g(x) = —p(x)].
This false statement is logically equivalent to Vx [p(x) — ¢ (x)] and can be expressed
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EXAMPLE 2.42

as follows:
If a real number is less than or equal to 3, then so is its magnitude.
e) Together with p(x) and g (x) as above, consider the open statement
r(x): x<-=3,

which is also defined for the universe of all real numbers. The following four state-
ments are all true:

Statement: Vx [p(x) = (r(x) Vv q(x))]
Contrapositive:  Vx [=(r(x) V g(x)) — =p(x)]
Converse: Vx [(r(x) vV qg(x)) = p(x)]
Inverse: Vx [—p(x) = =(r(x) vV q(x))]

In this case (because the statement and its converse are both true) we find that the
statement Vx [p(x) <> (r(x) V g(x))] is true.

Now we use the results of Table 2.21 once again as we examine the next example.

Here the universe consists of all the integers, and the open statements r(x), s(x) are
given by

r(x): 2x+1=5 s(x): x2=09.

We see that the statement Jx [r(x) A s(x)] is false because there is no one integer a such
that 2a + 1 = 5 and a? = 9. However, there is an integer b (= 2) such that 2b + 1 =5,
and there is a second integer ¢ (= 3 or —3) such that ¢? = 9. Therefore the statement
dx r(x) A Ax s(x) is true. Consequently, the existential quantifier 3x does not distribute
over the logical connective A. This one counterexample is enough to show that

Ax [r(x) Asx)] <A [Tx r(x) A Jx s(x)],

where <% is read “is not logically equivalent to.” It also demonstrates that
[Fx r(x) A Jx s(x)}# x [r(x) As)],

where 7 is read “does not logically imply.” So the statement
[Fxr(x) A Tx s(x)] = Ix [r(x) As(x)]

is not a tautology.

What, however, can we say about the converse of a quantified statement of this form?
At this point we present a general argument for any (arbitrary) open statements p(x), g (x)
and any (arbitrary) prescribed universe.

Examining the statement

Ix [p(x) Ag(x)] = [Fx p(x) A Tx g(x)],

we find that when the hypothesis 3x [p(x) A g(x)] is true, there is at least one element ¢
in the universe for which the statement p(c) A g(c) is true. By the Rule of Conjunctive
Simplification (see Section 2.3), [p(c) A g(c)] = p(c). From the truth of p(c) we have the
true statement Ix p(x). Similarly we obtain Ix g (x), another true statement. So x p(x) A
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dx g(x) is a true statement. Since Ix p(x) A Ix g(x) is true whenever Ix [p(x) A g(x)]
is true, it follows that

Ax [p(x) Ag(x)]1=[Tx p(x) A Tx g(x)].

Arguments similar to the one for Example 2.42 provide the logical equivalences and
logical implications listed in Table 2.22. In addition to those listed in Table 2.22 many other
logical equivalences and logical implications can be derived.

Table 2.22 Logical Equivalences and Logical Implications for Quantified Statements in One
Variable

For a prescribed universe and any open statements p(x), g(x) in the variable x:
Jx [p(x) Ag()] = [3x p(x) A Tx g(x)]
dx [p(x) vV g(0)] < [Fx p(x) Vv Ix g (x)]
Vx [p(x) A q(x)] < [Vx p(x) A Vx g(x)]
[Vx p(x) Vv Vx g(x)] = Vx [p(x) V g(x)]

Our next example lists several of these and demonstrates how two of them are verified.

Let p(x), g(x), and r (x) denote open statements for a given universe. We find the following
logical equivalences. (Many more are also possible.)

EXAMPLE 2.43

1) Vx [p(x) A (g(x) Ar(x))] <= Vx [(p(x) A g(x)) AT(x)]
To show that this statement is a logical equivalence we proceed as follows:
For each a in the universe, consider the statements p(a) A (q(a) Ar(a)) and
(p(a) A g(a)) A r(a). By the Associative Law for A, we have
pa) A (q(a) Ar(a)) <= (pla) Aq(a)) Ar(a).
Consequently, for the open statements p(x) A (q(x) A r(x)) and
(p(x) A g(x)) Ar(x), it follows that
Vx [p(x) A (g(x) Ar(x))] < Vx [(p(x) A g(x)) Ar(x)].

2) 3x [p(x) = q(x)] < Ax [—p(x) V g(x)]
For each c in the universe, it follows from Example 2.7 that
[p(c) = q(0)] <= [—p(c) Vq(o)].
Therefore the statement 3x [p(x) — q(x)] is true (respectively, false) if and only if
the statement 3x [—p(x) V g(x)] is true (respectively, false), so

Jx [p(x) > q(x)] & Tx [-p(x) V q(x)].

3) Other logical equivalences that we shall often find useful include the following.
a) Vx ——p(x) < Vx p(x)
b) Vx =[p(x) A q(x)] = Vx [=p(x) V =g (x)]
©) Vx =[p(x) vV q(x)] < Vx [=p(x) A =g (x)]
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4) The results for the logical equivalences in 3(a), (b), and (c) remain valid when all of
the universal quantifiers are replaced by existential quantifiers.

EXAMPLE 2.44

The results of Tables 2.21 and 2.22 and Examples 2.42 and 2.43 will now help us with
a very important concept. How do we negate quantified statements that involve a single
variable?

Consider the statement Vx p(x). Its negation —namely, —[Vx p(x)] —can be stated
as “It is not the case that for all x, p(x) holds.” This is not a very useful remark, so we
consider —=[Vx p(x)] further. When —[Vx p(x)] is true, then Vx p(x) is false, and so for
some replacement a from the universe —p(a) is true and 3x —p(x) is true. Conversely,
whenever the statement x —p(x) is true we know that —p(b) is true for some member b of
the universe. Hence Vx p(x) is false and —[Vx p(x)] is true. So the statement —[Vx p(x)]
is true if and only if the statement Ix — p(x) is true. (Similar considerations also tell us that
—[Vx p(x)]is false if and only if Ix —p(x) is false.)

These observations lead to the following rule for negating the statement Vx p(x):

—[Vx p(x)] <= 3x =p(x).

In a similar way, Table 2.21 shows us that the statement 3x p(x) is true (false) precisely
when the statement Vx —p(x) is false (true). This observation then motivates a rule for
negating the statement Ix p(x):

=[x p(x)] <= Vx =p(x).

These two rules for negation, and two others that follow from them, are given in Table 2.23
for convenient reference.

Table 2.23 Rules for Negating Statements with One Quanti-
fier

=[Vx p(x)] < 3x —p(x)
=[x p(x)] <= Vx —p(x)
=[Vx =p(x)] = Ax =—p(x) < x p(x)
=[3x —px)] < Vx ==p(x) < Vx p(x)

We use the rules for negating quantified statements in the following example.

Here we find the negation of two statements, where the universe comprises all of the integers.
1) Let p(x) and g(x) be given by
p(x): xisodd g(x): x*—1liseven.

The statement “If x is odd, then x2 —1 is even” can be symbolized as
Vx [p(x) = q(x)]. (This is a true statement.)
The negation of this statement is determined as follows:

=[Vx (p(x) = ¢(x))] < Ax [~(p(x) = q(x))]
& Ax [~(—px) Vg(x)] < Tx [-—p(x) A —~q(x)]
< Ax [p(x) A —=g(x)]

In words, the negation says, “There exists an integer x such that x is odd and
x% — 1is odd (that is, not even).” (This statement is false.)
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EXAMPLE 2.46
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2) As in Example 2.42, let r(x) and s(x) be the open statements
r(x): 2x+1=5 s(x): x*=09.

The quantified statement 3x [r(x) A s(x)] is false because it asserts the existence
of at least one integer a such that 2a +1=5 (a =2) and > =9 (a = 3 or —3).
Consequently, its negation

—[3x (r(x) As(x)] < Vx [—(r(x) Asx))] < Vx [-r(x) V =s(x)]

is true. This negation may be given in words as “For every integer x, 2x + 1 # 5 or
2 i)
x° # 9.

Because a mathematical statement may involve more than one quantifier, we continue
this section by offering some examples and making some observations on these types of
statements.

Here we have two real variables x, y, so the universe consists of all real numbers. The
commutative law for the addition of real numbers may be expressed by
VxVy(x+y=y+x).
This statement may also be given as
VyVx (x +y=y+x).
Likewise, in the case of the multiplication of real numbers, we may write
Vx Vy (xy =yx) or VyVx(xy= yx).

These two examples suggest the following general result. If p(x, y) is an open statement
in the two variables x, y (with either a prescribed universe for both x and y or one prescribed
universe for x and a second for y), then the statements Vx Vy p(x, y) and Vy Vx p(x, y)
are logically equivalent — that is, the statement Vx Vy p(x, y) is true (respectively, false)
if and only if the statement Vy Vx p(x, y) is true (respectively, false). Hence

Vx Vy p(x, y) < Vy Vx p(x, y).

When dealing with the associative law for the addition of real numbers, we find that for all
real numbers x, y, and z,

x+O+2)=GC+y) +z
Using universal quantifiers (with the universe of all real numbers), we may express this by
VxVyVzlx+(y+2)=@+y)+z] or VyVaVzlx+(+2z)=x+y) +zl

In fact, there are 3! = 6 ways to order these three universal quantifiers, and all six of these
quantified statements are logically equivalent to one another.

This is actually true for all open statements p(x, y, z), and to shorten the notation, one
may write, for example,

Vx,y,z px,y,2) = Vy, x,z plx,y,2) = Vx, 2,y px,y,2),

describing the logical equivalence for three of the six statements.
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EXAMPLE 2.47

EXAMPLE 2.48

In Examples 2.45 and 2.46 we encountered quantified statements with two and three
bound variables — each such variable bound by a universal quantifier. Our next example
examines a situation in which there are two bound variables — and this time each of these
variables is bound by an existential quantifier.

For the universe of all integers, consider the true statement “There exist integers x, y such
that x + y = 6.” We may represent this in symbolic form by
dx Ay (x +y = 6).

If we let p(x, y) denote the open statement “x + y = 6,” then an equivalent statement can
be given by 3y 3x p(x, y).

In general, for any open statement p(x, y) and universe(s) prescribed for the vari-
ables x, y,

Ix Ay p(x, y) & Iy Ax p(x, ).

Similar results follow for statements involving three or more such quantifiers.

When a statement involves both existential and universal quantifiers, however, we must
be careful about the order in which the quantifiers are written. Example 2.48 illustrates this
case.

We restrict ourselves here to the universe of all integers and let p(x, y) denote the open
statement “x + y = 17.”

1) The statement

Vx 3y p(x, y)

says that “For every integer x, there exists an integer y such that x + y = 17.” (We
read the quantifiers from left to right.)

This statement is true; once we select any x, the integer y = 17 — x does exist
and x + y = x + (17 — x) = 17. But we realize that each value of x gives rise to a
different value of y.

2) Now consider the statement

dy Vx p(x, y).

This statement is read “There exists an integer y so that for all integers x, x +y =
17.” This statement is false. Once an integer y is selected, the only value that x can
have (and still satisfy x +y = 17)is 17 — y.

If the statement Jy Vx p(x, y) were true, then every integer (x) would equal
17 — y (for some one fixed y). This says, in effect, that all integers are equal!

Consequently, the statements Vx dy p(x, y) and 3y Vx p(x, y) are generally not
logically equivalent.

Translating mathematical statements — be they postulates, definitions, or theorems —
into symbolic form can be helpful for two important reasons.

1) Doing so forces us to be very careful and precise about the meanings of statements,
the meanings of phrases such as “For all x” and “There exists an x,” and the order in
which such phrases appear.
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2) After we translate a mathematical statement into symbolic form, the rules we have
learned should then apply when we want to determine such related statements as the
negation or, if appropriate, the contrapositive, converse, or inverse.

Our last two examples illustrate this, and in so doing, extend the results in Table 2.23.

Let p(x, y), q(x, y), and r(x, y) represent three open statements, with replacements for
the variables x, y chosen from some prescribed universe(s). What is the negation of the
following statement?

Vx 3y [(p(x, ¥) Aq(x, ¥)) = r(x, y)]
We find that

=[Vx 3y [(p(x, ) Aq(x, ¥)) = r(x, W]
< Ax [y [(p(x, y) Aq(x, y)) = r(x, ]
< Ax Yy =[(p(x, y) Aq(x, y)) = r(x, y)]
< Ax Yy =[=[p(x, y) Aqx, ] Vr(x, y)]
< Ax Vy [==[p(x, y) Aqx, )] A =r(x, y)]
< Ax Yy [(p(x, y) Ag(x, y)) A =r(x, y)].

Now suppose that we are trying to establish the validity of an argument (or a mathematical
theorem) for which

Vx Ay [(p(x, y) Aq(x, y)) = r(x, y)]

is the conclusion. Should we want to try to prove the result by the method of Proof by
Contradiction, we would assume as an additional premise the negation of this conclusion.
Consequently, our additional premise would be the statement

Jx Vy [(p(x, y) Agx, y)) A—=r(x, y)].

Finally, we consider how to negate the definition of limit, a fundamental concept in
calculus.

In calculus, one studies the properties of real-valued functions of a real variable. (Functions
will be examined in Chapter 5 of this text.) Among these properties is the existence of limits,
and one finds the following definition: Let I be an open interval® containing the real number
a and suppose the function f is defined throughout I, except possibly at a. We say that f
has the limit L as x approaches a, and write lim,_,, f(x) = L, if (and only if) for every
€ > Othereexistsad > Osothat, forallxin 7, (0 < |x —a|] < &) = (| f(x) — L| < ¢€). This
can be expressed in symbolic form as

lim f(x) =L<=Ve>03>0Vx[0O<|x—al<d) - (f(x)—=L|<e)l.

"The concept of an open interval is defined at the end of Section 3.1.
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[Here the universe comprises the real numbers in the open interval I, except possibly a.
Also, the quantifiers Ve > 0 and 38 > 0 now contain some restrictive information.] Then,
to negate this definition, we do the following (in which certain steps have been combined):

lim f(x) # L
& =[Ve>035>0Vx[(0O<|x—al<d)— (|f(x)—L|<e)]
& Fe>0V5>0Ax—-[0O<|x—al <8 = (f(x)—L|<e)]
= Je>0V>0 Ax—=[-O0O<|x—a|<d) V(fx)—L|<e)l
< Je>0 V>0 Ax[—O0<|x—a|l<d) A=(f(x)—L| <e)]
& Ae>0V5>0Ax[O0O<|x—al<d)A(f(x)—L|>¢€)]

Translating into words, we find that lim,_,, f(x) # L if (and only if) there exists a
positive (real) number € such that for every positive (real) number 8, there is an x in I such
that0 < |x — a| < & (thatis, x # a and its distance froma is less than §) but | f(x) — L| > €
[that is, the value of f(x) differs from L by at least €].

EXERCISES 2.4

1. Let p(x), g(x) denote the following open statements.

p(x): x<3 q(x): x4+ 1isodd

If the universe consists of all integers, what are the truth values
of the following statements?
a) q(1) b) —p(3) ©) p(M)vaq()
d) pG)rg@) e =(p(—=4) Vvq(-3))
f) =p(=4) A ~q(-3)
2. Let p(x), q(x) be defined as in Exercise 1. Let r(x) be the

open statement “x > 0.” Once again the universe comprises all
integers.

a) Determine the truth values of the following statements.
i) pBG)VvIgB3)Vv-r@3)]
ii) p(2)—[q(2)—>r®?)]
i) [p(2) Ag(D]—>r(2)
iv) p(0) = [—g(=1) & r(1)]
b) Determine all values of x for which
[p(x) A q(x)] A r(x) results in a true statement.

3. Let p(x) be the open statement “x? = 2x,” where the
universe comprises all integers. Determine whether each of
the following statements is true or false.

a) p(0) b) p(1) ©) p(2)
d) p(-2) e) 3x p(x) f) Vx p(x)
4. Consider the universe of all polygons with three or four

sides, and define the following open statements for this uni-
verse.

a(x): all interior angles of x are equal
e(x): x is an equilateral triangle
h(x): all sides of x are equal

i(x): x is an isosceles triangle
p(x): x has an interior angle that exceeds 180°
q(x): x is a quadrilateral
r(x): x isarectangle
s(x): xis asquare
t(x): xisatriangle
Translate each of the following statements into an English sen-
tence, and determine whether the statement is true or false.
a) Vx [g(x) ¥ 1(x)] b) Vx [i(x) — e(x)]
¢) 3x [t(x) A p(x)] d) Vx [(a(x) At(x)) < e(x)]
e) Jx [g(x) A —r(x)] f) Ix [r(x) A —s(x)]
g) Vx [h(x) = e(x)] h) Vx [t(x) —> —p(x)]
i) Vx [s(x) © (a(x) A h(x))]
J) Vx [t(x) > (a(x) < h(x))]
5. Professor Carlson’s class in mechanics is comprised of 29
students of which exactly
1) three physics majors are juniors;
2) two electrical engineering majors are juniors;
3) four mathematics majors are juniors;
4) twelve physics majors are seniors;
5) four electrical engineering majors are seniors;

6) two electrical engineering majors are graduate students;
and

7) two mathematics majors are graduate students.

Consider the following open statements.

c(x): Student x is in the class (that is,
Professor Carlson’s mechanics class

as already described).



j(x): Student x is a junior.

s(x): Student x is a senior.

g(x): Student x is a graduate student.

p(x): Student x is a physics major.

e(x): Student x is an electrical engineering major.
m(x): Student x is a mathematics major.

Write each of the following statements in terms of quantifiers
and the open statements c(x), j(x), s(x), g(x), p(x), e(x), and
m(x), and determine whether the given statement is true or false.
Here the universe comprises all of the 12,500 students enrolled
at the university where Professor Carlson teaches. Furthermore,
at this university each student has only one major.

a) There is amathematics major in the class who is a junior.

b) There is a senior in the class who is not a mathematics
major.

¢) Every student in the class is majoring in mathematics or
physics.
d) No graduate student in the class is a physics major.

e) Every senior in the class is majoring in either physics or
electrical engineering.

6. Let p(x, y), g(x, y) denote the following open statements.
p(x, y): q(x,y):

If the universe for each of x, y consists of all real numbers,
determine the truth value for each of the following statements.

a) p(2,4) b) g(1, )
©) p(=3,8) Aq(l,3) d) p(3.3)Vv—q(=2.-3)
e p(2,2) —q(1,1) f) p(1,2) & —q(1,2)

7. For the universe of all integers, let p(x), g(x), r(x), s(x),
and #(x) be the following open statements.

x>y x+2<y

px): x>0
g(x): xiseven
r(x): x is aperfect square
s(x): xis (exactly) divisible by 4
t(x): x is (exactly) divisible by 5
a) Write the following statements in symbolic form.
i) Atleast one integer is even.
ii) There exists a positive integer that is even.
iii) If x is even, then x is not divisible by 5.
iv) No even integer is divisible by 5.
v) There exists an even integer divisible by 5.
vi) If x is even and x is a perfect square, then x is
divisible by 4.
b) Determine whether each of the six statements in
part (a) is true or false. For each false statement, provide a
counterexample.

¢) Express each of the following symbolic representations
in words.
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) Vx[r(x) > px)] i) Vx[s(x) > q(x)]
iii) Vx [s(x) > —t(x)] iv) Tx [s(x) A —=r(x)]
d) Provide a counterexample for each false statement in
part (c).
8. Let p(x), g(x), and r(x) denote the following open
statements.

p(x): x*—8x+15=0
g(x): xisodd
r(x): x>0

For the universe of all integers, determine the truth or falsity of
each of the following statements. If a statement is false, give a
counterexample.
a) Vx [p(x) > q(x)] b) Vx [g(x) — p(x)]

) Ax [p(x) - q(x)] d) 3x [q(x) - p(x)]

e) 3x [r(x) > p(x)] f) Vx [=g(x) > —p(x)]

g8 Jx [p(x) = (q(x) Ar(x))]

h) Vx [(p(x) V q(x)) = r(x)]
9. Let p(x), g(x), and r(x) be the following open statements.

p(x): x*=7x4+10=0
gx): x>*=2x-3=0
r(x): x<0

a) Determine the truth or falsity of the following state-
ments, where the universe is all integers. If a statement is
false, provide a counterexample or explanation.

i) Vx[p(x) — —r(x)] i) Vx[g(x) = r(x)]
iii) 3x [g(x) > r(x)] iv) 3x [p(x) - r(x)]
b) Find the answers to part (a) when the universe consists
of all positive integers.

¢) Find the answers to part (a) when the universe contains
only the integers 2 and 5.

10. For the following program segment, m and n are integer
variables. The variable A is a two-dimensional array A[l, 1],
All,2],...,A[l,20],..., A[10, 1], ..., A[10, 20], with 10
rows (indexed from 1 to 10) and 20 columns (indexed from 1
to 20).

form:=1to 10 do
forn:=1to20do
Alm,n] :=m+3*n

Write the following statements in symbolic form. (The universe
for the variable m contains only the integers from 1 to 10 in-
clusive; for n the universe consists of the integers from 1 to 20
inclusive.)

a) All entries of A are positive.
b) All entries of A are positive and less than or equal to 70.

¢) Some of the entries of A exceed 60.
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d) The entries in each row of A are sorted into (strictly)
ascending order.

e) The entries in each column of A are sorted into (strictly)
ascending order.

f) The entries in the first three rows of A are distinct.

11. Identify the bound variables and the free variables in each
of the following expressions (or statements). In both cases the
universe comprises all real numbers.
a) Vy 3z [cos(x + y) = sin(z — x)]
b) Jx Ay [x* — y* =¢]
12. a) Let p(x, y) denote the open statement “x divides y,”
where the universe for each of the variables x, y comprises
all integers. (In this context “divides” means “exactly di-
vides” or “divides evenly.”) Determine the truth value of
each of the following statements; if a quantified statement
is false, provide an explanation or a counterexample.

i) p3,7) ii) p@(3,27)
iii) Vy p(1,y) iv) Vx p(x, 0)
v) Vx p(x, x) vi) Vy 3x p(x, y)

vii) Iy Vx p(x, y)

viii) Vix Vy [(p(x, y) A p(y, X)) = (x = y)]
b) Determine which of the eight statements in part (a) will
change in truth value if the universe for each of the variables
x, y were restricted to just the positive integers.

¢) Determine the truth value of each of the following state-

ments. If the statement is false, provide an explanation or

a counterexample. [The universe for each of x, y is as in
part (b).]

i) Vx 3y p(x, y)

iii) 3x Vy p(x, y)

i) Vy3x p(x,y)
iv) Jy Vx p(x, y)
13. Suppose that p(x, y) is an open statement where the uni-
verse for each of x, y consists of only three integers: 2, 3, 5.
Then the quantified statement dy p(2, y) is logically equiva-
lent to p(2, 2) v p(2, 3) v p(2,5). The quantified statement
3x Vy p(x, y) is logically equivalent to [p(2, 2) A p(2, 3) A
2,51V IpG,2)ApG,.3)ApG3, 5]V IpG.2)ApEG,3)
A p(5, 5)]. Use conjunctions and/or disjunctions to express the
following statements without quantifiers.

a) Vx p(x,3) b) Ax 3Ty p(x,y) ¢) Vy3Ix p(x,y)
14. Let p(n), q(n) represent the open statements

p(n): nisodd q(n): n? is odd

for the universe of all integers. Which of the following state-
ments are logically equivalent to each other?

a) If the square of an integer is odd, then the integer is odd.

b) Vn [p(n) is necessary for g (n]

¢) The square of an odd integer is odd.

d) There are some integers whose squares are odd.

e) Given an integer whose square is odd, that integer is
likewise odd.

£f) Vi [-p(x) = —gq(n)]
g) Vn [p(n) is sufficient for g(n)]

15. For each of the following pairs of statements determine
whether the proposed negation is correct. If correct, determine
which is true: the original statement or the proposed negation.
If the proposed negation is wrong, write a correct version of the
negation and then determine whether the original statement or
your corrected version of the negation is true.

a) Statement: For all real numbers x, y, if x> > y?, then
x> y.

Proposed negation: There exist real numbers x, y such that
x2>y?butx <y.

b) Statement: There exist real numbers x, y such that x and
y are rational but x + y is irrational.

Proposed negation: For all real numbers x, y, if x +y is
rational, then each of x, y is rational.

¢) Statement: For all real numbers x, if x is not 0, then x
has a multiplicative inverse.

Proposed negation: There exists a nonzero real number that
does not have a multiplicative inverse.

d) Statement: There exist odd integers whose product is
odd.

Proposed negation: The product of any two odd integers is
odd.

16. Write the negation of each of the following statements as
an English sentence — without symbolic notation. (Here the
universe consists of all the students at the university where
Professor Lenhart teaches.)

a) Every student in Professor Lenhart’s C++ class is
majoring in computer science or mathematics.

b) At least one student in Professor Lenhart’s C++ class is
a history major.

17. Write the negation of each of the following true statements.
For parts (a) and (b) the universe consists of all integers; for
parts (c) and (d) the universe comprises all real numbers.

a) For all integers n, if n is not (exactly) divisible by 2,
then n is odd.

b) If k, m, n are any integers where k —m and m — n are
odd, then k — n is even.

¢) If x is a real number where x2 > 16, then x < —4 or
x >4.

d) Forall real numbers x, if [x — 3| < 7,then —4 < x < 10.
18. Negate and simplify each of the following.

a) Ax [p(x) v q(x)] b) Vx [p(x) A =g (x)]

©) Vx [p(x) = q(x)]

d) 3x [(p(x) v g(x)) = r(x)]
19. For each of the following statements state the converse,

inverse, and contrapositive. Also determine the truth value for
each given statement, as well as the truth values for its converse,



inverse, and contrapositive. (Here “divides” means “exactly
divides.”)

a) [The universe comprises all positive integers.]

If m > n, then m? > n?.

b) [The universe comprises all integers.]
If a > b, then a? > b>.

¢) [The universe comprises all integers.]

If m divides n and n divides p, then m divides p.

d) [The universe consists of all real numbers.]

Vx [(x > 3) > (x? > 9)]

e) [The universe consists of all real numbers.]

For all real numbers x, if x2 + 4x — 21 > 0, thenx > 3 or

x <=7
20. Rewrite each of the following statements in the if-then form.
Then write the converse, inverse, and contrapositive of your im-
plication. For each result in parts (a) and (c) give the truth value
for the implication and the truth values for its converse, inverse,
and contrapositive. [In part (a) “divisibility” requires a remain-
der of 0.]

a) [The universe comprises all positive integers.]

Divisibility by 21 is a sufficient condition for divisibility

by 7.

b) [The universe comprises all snakes presently slithering

about the jungles of Asia.]

Being a cobra is a sufficient condition for a snake to be

dangerous.

¢) [The universe consists of all complex numbers.]

For every complex number z, z being real is necessary for

72 to be real.
21. For the following statements the universe comprises all
nonzero integers. Determine the truth value of each statement.

a) Ax Ay [xy = 1] b) Ix Vy [xy = 1]
¢) Vx Ay [xy = 1]

d) IxIy[2x +y=5)A(x —3y =-8)]

e) Ix Ay [Bx —y=T7) A (2x +4y = 3)]

22. Answer Exercise 21 for the universe of all nonzero real
numbers.

23. In the arithmetic of real numbers, there is a real num-
ber, namely 0, called the identity of addition because a + 0 =
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0+ a = a for every real number a. This may be expressed in
symbolic form by

A:Vala+z=z+a=al
(We agree that the universe comprises all real numbers.)

a) In conjunction with the existence of an additive iden-
tity is the existence of additive inverses. Write a quantified
statement that expresses “Every real number has an addi-
tive inverse.” (Do not use the minus sign anywhere in your
statement.)

b) Write a quantified statement dealing with the existence
of a multiplicative identity for the arithmetic of real num-
bers.

¢) Write a quantified statement covering the existence of
multiplicative inverses for the nonzero real numbers. (Do
not use the exponent —1 anywhere in your statement.)

d) Do the results in parts (b) and (c) change in any way
when the universe is restricted to the integers?

24. Consider the quantified statement Vx Jy [x + y = 17]. De-
termine whether this statement is true or false for each of the
following universes: (a) the integers; (b) the positive integers;
(c) the integers for x, the positive integers for y; (d) the positive
integers for x, the integers for y.

25. Let the universe for the variables in the following state-
ments consist of all real numbers. In each case negate and sim-
plify the given statement.
a) Vx Vy [(x > y) > (x —y > 0)]
b) VxVy[(x <y)— Jz(x <z<Yy)]
©) Vx ¥y [(Ix] = |yD) — (y = £x)]
26. In calculus the definition of the limit L of a sequence of
real numbers ry, 1y, r3, . .. can be given as
lim r, =L
n—o00
if (and only if ) for every € > O there exists a positive integer k
so that for all integers n, if n > k then |r, — L| <e.
In symbolic form this can be expressed as
limr,=LVYe>03k>0Vn[(n>k)—|r,— L| <e€].

Express lim r, # L in symbolic form.

In this section we shall combine some of the ideas we have already studied in the prior two
sections. Although Section 2.3 introduced rules and methods for establishing the validity
of an argument, unfortunately the arguments presented there seemed to have little to do
with anything mathematical. [The rare exceptions are in Example 2.23 and the erroneous
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argument in part (b) of the material preceding Example 2.26.] Most of the arguments dealt
with certain individuals and predicaments they were either in or about to face.

But now that we have learned some of the properties of quantifiers and quantified state-
ments, we are better equipped to handle arguments that will help us to prove mathematical
theorems. Before dealing with theorems, however, we shall consider how mathematical
definitions are traditionally presented in scientific writing.

Following Example 2.3 in Section 2.1, the discussion concerned how an implication
might be used in place of a biconditional in everyday conversation. But in scientific writing,
it was noted, we should avoid any and all situations where an ambiguous interpretation
might come about — in particular, an implication should not be used when a biconditional
is intended. However, there is one major exception to that rule and it concerns the way that
mathematical definitions are traditionally presented in mathematics textbooks and other
scientific literature. Example 2.51 demonstrates this exception.

a) Let us start with the universe of all quadrilaterals in the plane and try to identify those
that are called rectangles.
One person might say that

“If a quadrilateral is a rectangle then it has four equal angles.”
Another individual might identify these special quadrilaterals by observing that
“If a quadrilateral has four equal angles, then it is a rectangle.”

(Here both people are making implicitly quantified statements, where the quantifier is
universal.)
Given the open statements

p(x): xisarectangle q(x): x has four equal angles,
we can express what the first person says as
Vx [p(x) = q(x)],
while for the second person we would write
Vx [q(x) = p(0)].

So which of the preceding (quantified) statements identifies or defines a rectangle?
Perhaps we feel that they both do. But how can that be, since one statement is the
converse of the other and, in general, the converse of an implication is not logically
equivalent to the implication.

Here the reader must consider what is intended — not just what each of the two
people has said, or the symbolic expressions we have written to represent these state-
ments. In this situation each person is using an implication with the meaning of a
biconditional. They are both intending (though not stating)

Vx [p(x) © q(x)],
—that is, each is really telling us that
“A quadrilateral is a rectangle if and only if it has four equal angles.”

b) Within the universe of all integers we can distinguish the even integers by means of a
certain property and so we may define them as follows:

For every integer n we call n even if it is divisible by 2.
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(By the expression “divisible by 2” we mean “exactly divisible by 2” — that is, there
is no remainder upon division of the dividend » by the divisor 2.)
If we consider the open statements

p(n): nisaneven integer qg(n): nisdivisible by 2,
then it appears that the preceding definition may be written symbolically as
Vin [g(n) — p(n)].

After all, the given quantified statement (in the preceding definition) is an implication.
However, the situation here is similar to that given in part (a). What appears to be
stated is not what is intended. The intention is for the reader to interpret the given
definition as

Vn [q(n) < p(n)],
that is,
“For every integer n, we call n even if and only if n is divisible by 2.”

(Note that the open statement “n is divisible by 2” can also be expressed by the open
statement “n = 2k, for some integer k.” Don’t be misled here by the presence of
the quantifier “for some integer k” — for the expression Ik [n = 2k] is still an open
statement because n remains a free variable.)

So now we see how quantifiers may enter into the way we state mathematical defini-
tions — and that the traditional way in which such a definition appears is as an implication.
But beware and remember: It is only in definitions that an implication can be (mis)read and
correctly interpreted as a biconditional.

Note how we defined the limit concept in Example 2.50. There we wrote “if (and only
if ) since we wanted to let the reader know our intention. Now we are free to replace “if
(and only if )” by simply “if.”

Having settled our discussion on the nature of mathematical definitions, we continue
now with an investigation of arguments involving quantified statements.

Suppose that we start with the universe that comprises only the 13 integers 2, 4,6, 8, . . .,
24, 26. Then we can establish the statement:
For all n (meaningn =2, 4,6, ..., 26),

we can write n as the sum of at most three perfect squares.

The results in Table 2.24 provide a case-by-case verification showing the given (quanti-
fied) statement to be true. (We might call this statement a theorem.)

Table 2.24
2=1+1 10=9+1 20=16+4
4 =4 12=4+4+4+4 22=9+4+9+4
6=4+1+1 14=9+4+1 24=16+4+4
8§=4+4+4 16 =16 26=25+1
18=16+1+1
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This exhaustive listing is an example of a proof using the technique we call, rather
appropriately, the method of exhaustion. This method is reasonable when we are dealing
with a fairly small universe. If we are confronted with a situation in which the universe
is larger but within the range of a computer that is available to us, then we might write a
program to check all of the individual cases.

(Note that for certain cases in Table 2.24 more than one answer may be possible. For
example, we could have written 18 = 9 + 9 and 26 = 16 + 9 + 1. But this is all right. We
were told that each positive even integer less than or equal to 26 could be written as the
sum of one, two, or three perfect squares. We were not told that each such representation
had to be unique, so more than one possibility could occur. What we had to check in each
case was that there was at least one possibility.)

In the previous example we mentioned the word theorem. We also found this term used in
Chapter 1 — for example, in results like the binomial theorem and the multinomial theorem
where we were introduced to certain types of enumeration problems. Without getting overly
technical, we shall consider theorems to be statements of mathematical interest, statements
that are known to be true. Sometimes the term theorem is used only to describe major
results that have many and varied consequences. Certain of these consequences that follow
rather immediately from a theorem are termed corollaries (as in the case of Corollary 1.1
in Section 1.3). In this text, however, we shall not be so particular in our use of the word
theorem.

Example 2.52 is a nice starting point to examine the proof of a quantified statement.
Unfortunately, a great number of mathematical statements and theorems often deal with
universes that do not lend themselves to the method of exhaustion. When faced with es-
tablishing or proving a result for all integers, for example, or for all real numbers, then we
cannot use a case-by-case method like the one in Example 2.52. So what can we do?

We start by considering the following rule.

The Rule of Universal Specification: If an open statement becomes true for all
replacements by the members in a given universe, then that open statement is true for
each specific individual member in that universe. (A bit more symbolically —if p(x)
is an open statement for a given universe, and if Vx p(x) is true, then p(a) is true for
each g in the universe.)

.

This rule indicates that the truth of an open statement in one particular instance follows
(as a special case) from the more general (for the entire universe) truth of that universally
quantified open statement. The following examples will show us how to apply this idea.

a) For the universe of all people, consider the open statements
m(x): x is a mathematics professor c(x): x has studied calculus.

Now consider the following argument.

All mathematics professors have studied calculus.
Leona is a mathematics professor.

Therefore Leona has studied calculus.
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If we let [ represent this particular woman (in our universe) named Leona, then we
can rewrite this argument in symbolic form as

Vx [m(x) = c(x)]
m(l)
el

Here the two statements above the line are the premises of the argument, and the
statement c(/) below the line is its conclusion. This is comparable to what we saw in
Section 2.3, except now we have a premise that is a universally quantified statement.
As was the case in Section 2.3, the premises are all assumed to be true and we must
try to establish that the conclusion is also true under these circumstances. Now, to
establish the validity of the given argument, we proceed as follows.

Steps Reasons

1) Vx [m(x) = c(x)] Premise

2) m() Premise

3) m(l) — c() Step (1) and the Rule of Universal Specification
4) .c) Steps (2) and (3) and the Rule of Detachment

Note that the statements in steps (2) and (3) are not quantified statements. They are
the types of statements we studied earlier in the chapter. In particular, we can apply
the rules of inference we learned in Section 2.3 to these two statements to deduce the
conclusion in step (4).

We see here that the Rule of Universal Specification enables us to take a universally
quantified premise and deduce from it an ordinary statement (that is, one that is not
quantified). This (ordinary) statement — namely, m(l) — c(l) —is one specific true
instance of the universally quantified true premise Vx [m(x) — c(x)].

b) For an example of a more mathematical nature let us consider the universe of all
triangles in the plane in conjunction with the open statements

p(t): t has two sides of equal length.
q(t): tisanisosceles triangle.

r(t): t has two angles of equal measure.

Let us also focus our attention on one specific triangle with no two angles of equal
measure. This triangle will be called triangle XY Z and will be designated by c. Then
we find that the argument

In triangle XY Z there is no pair of angles of equal

measure. —r(c)

If a triangle has two sides of equal length, then it is

isosceles. Vi [p(t) = q(1)]
If a triangle is isosceles, then it has two angles of equal

measure. Vi [q(t) = r(0)]
Therefore triangle XY Z has no two sides of equal length. s.=p(o)

is a valid one — as evidenced by the following.
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Steps Reasons

1) Vi [p(t) > q@)] Premise

2) p(c) = q(c) Step (1) and the Rule of Universal Specification
3) Vi[q@) — r()] Premise

4) g(c)— r(c) Step (3) and the Rule of Universal Specification
5) p(c) > r(c) Steps (2) and (4) and the Law of the Syllogism
6) —r(c) Premise

7) ..—p(c) Steps (5) and (6) and Modus Tollens

Once again we see how the Rule of Universal Specification helps us. Here it has
taken the universally quantified statements at steps (1) and (3) and has provided us
with the (ordinary) statements at steps (2) and (4), respectively. Then at this point we
were able to apply the rules of inference we learned in Section 2.3 (namely, the Law
of the Syllogism and Modus Tollens) to derive the conclusion —p(c) in step (7).

¢) Now for one last argument to drive the point home! Here we’ll consider the universe

to be made up of the entire student body at a particular college. One specific student,
Mary Gusberti, will be designated by m.
For this universe and the open statements

Jj(x): xisajunior s(x): x is a senior
p(x): x is enrolled in a physical education class
we consider the argument:
No junior or senior is enrolled in a physical education class.

Mary Gusberti is enrolled in a physical education class.

Therefore Mary Gusberti is not a senior.
In symbolic form this argument becomes

Vx [(j(x) Vs(x)) = =p(x)]
p(m)
c.s(m)

Now the following steps (and reasons) establish the validity of this argument.

Steps Reasons

1) Vx [(j(x) Vs(x)) = —=px)] Premise

2) p(m) Premise

3) (j(m) Vv s(m)) - —p(m) Step (1) and the Rule of Universal
Specification

4) p(m) — —(j(m) Vv s(m)) Step (3), (g > t) < (=t = —q), and the
Law of Double Negation

5) p(m) — (—j(m) A —s(m)) Step (4) and DeMorgan’s Law

6) —j(m) A —s(m) Steps (2) and (5) and the Rule of
Detachment (or Modus Ponens)

7) .. —s(m) Step (6) and the Rule of Conjunctive
Simplification

In Example 2.53 we have had our first opportunity to apply the Rule of Universal Speci-
fication. Using the rule in conjunction with Modus Ponens (or the Rule of Detachment) and
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Modus Tollens, we are able to state the following corresponding analogs, each of which
involves a universally quantified premise. In either case we consider a fixed universe that
includes a specific member ¢ and make use of the open statements p(x), g(x) defined for
this universe.

(1  Vx[pkx)—qx)] 2 Vx[pkx)—q(x)]
p(c) —q(c)
-.q(c) somp(e)

These two valid arguments are presented here for the same reason we presented them for the
rules of inference — Modus Ponens and Modus Tollens —in Section 2.3 (in the discussion
between Examples 2.25 and 2.26). We want to examine some possible errors that may arise
when the results in (1) and (2) are not used correctly.

Let us start with the universe of all polygons in the plane. Within this universe we shall
let ¢ denote one specific polygon —the quadrilateral EFGH , where the measure of angle
E is 91°. For the open statements

p(x): xisasquare g(x):  x has four sides,

the following argument is invalid.
a) All squares have four sides.
Quadrilateral EFGH has four sides.
Therefore quadrilateral EFGH is a square.

In symbolic form this argument translates into

a” Vx [p(x) = g(x)]
q(c)
.. p(o)
Unfortunately, although the premises are true, the conclusion is false. (For a square has no
angle of measure 91°.) We admit that there might be some confusion between this argument
and the valid one in (1) above. For when we apply the Rule of Universal Specification to
the quantified premise in (1”), in this instance we arrive at the invalid argument

p(c) > q(c)
q(c)
cop(eo)
And here, as in Section 2.3, the error in reasoning lies in our attempt to argue by the converse.

A second invalid argument — from the misuse of argument (2) above —can also be
given, as shown in the following.

@) All squares have four sides.
Quadrilateral EFGH is not a square.
Therefore quadrilateral EFGH does not have four sides.
Translating (2') into symbolic form results in
2" Vx [p(x) = q(x)]
—p(c)
-.7q(c)
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This time the Rule of Universal Specification leads us to

p(c) = q(c)
—p(c)
100

where the fallacy arises because we are trying to argue by the inverse.

And now let us look back at the three parts of Example 2.53. Although the arguments
presented there involved premises that were universally quantified statements, there was
never any instance where a universally quantified statement appeared in the conclusion. We
now want to remedy this situation, since many theorems in mathematics have the form of
a universally quantified statement. To do so we need the following considerations.

Start with a given universe and the open statement p(x). To establish the truth of the
statement Vx p(x), we must establish the truth of p(c) for each member ¢ in the given
universe. But if the universe has many members or, for example, contains all the positive
integers, then this exhaustive, if not exhausting, task of validating the truth of each p(c)
becomes difficult, if not impossible. To get around this situation we shall prove that p(c)
is true — but now we do it for the case where ¢ denotes a specific but arbitrarily chosen
member from the prescribed universe.

Should the preceding open statement p(x) have the form g(x) — r(x), for open state-
ments g(x) and r(x), then we shall assume the truth of ¢ (c) as an additional premise and try
to deduce the truth of (c) — by using definitions, axioms, previously proven theorems, and
the logical principles we have studied. For when g(c) is false, the implication g (c) — r(c)
is true, regardless of the truth value of r(c).

The reason that the element ¢ must be arbitrary (or generic) is to make sure that what
we do and prove about ¢ is applicable for all the other elements in the universe. If we are
dealing with the universe of all integers, for example, we cannot choose ¢ in an arbitrary
manner by selecting ¢ as 4, or by selecting ¢ as an even integer. In general, we cannot
make any assumptions about our choice for ¢ unless these assumptions are valid for all the
other elements of the universe. The word generic is applied to the element ¢ here because it
indicates that our choice (for ¢) must share all of the common characteristics of the elements
for the given universe.

The principle we have described in the preceding three paragraphs is named and sum-
marized as follows.

The Rule of Universal Generalization: 1f an open statement p(x) is proved to be
true when x is replaced by any arbitrarily chosen element ¢ from our universe, then the
universally quantified statement Vx p(x) is true, Furthermore, the rule extends beyond
a single variable. So if, for example, we have an open statement g (x, y) that is proved
to be true when x and y are replaced by arbitrarily chosen elements from the same
unjverse, or their own respective universes, then the universally quantified statement
Vix Vy g(x, y) [or, Vx,y g(x, y)] is true. Similar results hold for the cases of three or
more variables. ’

Before we demonstrate the use of this rule in any examples, we wish to look back at
part (1) of Example 2.43 in Section 2.4. It turns out that the explanation given there to
establish that

Vx [p(x) A (g(x) Ar(x)] = Vx [(p(x) A q(x)) Ar(x)]
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anticipated what we have now described in detail as the Rules of Universal Specification
and Universal Generalization.

Now we’ll turn to an example which is strictly symbolic. This example provides an
opportunity to apply the Rule of Universal Generalization.

Let p(x), g(x), and r(x) be open statements that are defined for a given universe. We show
that the argument

Vx [p(x) = q(x)]
Vx [q(x) = r(x)]

S Vx [p(x) = r(x)]

is valid by considering the following.

Steps Reasons

1) Vx [(px) = q(x)] Premise

2) p(c) — q(c) Step (1) and the Rule of Universal Specification
3) Vx[g(x) = r(x)] Premise

4) g(c) > r(c) Step (3) and the Rule of Universal Specification
5) p(c) > r(c) Steps (2) and (4) and the Law of the Syllogism

6) ~.Vx[pkx)—rx)] Step (5) and the Rule of Universal Generalization

Here the element ¢ introduced in steps (2) and (4) is the same specific but arbitrarily
chosen element from the universe. Since this element ¢ has no special or distinguishing
properties but does share all of the common features of every other element in this universe,
we can use the Rule of Universal Generalization to go from step (5) to step (6).

And so at last we have dealt with a valid argument where a universally quantified state-
ment appears as the conclusion, as well as among the premises.

The question that now may be at the back of the reader’s mind is one of practicality.
Namely, when would we ever need to use the argument that we validated in Example 2.54?
We may find that we have already used it (perhaps, unknowingly) in earlier algebra and
geometry courses, as we demonstrate in the following example.

a) For the universe of all real numbers, consider the open statements

px): 3x—=7=20 q(x): 3x=27 r(x): x=09.
The following solution of an algebraic equation parallels the valid argument from
Example 2.54.
1) If 3x — 7 = 20, then 3x = 27. Vx [p(x) = q(x)]
2) If 3x =27, thenx = 9. Vx [g(x) = r(x)]
3) Therefore, if 3x — 7 = 20, then x = 9. S Vx [p(x) = r(x)]

b) When we dealt with the universe of all quadrilaterals in plane geometry, we may have
found ourselves relating something like this:

“Since every square is a rectangle, and every rectangle
is a parallelogram, it follows that every square is a parallelogram.”

In this case we are using the argument in Example 2.54 for the open statements

p(x): xisasquare g(x): xisarectangle r(x): x is aparallelogram.
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Now we continue with one more argument to validate.

The steps and reasons needed to establish the validity of the argument
Vx [p(x) vV g(x)]

Vx [(=p(x) A q(x)) — r(x)]
S Vx [-r(x) = p(x)]

are given as follows. [Here the element c is in the universe assigned for the argument. Also,
since the conclusion is a universally quantified implication, we can assume —r(c) as an
additional premise — as was mentioned earlier when the Rule of Universal Generalization
was first introduced.]

Steps Reasons
1) Vx[p(x)Vqx)] Premise
2) p(c)Vvq(c) Step (1) and the Rule of Universal
Specification
3) Vx [(—px) Agq(x)) = r(x)] Premise
4) [—p(c) Ag(c)] = r(c) Step (3) and the Rule of Universal
Specification
5) —r(c) > =[—p(c) Ag(c)] Step (4) and s — t < —t — —s
6) —r(c) = [p(c) v —q(c)] Step (5), DeMorgan’s Law, and the Law of
Double Negation
7) —r(c) Premise (assumed)
8) p(c) v—q(c) Steps (7) and (6) and Modus Ponens
9) [p(c) Vq)]Alp(c)V—g()] Steps (2) and (8) and the Rule of Conjunction
10) p(c) Vv g(c) A—gq(c)] Step (9) and the Distributive Law of Vv over A
11) p(c) Step (10), g(c) A —q(c) < Fp, and
pc) vV Fy < p(c)
12) . Vx [-r(x) = p(x)] Steps (7) and (11) and the Rule of Universal
Generalization

Before going on we want to point out a convention that the reader may not like but
will have to get used to. It concerns our coverage of the Rules of Universal Specification
and Universal Generalization. In the first case we started with the statement Vx p(x) and
then dealt with p(c) for some specific element ¢ in our universe. For the Rule of Universal
Generalization we obtained the truth of Vx p(x) from that of p(c), where ¢ was arbitrarily
selected from the universe. Unfortunately, we’ll often find ourselves using the letter x
instead of ¢ to denote the element — but as long as we understand what is happening we
shall soon find the convention easy enough to work with.

The results of Example 2.54 and especially Example 2.56 lead us to believe that we can
use universally quantified statements and the rules of inference —including the Rules of
Universal Specification and Universal Generalization — to formalize and prove a variety of
arguments and, hopefully, theorems. When we do so it appears that the validation of some
rather short arguments requires quite a number of steps, because we have been very metic-
ulous and included all the steps and reasons — we left little, if anything, to the imagination.
The reader should rest assured that when we start to prove mathematical theorems, we shall
present the proofs in the more conventional paragraph style. We shall no longer mention
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each and every application of the laws of logic and the other tautologies or the rules of
inference. On occasion we may single out a certain rule of inference, but our attention will
be primarily directed to the use of definitions, mathematical axioms and principles (other
than those we have found in our study of logic), and other (earlier) theorems we have been
able to prove. Why then have we been learning all of this material on validating arguments?
Because it will provide us with a framework to fall back on whenever we doubt whether
a given attempt at a proof really does the job. If in doubt, we have our study of logic to
supply us with a somewhat mechanical but strictly objective means to help us decide.
And now we present paragraph-style proofs for some results about the integers. (These
results may be considered rather obvious to us—in fact, we may find we have already
seen and used some of them. But they provide an excellent setting for writing some simple
proofs.) The proofs we shall presently introduce use the following ideas, which we now
formally define. [The first idea was mentioned earlier in part (b) of Example 2.51.]

Definition 2.8 Let n be an integer. We call n even if n is divisible by 2 —that is, if there exists an integer
r so that n = 2r. If n is not even, then we call n odd and find for this case that there exists
an integer s where n = 2s + 1.
THEOREM 2.2 For all integers k and [, if k, [ are both odd, then k + [ is even.

Proof: In this proof we shall number the steps so that we may refer to them for some later
remarks. After this we shall no longer number the steps.

1) Since k and / are odd, we may write k = 2a + 1 and [ = 2b + 1, for some integers
a, b. This is due to Definition 2.8.
2) Then

k+l=Qa+1)+Q@b+1)=2a+b+1),

by virtue of the Commutative and Associative Laws of Addition and the Distributive
Law of Multiplication over Addition — all of which hold for integers.

3) Since a, b are integers, a + b + 1 = ¢ is an integer; with k + [ = 2c, it follows from
Definition 2.8 that k + [ is even.

Remarks

1) In step (1) of the preceding proof k and / were chosen in an arbitrary manner, so we
know by the Rule of Universal Generalization that the result obtained is true for all
odd integers.

2) Although we may not realize it, we are using the Rule of Universal Specification
(twice) in step (1). The first argument implicit in this step reads as follows.
i) If n is an odd integer, then n = 2r + 1 for some integer r.
ii) The integer k is a specific (but arbitrarily chosen) odd integer.
iii) Therefore we may write k = 2a + 1 for some (specific) integer a.
3) In step (1) we do not have k =2a + 1 and [ = 2a + 1. Since k, [ are arbitrarily

chosen, it may be the case that k = [ —and when this happens we have 2a + 1 =
k =1 =2b + 1, from which it follows that « = b. [Since k may not equal /, it follows
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EXAMPLE 2.57

that (k — 1)/2 = a may not equal b = (Il — 1)/2. Thus we should use the different
variables a and b.]

Before we proceed with another theorem — written in the more conventional manner —
let us examine the following.

Consider the following statement for the universe of integers.
If n is an integer, then n> = n —or, Vn [n? = n].

Now for n = 0 it is true that n? = 02 = 0 = n. And if n = 1, it is also true that n? = 12 =
1 = n. However, we cannot conclude n> = n for every integer n. The Rule of Universal
Generalization does not apply here, for we cannot consider the choice of 0 (or 1) as an
arbitrarily chosen integer. If n = 2, we have n?> = 4 # 2 = n, and this one counterexample
is enough to tell us that the given statement is false. However, either replacement — namely,
n = 0orn — 1 —is enough to establish the truth of the statement:

2 =

For some integer n, n?> = n—or, 3n [n* = n].

We close — at last — with three results to demonstrate how we shall write proofs through-
out the remainder of the text.

THEOREM 2.3

For all integers k and [, if k and / are both odd, then their product k! is also odd.

Proof: Since k and / are both odd, we may write k =2a + 1 and [ = 2b + 1, for some
integers a and b — because of Definition 2.8. Then the product kl = 2a + 1)(2b + 1) =
4ab +2a +2b + 1 =2(2ab + a + b) + 1, where 2ab + a + b is an integer. Therefore, by
Definition 2.8 once again, it follows that kI is odd.

The preceding proof is an example of a direct proof. In our next example we shall prove
a result in three ways: first by a direct argument (or proof), then by the contrapositive
method, and finally by the method of proof by contradiction. [For the (method of) proof
by contradiction we put in some extra details, since this is our first opportunity to use this
technique.] The reader should not assume, however, that every theorem can be so readily
proved in a variety of ways.

THEOREM 2.4

If m is an even integer, then m + 7 is odd.
Proof:

1) Since m is even, we have m = 2a for some integer a. Then m +7 =2a +7 =
2a + 6 + 1 =2(a + 3) + 1. Since a + 3 is an integer, we know that m + 7 is odd.

2) Suppose that m + 7 is not odd, hence even. Then m + 7 = 2b for some integer b
and m =2b—-7=2b—-8+1=2(b—4)+ 1, where b —4 is an integer. Hence
m is odd. [The result follows because the statements Vm [p(m) — q(m)] and
Vm[—q(m) — —p(m)] are logically equivalent.]
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3) Now assume that m is even and that m + 7 is also even. (This assumption is the
negation of what we want to prove.) Then m + 7 even implies that m + 7 = 2¢ for
some integer c. And, consequently, m =2c —7=2c —8 +1 =2(c —4) + 1 with
¢ — 4 an integer, so m is odd. Now we have our contradiction. We started with m even
and deduced m odd — an impossible situation, since no integer can be both even and
odd. How did we arrive at this dilemma? Simple — we made a mistake! This mistake
is the false assumption — namely, m + 7 is even —that we wanted to believe at the
start of the proof. Since the assumption is false, its negation is true, and so we now
have m + 7 odd.

The second and third proofs for Theorem 2.4 appear to be somewhat similar. This is
because the contradiction we derived in the third proof arises from the hypothesis of the
theorem and its negation. We shall see as we progress (as early as the next chapter) that a
contradiction may also be obtained by deriving the negation of a known fact —a fact that
is not the hypothesis of the theorem we are attempting to prove. For now, however, let us
think about this similarity a little more. Suppose we start with the open statements p(m)
and g (m) — for a prescribed universe — and consider a theorem of the form Vm [p(m) —
g (m)]. If we try to prove this result by the contrapositive method, then we shall actually
prove the logically equivalent statement Vm [—g (m) — —p(m)]. To do so we assume the
truth of —g(m) (for any specific but arbitrarily chosen m in the universe) and show that
this leads to the truth of —p(m). On the other hand, if we wish to prove the theorem
Vm [p(m) — g(m)] by the method of proof by contradiction, then we assume that the
statement Vm [p(m) — g (m)] is false. This amounts to the fact that p(m) — g(m) is false
for at least one replacement for m from the universe — that is, there is some element m
in the universe for which p(m) is true and g (m) is false [or —g(m) is true]. We then use
the truth of p(m) and —q (m) to derive a contradiction. [In the third proof of Theorem 2.4
we obtained p(m) A —p(m).] These two methods can be compared symbolically in the
following — where m: is specific but arbitrarily chosen for the method of contraposition.

Assumption Result Derived
Contraposition —q(m) —p(m)
Contradiction p(m) and —q (m) Fy

In general, when we are able to establish a theorem by either a direct proof or an indirect
proof, the direct approach is less cambersome than an indirect approach. (This certainly
appears to be the case for the three proofs presented for Theorem 2.4.) When we do not
have any prescribed directions given for attempting the proof of a certain theorem, we might
start with a direct approach. If we succeed, then all is well. If not, then we might consider
trying to find a counterexample to what we thought was a theorem. Should our search for
a counterexample fail, then we might consider an indirect approach. We might prove the
contrapositive of the theorem, or obtain a contradiction, as we did in the third proof of
Theorem 2.4, by assuming the truth of the hypothesis and the truth of the negation of the
conclusion (for some element m in the universe) in the given theorem.

We close this section with one more indirect proof by the method of contraposition.

THEOREM 2.5

For all positive real numbers x and y, if the product xy exceeds 25, then x > 5or y > 5.

Proof: Consider the negation of the conclusion — that is, suppose that 0 < x <5 and 0 <
¥y < 5. Under these circumstances we find that0 =0 -0 < x - y <5 - 5 = 25, so the product
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xy does not exceed 25. (This indirect method of proof now establishes the given statement,
since we know that an implication is logically equivalent to its contrapositive.)

EXERCISES 2.5

1. In Example 2.52 why did we stop at 26 and not at 28?

2. In Example 2.52 why didn’t we include the odd integers
between 2 and 26?

3. Use the method of exhaustion to show that every even in-
teger between 30 and 58 (including 30 and 58) can be written
as a sum of at most three perfect squares.

4. Let n be a positive integer greater than 1. We call n prime
if the only positive integers that (exactly) divide n are 1 and
n itself. For example, the first seven primes are 2, 3, 5, 7, 11,
13, and 17. (We shall learn more about primes in Chapter 4.)
Use the method of exhaustion to show that every integer in the
universe 4, 6, 8, ..., 36, 38 can be written as the sum of two
primes.

5. For each of the following (universes and) pairs of state-
ments, use the Rule of Universal Specification, in conjunction
with Modus Ponens and Modus Tollens, in order to fill in the
blank line so that a valid argument results.

a) [The universe comprises all real numbers.]

All integers are rational numbers.
The real number 7 is not a rational number.

b) [The universe comprises the present population of the
United States.]

All librarians know the Library of Congress Classification
System.

.. Margaret knows the Library of Congress Classification
System.

¢) [The same universe as in part (b).]

Sondra is an administrative director.
.". Sondra knows how to delegate authority.

d) [The universe consists of all quadrilaterals in the plane.]
All rectangles are equiangular.

.. Quadrilateral MN PQ is not a rectangle.

6. Determine which of the following arguments are valid and
which are invalid. Provide an explanation for each answer. (Let
the universe consist of all people presently residing in the United
States.)

a) All mail carriers carry a can of mace.
Mrs. Bacon is a mail carrier.
Therefore Mrs. Bacon carries a can of mace.

b) All law-abiding citizens pay their taxes.
Mr. Pelosi pays his taxes.
Therefore Mr. Pelosi is a law-abiding citizen.

c¢) All people who are concerned about the environment
recycle their plastic containers.
Margarita is not concerned about the environment.
Therefore Margarita does not recycle her plastic containers.
7. For a prescribed universe and any open statements p(x),
q(x) in the variable x, prove that
a) Ix [p(x) vV g(x)] < 3x p(x) v Ix g (x)
b) Vx [p(x) A g(x)] < Vx p(x) A Vx g(x)
8. a) Let p(x), q(x) be open statements in the variable x, with
a given universe. Prove that

Vx p(x) vV Vx q(x) = Vx [p(x) v g(x)].
[That is, prove that when the statement Vx p(x) V Vx g(x)
is true, then the statement Vx [p(x) V g (x)] is true.]

b) Find a counterexample for the converse in part (a). That
is, find open statements p(x), g (x) and a universe such that
Vx [p(x) V q(x)]is true, while Vx p(x) Vv Vx g(x) is false.

9. Provide the reasons for the steps verifying the following
argument. (Here a denotes a specific but arbitrarily chosen ele-
ment from the given universe.)

Vx [p(x) = (g(x) Ar(x))]
Vx [p(x) As(x)]
VX [r(x) As(x)]

Steps Reasons
1) Vx [p(x) = (g(x) Ar(x))]
2) Vx [p(x) As(x)]

3) pa) — (q(a) Ar(a))
4) p(a) As(a)

S) p(a)

6) g(a) Ar(a)

7 r(a)

8) s(a)

9) r(a) As(a)
10) . Vx[r(x) As(x)]

10. Provide the missing reasons for the steps verifying the fol-
lowing argument:
Vx [p(x) v q(x)]
Ax —p(x)
Vx [—q(x) v r(x)]
Vx [s(x) = —=r(x)]
o 3x —s(x)




Steps Reasons
1) Vx [p(x)Vvqx)] Premise
2) Ix—-px) Premise
3) —pla) Step (2) and the definition of

the truth for 3x —p(x). [Here
a is an element (replacement)
from the universe for which
—p(x) is true.] The reason for
this step is also referred to as
the Rule of Existential
Specification.
4) p(a)Vvq(a)
5) ()
6) Vx [—q(x)Vr(x)]
7) —q(a) Vv r(a)
8) q(a) —>r(a)
9) r(a)
10) Vx [s(x) = —r(x)]
11) s(a) — —r(a)
12) r(a) —» —s(a)
13) —s(a)
14) . 3Jx —s(x) Step (13) and the definition
of the truth for Ix —s(x). The
reason for this step is also
referred to as the Rule of
Existential Generalization.

11. Write the following argument in symbolic form. Then either
verify the validity of the argument or explain why it is invalid.
[Assume here that the universe comprises all adults (18 or over)
who are presently residing in the city of Las Cruces (in New
Mexico). Two of these individuals are Roxe and Imogene.]

All credit union employees must know COBOL. All credit
union employees who write loan applications must know Ex-
cel.” Roxe works for the credit union, but she doesn’t know
Excel. Imogene knows Excel but doesn’t know COBOL. There-
fore Roxe doesn’t write loan applications and Imogene doesn’t
work for the credit union.

2.6
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12. Give a direct proof (as in Theorem 2.3) for each of the
following.

a) For all integers k and [, if k, [ are both even, then k +/
is even.

b) For all integers k and [, if k, [ are both even, then &/ is
even.

13. For each of the following statements provide an indirect
proof [as in part (2) of Theorem 2.4] by stating and proving the
contrapositive of the given statement.

a) For all integers k and [, if k! is odd, then k, [ are both
odd.

b) For all integers k and [, if k + [ is even, then k and / are
both even or both odd.

14. Prove that for every integer n, if n is odd, then n? is odd.

15. Provide a proof by contradiction for the following: For
every integer n, if n? is odd, then n is odd.

16. Prove that for every integer n, n?

even.

is even if and only if n is

17. Prove the following result in three ways (as in Theorem
2.4): If n is an odd integer, then n + 11 is even.

18. Let m, n be two positive integers. Prove that if m, n are
perfect squares, then the product mn is also a perfect square.

19. Prove or disprove: If m, n are positive integers and m, n
are perfect squares, then m + n is a perfect square.

20. Prove or disprove: There exist positive integers m, n,
where m, n, and m + n are all perfect squares.

21. Prove that for all real numbers x and y, if x + y > 100, then
x >50o0ry > 50.

22. Prove that for every integer n, 4n + 7 is odd.

23. Let n be an integer. Prove that n is odd if and only if 7n + 8
is odd.

24. Let n be an integer. Prove that n is even if and only if
31n + 12 iseven.

This second chapter has introduced some of the fundamentals of logic — in particular, some
of the rules of inference and methods of proof necessary for establishing mathematical

theorems.

The first systematic study of logical reasoning is found in the work of the Greek philoso-
pher Aristotle (384-322 B.C.). In his treatises on logic Aristotle presented a collection of
principles for deductive reasoning. These principles were designed to provide a foundation

The Excel spreadsheet is a product of Microsoft, Inc.
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for the study of all branches of knowledge. In a modified form, this type of logic was taught
up to and throughout the Middle Ages.

Aristotle (384-322 B.C)

The German mathematician Gottfried Wilhelm Leibniz (1646-1716) is often considered
the first scholar who seriously pursued the development of symbolic logic as a universal
scientific language. This he professed in his essay De Arte Combinatoria, published in 1666.
His research in the area of symbolic logic, carried out from 1679 to 1690, gave considerable
impetus to the creation of this mathematical discipline.

Following the work by Leibniz, little change took place until the nineteenth century, when
the English mathematician George Boole (1815-1864) created a system of mathematical
logic that he introduced in 1847 in the pamphlet The Mathematical Analysis of Logic,
Being an Essay Towards a Calculus of Deductive Reasoning. In the same year, Boole’s
countryman Augustus DeMorgan (1806-1871) published Formal Logic; or, the Calculus
of Inference, Necessary and Probable. In some ways this treatise extended Boole’s work

George Boole (1815-1864)



2.6 Summary and Historical Review 119

considerably. Then, in 1854, Boole detailed his ideas and further research in the notable
work An Investigation in the Laws of Thought, on Which Are Founded the Mathematical
Theories of Logic and Probability. The American logician Charles Sanders Peirce (1839-
1914), who was also an engineer and philosopher, introduced the formal concept of the
quantifier into the study of symbolic logic.

The concepts formulated by Boole were thoroughly examined in the work of another
German scholar, Ernst Schroder (1841-1902). These results are known collectively as Vor-
lesungen iiber die Algebra der Logik; they were published in the period from 1890 to
1895.

Further developments in the area saw an even more modern approach evolve in the work
of the German logician Gottlieb Frege (1848-1925) between 1879 and 1903. This work
significantly influenced the monumental Principia Mathematica (1910-1913) by England’s
Alfred North Whitehead (1861-1947) and Bertrand Russell (1872-1970). Here what was
begun by Boole was finally brought to fruition. Thanks to this remarkable effort and the work
of other twentieth-century mathematicians and logicians, in particular the comprehensive
Grundlagen der Mathematik (1934—1939) of David Hilbert (1862-1943) and Paul Bernays
(1888-1977), the more polished techniques of contemporary mathematical logic are now
available.

Several sections of this chapter stressed the importance of proof. In mathematics a proof
bestows authority on what might otherwise be dismissed as mere opinion. Proof embodies
the power and majesty of pure reason. But even more than that, it suggests new mathematical
ideas. Our concept of proof goes hand in hand with the notion of a theorem — a mathematical
statement the truth of which has been confirmed by means of a logical argument, namely, a
proof. For those who feel they can ignore the importance of logic and the rules of inference,
we submit the following words of wisdom spoken by Achilles in Lewis Carroll’s What the
Tortoise Said to Achilles: “Then Logic would take you by the throat, and force you to do
it!”

Comparable coverage of the material presented in this chapter can be found in Chapters
2 and 11 of the text by K. A. Ross and C. R. B. Wright [11]. The first two chapters of the
text by S. S. Epp [3] provide many examples and some computer science applications for
those who wish to see more on logic and proof at a very readable introductory level. The
text by H. Delong [2] provides an historical survey of mathematical logic, together with an
examination of the nature of its results and the philosophical consequences of these results.
This is also the case with the texts by H. Eves and C. V. Newsom [4], R. R. Stoll [13], and
R. L. Wilder [14], wherein the relationships among logic, proof, and set theory (the topic
of our next chapter) are examined in their roles in the foundations of mathematics.

For more on resolution (introduced in Exercise 13 of Section 2.3) and automated rea-
soning, the reader should examine the texts by J. H. Gallier [6] and M. R. Genesereth and
N. J. Nilsson [7].

The text by E. Mendelson [9] provides an interesting intermediate introduction for those
readers who wish to pursue additional topics in mathematical logic. A somewhat more
advanced treatment is given in the work of S. C. Kleene [8]. Accounts of other work in
mathematical logic are presented in the compendium edited by J. Barwise [1].

The objective of the works by D. Fendel and D. Resek [5] and R. P. Morash [10] is to
prepare the student with a calculus background for the more theoretical mathematics found
in abstract algebra and real analysis. Each of these texts provides an excellent introduction
to the basic methods of proof. The unique text by D. Solow [12] is devoted entirely to
introducing the reader who has a background in high school mathematics to the primary
techniques used in writing mathematical proofs.
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SUPPLEMENTARY EXERCISES

1. Construct the truth table for
pellgAar)— —(sVvr)l
2. a) Construct the truth table for

(p—> @) AN(=p—r).
b) Translate the statement in part (a) into words such that
the word “not” does not appear in the translation.
3. Let p, g, and r denote primitive statements. Prove or dis-
prove (provide a counterexample for) each of the following.
a)[peo@enleaslpeqg orl
b) [p—>(@g—->nl=(p—>q9) —>r]

4. Express the negation of the statement p <> g in terms of
the connectives A and V.

5. Write the following statement as an implication in two
ways, each in the if-then form: Either Kaylyn practices her piano
lessons or she will not go to the movies.

6. Let p, g, r denote primitive statements. Write the converse,
inverse, and contrapositive of

a) p—>(qAr) b) (pvg)—>r

7. a) For primitive statements p, ¢, find the dual of the state-
ment (—mp A—q) V (To A p)V p.

b) Use the laws of logic to show that your result from
part (a) is logically equivalent to p A —q.

8. Let p, ¢, r, and s be primitive statements. Write the dual
of each of the following compound statements.

a) (pV—g)A(orVs)
b) p—> (gA-rAs)
) [(pVvTo)A(gV F)lVIrAs ATl

9. For each of the following, fill in the blank with the word
converse, inverse, or contrapositive so that the result is a true
statement.

a) The converse of the inverse of p— g is the
of p—>gq.

b) The converse of the inverse of p— g is the
of g — p.

c¢) The inverse of the converse of p— g is the
of p—gq.

d) The inverse of the converse of p— g is the
ofg —> p.

e) The inverse of the contrapositive of p — g is the
of p—gq.

10. Establish the validity of the argument

[(p=>q@) AllgAT) = sIAT] = (p—s).



11. Prove or disprove each of the following, where p, g, and r
are any statements.

a) [(p¥q)¥rl<=I[pY(g¥r)]
b) [pY(g—->nNI<=(pYg — (pYr)]
12. Write the following argument in symbolic form. Then ei-

ther establish the validity of the argument or provide a counter-
example to show that it is invalid.

If it is cool this Friday, then Craig will wear his
suede jacket if the pockets are mended. The fore-
cast for Friday calls for cool weather, but the pock-
ets have not been mended. Therefore Craig won’t
be wearing his suede jacket this Friday.

13. Consider the open statement

px,y): y—x =y+x2

where the universe for each of the variables x, y comprises all
integers. Determine the truth value for each of the following
statements.

a) p(0,0) b) p(1, 1)
©) p(0, 1) d) Vy p(0, y)
e) dy p(1, y) f) Vx 3y p(x, y)

g) Iy Vx p(x, y) h) Vy 3x p(x, y)
14. Determine whether each of the following statements is true
or false. If false, provide a counterexample. The universe com-
prises all integers.

a) Vx dy 3z (x =7y + 52)
b) Vx Iy 3z (x =4y + 62)
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15. Suppose two opposite corner squares are removed from an
8 X 8 chessboard — as in part (a) of Fig. 2.4. Can the remaining
62 squares be covered by 31 dominos (rectangles consisting of
two adjacent squares — one white and the other blue, as shown
in the figure)? (When a domino is placed on the chessboard, a
square of a given color need not be placed on a square of the
same color.)

] i

@ (b)

Figure 2.4

16. In part (b) of Fig. 2.4 we have an 8 X 8 chessboard where
two squares (one blue and one white) have been removed from
each of two opposite corners. Can the remaining 60 squares be
covered by 15 T-shaped figures (of three white squares and one
blue one, or three blue squares and one white one— as shown
in the figure)? [The reader may wish to verify that a 4 X 4
chessboard (of all 16 squares) can be covered by four of the
T-shaped figures. Then it follows that an 8 X 8 chessboard (of
all 64 squares) can be covered by 16 of the T-shaped figures.]






Set Theory

Underlying the mathematics we study in algebra, geometry, combinatorics, probabil-
ity, and almost every other area of contemporary mathematics is the notion of a set.
Very often this concept provides an underlying structure for a concise formulation of the
mathematical topic being investigated. Consequently, many books on mathematics have
an introductory chapter on set theory or mention in an appendix those parts of the theory
that are needed in the text. Here it may appear that, in opening the book with a chapter
on fundamentals of counting, we have neglected set theory. Actually we have relied on
intuition; each time the word collection appeared in Chapter 1, we were dealing with a set.
Also, in Sections 2.4 and 2.5, the notion of a set (if not the term itself) was invoked when
we dealt with the universe (of discourse) for an open statement.

Trying to define a set is rather difficult and often results in the circular use of such
synonyms as “class,” “collection,” and “aggregate.” When we first began the study of
geometry, we used our intuition to grasp the ideas of point, line, and incidence. Then we
started to define new terms and prove theorems, relying on these intuitive notions along
with certain axioms and postulates. In our study of set theory, intuition is invoked once
again, this time for the comparable ideas of element, set, and membership.

We shall find that the ideas we developed in Chapter 2 on logic are closely tied to set
theory. Furthermore, many of the proofs we shall study in this chapter draw on the ideas
developed in Chapter 2.

3.1

Sets and Subsets

EXAMPLE 3.1

We have a “gut feeling” that a set should be a well-defined collection of objects. These
objects are called elements and are said to be members of the set.

The adjective well-defined implies that for any element we care to consider, we are able
to determine whether it is in the set under scrutiny. Consequently, we avoid dealing with
sets that depend on opinion, such as the set of outstanding major league pitchers for the
1990s.

We use capital letters, such as A, B, C, ..., to represent sets and lowercase letters to
represent elements. For a set A we write x € A if x is an element of A; y ¢ A indicates that
y is not a member of A.

A set can be designated by listing its elements within set braces. For example, if A is the set
consisting of the first five positive integers, then we write A = {1, 2, 3,4, 5}. Here2 € A
but6 ¢ A.

123
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EXAMPLE 3.2

Definition 3.1

Another standard notation for this set provides us with A = {x|x is an integer and 1 <
x < 5}. Here the vertical line | within the set braces is read “such that.” The symbols {x]| . . .}
are read “the set of all x such that. . ..” The properties following | help us determine the
elements of the set that is being described.

Beware! The notation {x|1 < x < 5} is not an adequate description of the set A unless
we have agreed in advance that the elements we are considering are integers. When such an
agreement is adopted, we say that we are specifying a universe, or universe of discourse,
which is usually denoted by U. We then select only elements from U to form our sets. In this
particular problem, if U denotes the set of all integers or the set of all positive integers, then
{x|1 < x < 5} adequately describes A. If U is the set of all real numbers, then {x|1 < x <5}
would contain all of the real numbers between 1 and 5 inclusive; if AU consists of only even
integers, then the only members of {x|1 < x <5} would be 2 and 4.

For U = {1, 2, 3, ...}, the set of positive integers, we consider the following sets. At the
same time we introduce various notations one may use to describe such sets.

a) A=1{1,4,9,...,64 81} = {x%x €U, x? < 100} = {x%|x € U A x* < 100}
b) B ={1,4,9,16} = {y*|y € U, y* <20} = {y*|y € U, y* <23}

= {y*ly €U A y* < 16}.
¢) C=1{2,4,6,8,...} = {2klk € U}.

Sets A and B are examples of finite sets, whereas C is an infinite set. When dealing with
sets like A or C, we can either describe the sets in terms of properties the elements must
satisfy or list enough elements to indicate what is, we hope, an obvious pattern. For any
finite set A, |A| denotes the number of elements in A and is referred to as the cardinality,
or size, of A. In this example we find that |[A| = 9 and |B| = 4.

Here the sets B and A are such that every element of B is also an element of A. This
important relationship occurs throughout set theory and its applications, and it leads to the
following definition.

If C, D are sets from a universe AU, we say that C is a subset of D and write C C D, or
D D C, if every element of C is an element of D. If, in addition, D contains an element that
isnot in C, then C is called a proper subset of D, and this is denoted by C C Dor D D C.

Note that for all sets C, D from a universe U, if C C D, then
Vx[x e C=xe€ D],

and if Vx [x e C = x € D], then C C D.

Here the universal quantifier Vx indicates that we should have to consider every element
x in the prescribed universe AU. However, for each replacement ¢ (from AU) where the
statement ¢ € C is false, we know that the implication ¢ € C — ¢ € D is true, regardless of
the truth value of the statement ¢ € D. Consequently, we actually need to consider only those
replacements ¢’ (from W) where the statement ¢’ € C is true. If for each such ¢’ we find that
the statement ¢’ € D is also true, then we know that Vx [x € C = x € D] or, equivalently,
CCD.

Also, we find that for all subsets C, D of U,

cCcbh=CcD,
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and when C, D are finite,
CCD=|C|<|D|, and CCD=|C|<|D|.

However, forU = {1, 2, 3, 4, 5}, C = {1, 2}, and D = {1, 2}, we see that C is a subset of
D (thatis, C C D), but it is not a proper subset of D (or, C ¢ D). So, in general, we do not
findthat CC D= C C D.

In an early version of ANSI (American National Standards Institute) FORTRAN, no distinc-
tion was made between uppercase and lowercase letters, and a variable name consisted of a
single letter followed by at most five characters (letters or digits). If U denotes the set of all
such variable names, then by the rules of sum and product, |U| = 26 + 26(36) + 26(36)* +
< 426(36)° =26 ) 7, 36' = 1,617,038,306. Thus, U is large, but still finite. An integer
variable in this programming language had to start with one of the letters I, J, K, L, M, N.
Soif A denotes the subset of all integer variables in this early version of ANSI FORTRAN,
then |A| = 6 + 6(36) + 6(36)% + - - - +6(36)° =6 ) _>_, 36' = 373,162,686.

The subset concept may now be used to develop the idea of set equality. First we consider
the following example.

For the universe U = {1, 2, 3, 4, 5}, consider the set A = {1, 2}. If B = {x|x? € AU}, then
the members of B are 1, 2. Here A and B contain the same elements — and no other
element(s) — leading us to feel that the sets A and B are equal.

However, it is also true here that A € B and B C A, and we prefer to formally define
the idea of set equality by using these subset relations.

For a given universe AU, the sets C and D (taken from AU) are said to be equal, and we write
C=D,whenCCDand DCC.

From these ideas on set equality, we find that neither order nor repetition is relevant for a
general set. Consequently, we find, for example, that {1, 2, 3} = {3, 1,2} ={2,2,1,3} =
{1,2,1, 3, 1}.

Now that we have defined the concepts of subset and set equality, we shall use the
quantifiers of Section 2.4 to examine the negations of these ideas.
For a given universe U, let A, B be sets taken from U. Then we may write

ACB<&Vx[xe A= x € B].
From the (quantified) definition of A C B, we find that

A ¢ B (thatis, A is not a subset of B)
< —-Vx[x€ A= x € B]
< dx —-[x € A= x € B]
< dx —[~(x € A) Vx € B]
< dx[x € AA—-(x €B)]
< dx[x € AAx¢B]
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Hence A ¢ B if there is at least one element x in the universe where x is a member of A
but x is not a member of B.
In a similar way, because A = B <= A C B A B C A, then

A#B<<>—-(ACBABCA) < —~(ACB)V~(BCA < ALBVB{ZA.

Therefore two sets A and B are not equal if and only if (1) there exists at least one element
x in U where x € A but x ¢ B or (2) there exists at least one element y in U where y € B
and y ¢ A — or perhaps both (1) and (2) occur.

We also note that for any sets C, D C AU (that is, C €U and D CU),

CcD&CCDAC#D.

Now that we have introduced the four ideas of set membership, set equality, subset, and
proper subset, we shall consider one more example to see what these concepts tell us, as
well as what they do not tell us. Following this example, the proof of our first theorem for
this chapter will be fairly straightforward — because it readily follows from some of these
ideas.

LetU ={1,2,3,4,5,6, x, y, {1, 2}, {1, 2, 3}, {1, 2, 3, 4}} (where x, y are the 24th, 25th

EXAMPLE 3.5 lowercase letters of the alphabet and do not represent anything else, such as 3, 5, or {1, 2}).
Then [U| = 11.
a) If A = {1, 2, 3, 4}, then |A| = 4 and here we have
i) AcCu; i) Acu,; iii) A e,
iv) {A} CU; v) {A} CU; but vi) {A} ¢ .
b) NowletB = {5,6, x, y, A} = {5, 6, x, y, {1, 2, 3, 4}}. Then | B| = 5, not 8. And now
we find that
i) AeB; ii) {A} € B; and iii) {A} C B.
But
iv) {A} ¢ B;
v) A ¢ B (thatis, A is not a subset of B); and
vi) A ¢ B (thatis, A is not a proper subset of B).
THEOREM 3.1 Let A, B, C CU.
a)[fACBand BC C,thenA CC. b) fACBand BC C,then A CC.
¢c)IfACBand BCC,then A CC. d) f ACBand BCC,thenA CC.

Before we prove this theorem we want to recall acomment we made back in Section 2.5. It
concerns our coverage of the Rules of Universal Specification and Universal Generalization
and appears after Example 2.56. For now it is appropriate in this new area on set theory.
When we want to prove, for example, that x € A = x € C, we shall start by considering any
fixed but arbitrarily chosen element x in U — but we shall want this element x to be such
that “x € A” is a true statement (nof an open statement). Then we must show that this same
fixed but arbitrarily chosen element x is also in C. The proofs we present are consequently
referred to as element arguments. Always remember that in these proofs x represents a fixed
but arbitrarily chosen element of A — and though x is generic (since it is not a specifically
named element in A), it does remain the same throughout each proof.
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Proof: We shall prove parts (a) and (b) and leave the remaining parts for the exercises.

a) Toprove that A C C, we need to verify that forall x € U, if x € A thenx € C. We start
withanelement x from A.Since A C B, x € Aimpliesx € B.ThenwithB C C, x € B
implies x € C.So x € A implies x € C (by the Law of the Syllogism — Rule 2 in Table
2.19 —since x € A, x € B, and x € C are statements), and A C C.

b) Since A C B, if x € A then x € B. With B C C, it then follows that x € C,s0 A C C.
However, A C B = there exists an element b € B such that b ¢ A. Because B C C,
beB=beC. Thus ACC and there exists an element b€ C with b ¢ A, so
ACC.

Our next example involves several subset relations.

LetU = {1, 2, 3,4, 5} with A = {1, 2, 3}, B = {3, 4}, and C = {1, 2, 3, 4}. Then the fol-
lowing subset relations hold:

a) ACC b) ACC
¢) BCC dACA
e) BZA

f) A ¢ A (thatis, A is not a proper subset of A)

The sets A, B are just two of the subsets of C. We are interested in determining how
many subsets C has in total. Before answering, however, we need to introduce the set with
no members.

The null set, or empty set, is the (unique) set containing no elements. It is denoted by @ or { }.

We note that |#| = 0 but {0} # @. Also, ¥ # {@} because {@} is a set with one element,
namely, the null set.

The empty set satisfies the following property given in Theorem 3.2. To establish this
property we use the method of proof by contradiction (or reductio ad absurdum). Following
the proof of Theorem 2.4 (in Section 2.5), we said that in establishing a theorem by this
method, we assumed the negation of the result and arrived at a contradiction. In our prior
work (as found in Example 2.32 and the third proof of Theorem 2.4), we arrived at a
contradiction of the formr A —r or p(m) A —p(m), respectively — where —r was a premise
in Example 2.32 and p(m) a specific instance of the hypothesis in Theorem 2.4. In proving
Theorem 3.2 things are now a little different. This time we shall find ourselves denying (or
contradicting) an earlier result we have accepted as true, namely, the definition of the null
set.

THEOREM 3.2

For any universe U, let A CU. Then @ C A, and if A # @, then @ C A.
Proof: If the first result is not true, then @ §Z A, so there is an element x from the universe

with x € # but x ¢ A. But x € @ is impossible. So we reject the assumption § ¢ A and find
that @ C A. In addition, if A # @, then there is an element a € A (and a ¢ @), so ¥ C A.
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EXAMPLE 3.7

Definition 3.4

EXAMPLE 3.8

EXAMPLE 3.9

Returning now to Example 3.6 we determine the number of subsets of the set C = {1, 2,
3, 4}. In constructing a subset of C, we have, for each member x of C, two distinct choices:
Either include it in the subset or exclude it. Consequently, there are 2 X 2 X 2 X 2 choices,
resulting in 2* = 16 subsets of C. These include the empty set @ and the set C itself. Should
we need the number of subsets of two elements from C, the result is the number of ways
two objects can be selected from a set of four objects, namely, C(4, 2) or (3). As a result,
the total number of subsets of C, 2*, is also the sum (§) + (}) + (3) + (3) + (§), where the
first summand is for the empty set, the second summand for the four singleton subsets, the
third summand for the six subsets of size 2, and so on. S0 2* = Y "¢_, (7).

If A is a set from universe U, the power set of A, denoted P(A)," is the collection (or set)
of all subsets of A.

For the set C of Example 3.7, P(C) = {@, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1, 4}, {2, 3},
{2, 4}, {3, 4}, {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, C}.

For any finite set A with |A| = n > 0, we find that A has 2" subsets and that |P(A)| = 2".
For any 0 < k < n, there are (;;) subsets of size k. Counting the subsets of A according
to the number, &, of elements in a subset, we have the combinatorial identity

B +6)+ )+ + () = Tlaolf) =2 fornz0,

This identity was established earlier in Corollary 1.1(a). The presentation here is another
example of a combinatorial proof because the identity is established by counting the same
collection of objects (subsets of A) in two different ways.

A systematic way to represent the subsets of a given nonempty set can be accomplished
by using a coding scheme known as a Gray code. This is demonstrated in our next example.

Consider the binary strings (of 0’s and 1’s) in Fig. 3.1. In particular, examine the first column
of the strings in part (b). How did this column come about? First we see 0, then 1 —as in
part (a) of the figure. Then we see 1 followed by 0 — the reverse order (from bottom to top)
of the two binary strings in part (a). Once we obtain the first column for the binary strings
in part (b), we then list two 0’s followed by two 1’s.

Continuing with the strings in part (c) of the figure, now we concentrate on the first two
columns. The first four entries (binary strings of length 2) are precisely the four strings
in part (b). The last four entries (again, binary strings of length 2) are likewise the binary
strings in part (b) —now in reverse order (from bottom to top). For these eight strings of
length 2, we append O to the right of the first four and 1 to the right of the last four.

For each Gray code in parts (a), (b), (c) of the figure, as we go from one binary string (in
a column) to the next binary string (in that column), there is exactly one bit that changes.
For instance, in part (b), in going from 10 to 11, we find one change (from O to 1) in the
second position. Furthermore, for the third and fourth strings in part (c), as we go from

¥In some computer science textbooks the reader may find the notation 24 used for P(A).
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0 00| 0 ) 000 000 000
{x} 10 0 {x} 100 010 001
@ 1110 ix v} 110 011 101
01| o {y) 010 001 100
ol o ) o1 |1 {yz 011 101 110
110 (x) 11| 1 Xy, 2} 111 111 010
111 X, v} 10 | 1 ix 2} 101 110 011
01 iyl 00 | 1 2} 001 100 111

(b) (0 (d) (e) ()

Figure 3.1

110 to 010, there is exactly one change — from 1 to 0 in the first position. The fourth and
fifth strings have the one change from 0 to 1 — this time in the third position. Also notice
how the first and last strings for each code differ in the last position. Part (d) of the figure
demonstrates this for the strings of length 3.

This technique, for constructing a Gray code for the strings of length 2 from those of
length 1 and the strings of length 3 from those of length 2, is an example of a recursive
construction. (This idea will be examined in more detail in Section 4.2.)

When we examine each Gray code in parts (a), (b), (c) of Fig. 3.1, we see a listing of
subsets to the right of each of these codes. For example, in part (b), if we start with the set
A = {x, y} and keep the order of the elements fixed,” then we can list the subsets of A in
terms of binary strings of length 2. We write O for an element when it is not in the subset and
1 when it is. Hence the subset {x} is encoded as 10 because the “first” element x (of ordered
set A) is in the subset, while the “second” element y (of ordered set A) is not present —as
the 0, in 10, indicates. For part (c), the (ordered) set B = {x, y, z} has its eight subsets listed
next to the elements of the Gray code. As we go from one subset to the next (in a given
column), we see that there is exactly one change in the makeup of the subset. For instance,
in going from {x, y} (110) to {y} (010), exactly one element is deleted —as indicated by
the change from 1 to O in the first positions of 110 and 010. Likewise, as we go from {z}
(001) to @ (000), exactly one element is deleted — the change from 1 to 0, in the third bits
of 001 and 000, indicates this. Examining the change from {y, z} (011) to {x, y, z} (111),
we see that one new element is added — here it is x. The change from O to 1 as we go from
011 to 111 takes this into account.

Note that the first four subsets in part (c) are the four subsets in part (b). Further, the last
four subsets in part (c) come about from the same four subsets in part (b) — this time in
reverse order and with the element z included in each subset.

The recursive construction given here shows how we can continue to develop Gray codes
for binary strings of longer length. When this coding scheme was introduced — just prior
to the start of this example — we spoke of it as a Gray code, not as the Gray code. Other
Gray codes are possible. The code in part (e) of Fig. 3.1 provides a second Gray code for
the eight binary strings of length 3. Furthermore, if we no longer require the first and last
entries in a code to differ in only one position, then the code in part (f) of Fig. 3.1 would
also serve as a Gray code for the eight binary strings of length 3.

TOriginally we considered the elements of a set as unordered, so we are making an exception here. In textbooks
dealing with data structures, such ordered sets are often referred to as lists and one finds, for instance, the ordered
set {x, y, z} denoted by [x, y, z] or (x, y, z).
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EXAMPLE 3.10

EXAMPLE 3.11

The ability to count certain, or all, subsets of a given set provides a second approach for
the solution of two of our earlier examples.

In Example 1.14, we counted the number of (staircase) paths in the xy-plane from (2, 1) to
(7, 4) where each such path is made up of individual steps going one unit to the right (R)
or one unit upward (U). Figure 3.2 is the same as Fig. 1.1, where two of the possible paths
are indicated.

y y
4 4
3 3
2 2
1 1
X X
1 2 3 4 5 6 7 1 2 3 4 5 6 7
€)] R,U,RR,URRU (b) U,RRRUURR
Figure 3.2

The path in Fig. 3.2(a) has its three upward (U) moves located in positions 2, 5, and 8
of the list at the bottom of the figure. Consequently, this path determines the three-element
subset {2, 5, 8} of the set {1, 2, 3, ..., 8}. In Fig. 3.2(b) the path determines the three-
element subset {1, 5, 6}. Conversely, if we start, for example, with the subset {1, 3, 7} of
{1,2,3,..., 8]}, then the path that determines this subset is given by U, R, U, R, R, R,
U,R.

Consequently, the number of paths sought here equals the number of subsets A of

8 8!
{1,2,3,...,8}, where |A| = 3. There are (3)

" 315
as we found in Example 1.14.
If we had considered the moves R to the right, instead of the upward moves U, we would

have found the answer to be the number of subsets B of {1, 2, 3, ..., 8}, where |B| = 5.
8 8!
There are 5) = —— = 56 such subsets. (The idea presented here was examined earlier

= 56 such paths (and subsets),

513!
for the result developed in Table 1.4.)

In part (b) of Example 1.37 of Section 1.4 we learned that there are 26 compositions for the
integer 7 — that is, there are 26 ways to write 7 as a sum of one or more positive integers,
where the order of the summands is relevant. The result we obtained there used the binomial
theorem in conjunction with the answers for seven cases that were summarized in Table 1.9.
Now we shall obtain this result in a somewhat different and easier way.

First consider the following composition of 7:

1 + 1 4+ 1 4+ 1 4+ 1 4+ 1 + 1

\ \: A \:
1st plus 2nd plus R 5th plus 6th plus
sign sign sign sign

Here we have seven summands, each of which is 1, and six plus signs.
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For the set {1, 2, 3, 4, 5, 6} there are 2° subsets. But what does this have to do with the
compositions of 7?

Considerasubsetof {1, 2, 3, 4, 5, 6},say {1, 4, 6}. Now form the following composition
of 7:

T+ 4+ 1 4+ 0+ + Q+10

A \: A
ist plus 4th plus 6th plus
sign sign sign

Here the subset {1, 4, 6} indicates that we should place parentheses around the 1’s on either
side of the first, fourth, and sixth plus signs. This results in the composition

2414242

If the same way we find that the subset {1, 2, 5, 6} indicates the use of the first, second,
fifth, and sixth plus signs, giving us

a+1 + 1D + 1 4+ A+ 1 +1

A \ A \
istplus  2nd plus 5th plus  6th plus
sign sign sign sign

or the composition 3 + 1 + 3.
Going in reverse we see that the composition 1 + 1 4+ 5 comes from

I+14+AQ+1+14+141)

and is determined by the subset {3, 4, 5, 6} of {1, 2, 3, 4, 5, 6}. In Table 3.1 we have listed
six compositions of 7 along with the corresponding subset of {1, 2, 3, 4, 5, 6} that deter-
mines each of them.

Table 3.1
Composition of 7 Determining Subset of {1, 2, 3, 4, 5, 6}
@) l+14+14+14+1+1+1 () )
(ii) I14+24+1+141+1 (ii) {2}
(iii) 1+14+3+1+1 (iii) {3, 4}
(iv) 2+3+2 (iv) {1,3,4,6}
(v) 443 (v) {1,2,3,5, 6}
(vi) 7 (vi) {1,2,3,4,5,6}

The examples we have obtained here indicate a correspondence between the composi-
tions of 7 and the subsets of {1, 2, 3, 4, 5, 6}. Consequently, once again we find that there
are 2 compositions of 7. In fact, for each positive integer m, there are 2"~ compositions
of m.

Out next example yields another important combinatorial identity.

For integers n, r withn >r > 1,

("7=0)=(")
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EXAMPLE 3.13

Although this result can be established algebraically from the definition of (',’) as
n!/(r!(n —r)!), we use a combinatorial approach. Let A = {x, a;, az, . .., a,} and con-
sider all subsets of A that contain r elements. There are (" ") such subsets. Each of these
falls into exactly one of the following two cases: those subsets that contain the element x
and those that do not. To obtain a subset C of A, where x € C and |C| = r, place x in C and
then select r — 1 of the elements a, az, . . ., a,. This can be done in (, " ,) ways. For the
other case we want a subset B of A with |B| =r and x ¢ B. So we select r elements from
among ay, dy, . . ., a,, which we can do in (',') ways. It then follows by the rule of sum that

(D=0 +Gm)

Before we proceed any further let us reconsider the result of Example 3.12, but this time
we shall do it in light of what we learned in Example 3.10.

Once again we let n, r be positive integers where n >r > 1. Then (” j“ ') counts the
number of (staircase) paths in the xy-plane from (0, 0) to (n + 1 —r, r), where, as in
Example 3.10, each such path has

n+1)—r

r vertical moves of the form (x, y) — (x, y + 1).

horizontal moves of the form (x, y) - (x + 1, y), and

The last edge in each of these (staircase) paths terminates at the point (n + 1 —r, r) and
starts at either (i) the point (n — r, r) or (ii) the point (n +1 —r, r — 1).

In case (i) we have the last edge horizontal, namely, (n —r,r) - (n + 1 —r, r); the
number of (staircase) paths from (0, 0) to (n —r, r) is (" =] ") = (%). For case (ii) the
last edge is vertical, namely, (n +1 —r, r — 1) — (n 4+ 1 — r, r); the number of (staircase)
paths from (0,0)to (n +1 —r, r — 1)is (" *' 75727 ¢=D) = (7). Since these two cases
exhaust all possibilities and have nothing in common, it follows that

(7)=0)=(")
r r r—1
We now investigate how the identity of Example 3.12 can help us solve Example 1.35,
where we sought the number of nonnegative integer solutions of the inequality x; + x +
-+ x6 < 10.
For each integer k, 0 < k <9, the number of solutions to x; +x, + -+ +x¢ =k is

(°T%=1) = (°1*). So the number of nonnegative integer solutions to x; +xz + - - - + x6 <
10is
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EXAMPLE 3.14 1;11';1283.3 we find a part of the useful and interesting array of numbers called Pascal’s

(n=0)

(n="1

(n=2)

(n=3)

(n=4)

s ()
Figure 3.3

Note that in this partial listing the two triangles shown satisfy the condition that the
binomial coefficient at the bottom of the inverted triangle is the sum of the other two terms
in the triangle. This result follows from the identity in Example 3.12.

When we replace each of the binomial coefficients by its numerical value, the Pascal
triangle appears as shown in Fig. 3.4.

(n=0) 1

(n=1) 1 1
(n=2) 1 2 1
(n=3)

(n=4)

(n=15) 1

Figure 3.4

There are certain sets of numbers that appear frequently throughout the text. Conse-
quently, we close this section by assigning them the following designations.

a) Z = the set of integers = {0, 1, -1, 2, -2,3,-3,...} ' -
b) N = the set of nonnegative integers or natural numbers = {0, 1, 2,3, .. .}

¢) Z* = the set of positive integers = {1,2,3,...}={x e Z|x >0}

d) Q = the set of rational numbers = {a/bla, b€ Z, b # 0}

€) QT = the set of positive rational numbers = {r € Q|r > 0}

f) Q* = the set of nonzero rational numbers

g) R = the set of real numbers
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h) R = the set of positive real numbers §
i) R* = the set of nonzero real numbers
§) C = the set of complex numbers = {x + yi | x, y € R, i? = ~1}

k) C* = the set of nonzero complex.nimbers

D) ForeachneZt, Z, =

0,1,2....,n~1}

m) For real numbers g, bwitha < b,[a,bl={xeR|a<x <b},
(a.b)={xeRla<x<blag,b)={xeRla<x<b},
(a, b] = {x € R | a < x < b}. The first set is called a closed interval, the second
set an open interval, and the other two sets half-open intervals.

EXERCISES 3.1

1. Which of the following sets are equal?
a) {1, 2,3} b) {3,2,1, 3}
© {3,1,2,3} d) {1,2,2,3}

2. Let A = {1, {1}, {2}}. Which of the following statements
are true?

a)leA b) {1}€ A
ofl}jcA d {1} cA
e {2}eA f) {21cA
g {21cA h) {{2}}cA

3. For A = {1, 2, {2}}, which of the eight statements in Exer-
cise 2 are true?

4. Which of the following statements are true?

a) el b) C@ c) PP
d) 9 € {9} e) ¥ C {0} f) 0 C {9}

5. Determine all of the elements in each of the following sets.
a) {I+(-D"neN}

b) {n+ (1/n)|ne{l,2,3,5,7}}
¢) {n*+n*neio,1,2,3,4}}

6. Consider the following six subsets of Z.
A={2m+1lmel} B={2n+3|neZ}
C={2p—-3|peZ} D={3r+1|reZ}
E={3s+2|seZ} F={3t-2|teZ}

Which of the following statements are true and which are false?
a) A=B b) A=C ¢) B=C
d) D=F e D=F f) E=F

7. Let A, B be sets from a universe U. (a) Write a quan-
tified statement to express the proper subset relation A C B.
(b) Negate the result in part (a) to determine when A ¢ B.

8. For A ={1, 2,3,4,5, 6, 7}, determine the number of
a) subsets of A
b) nonempty subsets of A

¢) proper subsets of A

d) nonempty proper subsets of A

e) subsets of A containing three elements

f) subsets of A containing 1, 2

g) subsets of A containing five elements, including 1, 2
h) subsets of A with an even number of elements

i) subsets of A with an odd number of elements

9. a) If a set A has 63 proper subsets, what is |A|?
b) If a set B has 64 subsets of odd cardinality, what s | B|?
¢) Generalize the result of part (b)

10. Which of the following sets are nonempty?

a) {xlxeN,2x+7 =3}

b) (xe€eZ|{3x+5=9}

¢) {x|]x€Q, x*+4 =06}

d) {xeR|x*+4 =6}

e) (xeR|x*+3x+3=0}

f) {x|xeC, x*+3x+3 =0}
11. When she is about to leave a restaurant counter, Mrs. Al-
banese sees that she has one penny, one nickel, one dime, one
quarter, and one half-dollar. In how many ways can she leave
some (at least one) of her coins for a tip if (a) there are no re-

strictions? (b) she wants to have some change left? (c) she wants
to leave at least 10 cents?

12. LetA=1{1,2,3,4,5,7,8,10, 11, 14, 17, 18}.
a) How many subsets of A contain six elements?

b) How many six-element subsets of A contain four even
integers and two odd integers?

¢) How many subsets of A contain only odd integers?

13. Let S = {1, 2,3, ..., 29, 30}. How many subsets A of §

satisfy (a) |[A| =57 (b) |A| =5 and the smallest element in A

is 5?7 (c) |A| = 5 and the smallest element in A is less than 5?

14. a) How many subsets of {1, 2, 3, ..., 11} contain at least
one even integer?



b) How many subsets of {1, 2, 3, ..., 12} contain at least
one even integer?

¢) Generalize the results of parts (a) and (b).

15. Give an example of three sets W, X, Y such that W € X
and XeYbutW¢Y.

16. Write the next three rows for the Pascal triangle shown in
Fig. 3.4

17. Complete the proof of Theorem 3.1.

18. For sets A, B, C C 9, prove or disprove (with a counter-
example), the following: If AC B, BZ C,then A € C.

19. In part (i) of Fig. 3.5 we have the first six rows of Pascal’s
triangle, where a hexagon centered at 4 appears in the last three
rows. If we consider the six numbers (around 4) at the vertices of
this hexagon, we find that the two alternating triples — namely,
3,1,10and 1, 5,6 —satisfy3-1-10=30=1-5 - 6. Part (ii)
of the figure contains rows 4 through 7 of Pascal’s triangle. Here
we find a hexagon centered at 10, and the alternating triples
at the vertices —in this case, 4, 10, 15 and 6, 20, 5— satisfy
4.10-15=600=6-20-5.

a) Conjecture the general result suggested by these two

examples.

b) Verify the conjecture in part (a).

1 2 1
1 3
1 4
1 5 10 1
0]
13 3 1

Figure 3.5
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20. a) Among the strictly increasing sequences of integers that
start with 1 and end with 7 are:

i 1,7 ii) 1,3,4,7 iii) 1,2,4,5,6,7
How many such strictly increasing sequences of integers
start with 1 and end with 7?

b) How many strictly increasing sequences of integers start
with 3 and end with 9?

¢) How many strictly increasing sequences of integers start
with 1 and end with 37? How many start with 62 and end
with 982

d) Generalize the results in parts (a) through (c).

21. One quarter of the five-element subsets of {1, 2, 3, . .., n}
contain the element 7. Determine n (> 5).

22. For a given universe U, let A CAU where A is finite
with |[P(A)| = n. If B €U, how many subsets does B have,
if () B=AU{x}, where xeU — A? (b) B=AU {x, y},
where x,ye WU — A? (c) B=AU{xy, x,, ..., x}, where
X],.sz,...,kaOu—A?

23. Determine which row of Pascal’s triangle contains three
consecutive entries that are in the ratio 1 : 2 : 3.

24, Use the recursive technique of Example 3.9 to develop a
Gray code for the 16 binary strings of length 4. Then list each
of the 16 subsets of the ordered set {w, x, y, z} next to its cor-
responding binary string.

25. Suppose that A contains the elements v, w, x, y, z and no
others. If a given Gray code for the 32 subsets of A encodes the
ordered set {v, w} as 01100 and the ordered set {x, y} as 10001,
write A as the corresponding ordered set.

26. For positive integers n, r show that
(n+r+1) <n+r) <n+r—1)
= B B
r r r—1
n+2 n+1 n
(37 6)
n+r n+r—1
-()+ ()
n n
n+2 n+1 n
+ + + .
n n n

27. In the original abstract set theory formulated by Georg Can-
tor (1845-1918), a set was defined as “any collection into a
whole of definite and separate objects of our intuition or our
thought.” Unfortunately, in 1901, this definition led Bertrand
Russell (1872-1970) to the discovery of a contradiction —are-
sult now known as Russell’s paradox — and this struck at the
very heart of the theory of sets. (But since then several ways
have been found to define the basic ideas of set theory so that
this contradiction no longer comes about.)

Russell’s paradox arises when we concern ourselves with
whether a set can be an element of itself. For example, the set
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of all positive integers is not a positive integer—or Z* ¢ Z*. a) Write a computer program (or develop an algorithm) to
But the set of all abstractions is an abstraction. generate a random six-element subset of A.
Now in order to develop the paradox let S be the set of b) For B = {2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37},

all sets A that are not members of themselves —that is, § =
{AlAisaset A A ¢ A}

write a computer program (or develop an algorithm) to gen-
erate a random six-element subset of A and then determine

a) Show thatif S € S, then S ¢ S. whether it is a subset of B.
b) Show thatif S ¢ S, then S € S. 29. Let A ={1,2,3,...,7}. Write a computer program (or
The results in parts (a) and (b) show us that we must avoid develop an algorithm) that lists all the subsets B of A, where
trying to define sets like S. To do so we must restrict the types |B| = 4.
of elements that can be members of a set. (More about this is 30. Write a computer program (or develop an algorithm) that
mentioned in the Summary and Historical Review in Section lists all the subsets of {1, 2, 3, ..., n}, where 1 <n < 10. (The
3.8) value of n should be supplied during program execution.)

28. LetA={1,2,3,...,39,40}.

3.2

Set Operations and the Laws of Set Theory

Definition 3.5

EXAMPLE 3.15

After learning how to count, a student usually faces methods for combining counting num-
bers. First this is accomplished through addition. Usually the student’s world of arithmetic
revolves about the set Z™ (or a subset of Z™ that can be spoken and written about, as well
as punched out on a hand-held calculator) wherein the addition of two elements from Z*
results in a third element of Z*, called the sum. Hence the student can concentrate on addi-
tion without having to enlarge his or her arithmetic world beyond Z™. This is also true for
the operation of multiplication.

The addition and multiplication of positive integers are said to be closed binary op-
erations on Z*. For example, when we compute a + b, for a, b € Z*, there are two
operands, namely, a and b. Hence the operation is called binary. And since a + b € Z*
when a, b € Z*, we say that the binary operation of addition (on Z*) is closed. The binary
operation of (nonzero) division, however, is not closed for ZT — we find, for example, that
1/2(=1+2) ¢ Z*, eventhough 1, 2 € Z*. Yet this operation is closed when we consider
the set Q7 instead of the set Z*.

We now introduce the following binary operations for sets.

For A, B, C AU we define the following:

a) A U B (the union of A and B) = {x|x € AV x € B}.
b) A N B (the intersection of A and B) = {x|x € A A x € B}.

¢) A A B (the symmetric differenceof Aand B) = {x|(x e AVx€B)Ax ¢ ANB} =
{xlxe AUBAXx¢ANB}.

Note thatif A, B U,then AU B, AN B, A A B CAl.Consequently, U, N, and A are
closed binary operations on % (), and we may also say that P (°U) is closed under these
(binary) operations.

withaw ={1,2,3,...,9,10}, A={1,2,3,4,5}, B=1{3,4,5,6,7},and C = {7, 8, 9},
we have:

a) ANB ={3,4,5)} b) AUB={1,2,3,4,5,6,7}
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¢) BNC = {7} d) ANC=0¢
@ AAB=({1,2,6,7) f) AUC=1{1,2,3,4,5,7,8,9)
g AAC=1{1,23,4,57,8,9)

In Example 3.15 we see that AN B € A € A U B. This result is not special for just this
example but is true in general. The result follows because

x€EANB=(x€eAAxeEB)=x€eA

(by the Rule of Conjunctive Simplification — Rule 7 of Table 2.19), and
x€EA=>(x€eAVxeB)=>x€AUB

(where the first logical implication is a result of the Rule of Disjunctive Amplification —

Rule 8 of Table 2.19).

Motivated by parts (d), (f), and (g) of Example 3.15, we introduce the following general
ideas.

Let S, T C 9. The sets S and T are called disjoint, or mutually disjoint, when SN T = @.

THEOREM 3.3

If S, T C U, then S and T are disjointif and only if SUT = S A T.

Proof: We start with S, T disjoint. (To prove that SUT = S A T we use Definition 3.2.
In particular, we shall provide two element arguments, one for each inclusion.) Consider
each x in U. If xe SUT, then x € S or x € T (or perhaps both). But with S and T
disjoint, x ¢ SNT so x € S A T. Consequently, because x € SUT implies x e SA T,
we have SUT € S A T. For the opposite inclusion, if ye SA T, then ye Sor yeT.
(Buty ¢ SN T; we don’t actually use this here.) Soy € SUT. Therefore SAT CSUT.
And now that wehave SUT CSA T and SAT C SUT, it follows from Definition 3.2
that SAT =SUT.

We prove the converse by the method of proof by contradiction. To do so we consider
any S, T C U and keep the hypothesis (that is, that SUT = § A T) as is, but we assume
the negation of the conclusion (that is, we assume that S and T are not disjoint). So if
SNT #P,letxe SNT.Thenxe Sandx € T,sox € SUT and

xeSAT(=SUT).
But whenx €e SUT and x € SN T, then
x¢SAT.

From this contradiction—namely, x € S AT A x ¢ S A T — we realize that our original
assumption was incorrect. Consequently, we have S and T disjoint.

In proving the first part of Theorem 3.3 we showed that if S, T are any sets, then
S AT C SUT. The disjointness of S and T was needed only for the opposite inclusion.

After mastering the skill of addition, one usually comes next to subtraction. Here the set
N causes some difficulty. For example, N contains 2 and S but 2 —5 = -3, and -3 ¢ N.
Therefore the binary operation of subtraction is not closed for N, although it is closed for
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the superset Z of N. So for Z we can introduce the unary, or monary, operation of negation
where we take the “minus” or “negative” of a number such as 3, getting —3.
We now introduce a comparable unary operation for sets.

Definition 3.7 Foraset A C 9L, the complement of A, denoted W — A, or A, is givenby {x|x € U A x ¢ A}.
EXAMPLE 3.16 For the sets of Example 3.15, A = {6, 7, 8,9, 10}, B={1,2,8,9, 10},and C = {1, 2, 3,
4,5, 6, 10}.
For every universe A and every set A CAl, we find that A C QL. Therefore P (W) is
closed under the unary operation defined by the complement.
The following concept is related to the concept of the complement.
Definition 3.8 For A, B C U, the (relative) complement of A in B, denoted B — A, is given by
{x]lxe BAx & A}.
EXAMPLE 3.17 For the sets of Example 3.15 we have:
a) B—A={6,7} b) A—B={1, 2} 0)A-C=A
dC-A=C A—A=0 f)uU-A=4
In order to motivate our next theorem, we first consider the following.
EXAMPLE 3.18 ForU = R, let A = [1, 2] and B = [1, 3). Then we find that
a) A={x|1<x=<2}C{x|l<x<3}=B
b) AUB={x|]1<x<3}=B
c) ANB={x|1<x<2}=A
d) B = (00, ) U[3, +00) S (=00, ) U (2, +00) = A
This next theorem now shows us that the four results in Example 3.18 are related in
general. In order to prove this theorem we again make use of Definition 3.2, as we discover
the interplay between the notions of subset, union, intersection, and complement.
THEOREM 3.4 For any universe U and any sets A, B C 9, the following statements are equivalent:

a) ACB b) AUB=B
) ANB=A d) BCA
Proof: In order to prove the theorem, we prove that (a) = (b), (b) = (c), (¢) = (d), and

(d) = (a). (The reason this suffices to prove this theorem is based on the idea presented in
Exercise 13 at the end of Section 2.2.)
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i) (= (b) IfA, Bareanysets,then B C A U B (as mentioned after Example 3.15).
For the opposite inclusion, if x € A U B, then x € A or x € B, but since A C B, in
either case we have x € B. So A U B C B and, since we now have both inclusions,
it follows (once again from Definition 3.2) that A U B = B.

ii) (b) = (c) Given sets A, B, we always have A 2 A N B (as mentioned after Ex-
ample 3.15). For the opposite inclusion, let y e A. With AUB =B, yc A=>ye
AUB=yeB(sinccAUB=B)=yeANB,so A< AN B and we conclude
that A= ANB.

iii) (c) = (d) We know that z € B = z ¢ B. Now if z€ AN B, then z € B, since
AN B C B. The contradiction —namely, z ¢ B Az € B—tellsus that z ¢ AN B.
Therefore, z ¢ A because ANB =A.Butz¢ A= z€ A,s0 BCA.

iv) ()= (@) Last,we A= w¢ A.Ifw¢ B, thenw € B. With B C A it then follows
that w € A. This time we get the contradiction w ¢ A A w € A, and this tells us that
w € B. Hence A C B.

With a bit of theorem proving under our belts, we now introduce some of the major laws
that govern set theory. These bear a marked resemblance to the laws of logic given in Section
2.2. In many instances these set theoretic laws are similar to the arithmetic properties of the
real numbers, where “U” plays the role of “+” and “N” the role of “X.” However, there are
several differences.

The Laws of Set Theory
For any sets A, B, and C taken from a universe U

DA=A Law of Double Complement

2)AUB=ANE - DeMorgan’s Laws
ANB=AUB

3) AUB=BUA Commutative Laws
ANB=BNA

4H AUBUO)=(AUBUC Associative Laws

ANBNC)=ANBINC
5 AUBNCY=(AUB)N(AUC) Distributive Laws
ANBUC)=(ANBYUANC)

6) AUA=A Idempotent Laws
ANA=A <

7 AUB=A Identity Laws
ANY=A4A

8) AUA=0 Inverse Laws
ANA=0

9 AU =9 Domination Laws
ANG=9

10) AU(ANB)=A Absorption Laws

AN(AUB)=A
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All these laws can be established by element arguments, as in the first part of the proof
of Theorem 3.3. We demonstrate this by establishing the first of DeMorgan’s Laws and the
second Distributive Law, that of intersection over union.

Proof: Let x € U. Then
x€eAUB=>x¢AUB
=x¢Aandx ¢ B
=xecAandxeB
=xeANB,
so AU B C A N B. To establish the opposite inclusion, we check to see that the converse of

each logical implication is also a logical implication (that is, that each logical implication
is, in fact, a logical equivalence). As a result we find that

xeANB=>xecAandx e B
=x¢Aandx ¢ B
=>x¢AUB
=xcAUB.

Therefore AN B C A U B. Consequently, with A U B C ANBandANB C A U B,itfol-
lows from Definition 3.2 that AU B = A N B.

In our second proof, we shall establish both subset relations simultaneously by using the
logical equivalence (<) as opposed to the logical implications (= and <«).

Proof: For each x € U,
xeAN(BUC)< (x€A)and (x e BUCQC)
< (xeAand(xe Borxe(C)

< (xeAandxeB)or(xe Aandx € C)
< (xeANB)or(xe ANC)
SSxe(ANB)UANC).

As we have equivalent statements throughout, we have established both subset relations
simultaneously, so AN (B U C) = (AN B) U (ANC). (The equivalence of the third and
fourth statements follows from the comparable principle in the laws of logic — namely, the
Distributive Law of conjunction over disjunction.)

The reader undoubtedly expects the pairing of the laws in items 2 through 10 to have
some importance. As with the laws of logic, these pairs of statements are called duals. One
statement can be obtained from the other by replacing all occurrences of U by N and vice
versa, and all occurrences of U by ¥ and vice versa.

This leads us to the following formal idea.

Let s be a (general) statement dealing with the equality of two set expressions. Each such
expression may involve one or more occurrences of sets (such as A, A, B, B, etc.), one or
more occurrences of @ and U, and only the set operation symbols N and U. The dual of s,
denoted s is obtained from s by replacing (1) each occurrence of @ and U (in s) by U and
@, respectively; and (2) each occurrence of N and U (in s) by U and N, respectively.
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As in Section 2.2, we shall state and use the following theorem. We shall prove a more
general result in Chapter 15.

THEOREM 3.5

EXAMPLE 3.19

The Principle of Duality. Let s denote a theorem dealing with the equality of two set
expressions (involving only the set operations N and U as described in Definition 3.9). Then
59, the dual of s, is also a theorem.

Using this principle cuts our work down considerably. For each pair of laws in items
2 through 10, one need prove only one of the statements and then invoke this principle to
obtain the other statement in the pair.

We must be careful about applying Theorem 3.5. This result cannot be applied to par-
ticular situations but only to results (theorems) about sets in general. For example, let
us consider the particular situation where U = {1, 2, 3,4, 5} and A ={1,2, 3,4}, B =
{1,2, 3,5}, C ={1, 2}, and D = {1, 3}. Under these circumstances

ANB={1,2,3}=CUD.

However, we cannot infer that s: ANB=CUD =s% AUB=CND. For here
AUB ={1, 2,3, 4,5}, whereas C N D = {1}. The reason why Theorem 3.5 is not appli-
cable here is that although AN B = C U D in this particular example, it is not true in
general (that is, for any sets A, B, C, and D taken from a universe U).

Inasmuch as Definition 3.9 and Theorem 3.5 do not mention anything about subsets, can
we find a dual for the statement A C B (where A, B CAU)?

Here we get an opportunity to use some of the results in Theorem 3.4. We can deal with
the statement A C B by using the equivalent statement A U B = B.

Thedualof AU B = Bgivesus AN B = B.But AN B = B < B C A.Consequently,
the dual of the statement A C B is the statement B C A. (We could also have obtained this
resultbyusing AC B> ANB=A.)

When we consider the relations that may exist among the sets that are involved in a
set-equality or subset statement, we can investigate the situation graphically.

Named in honor of the English logician John Venn (1834-1923), a Venn diagram is
constructed as follows: AU is depicted as the interior of a rectangle, while subsets of AU
are represented by the interiors of circles and other closed curves. Figure 3.6 shows four
Venn diagrams. The (blue) shaded region in Fig. 3.6(a) represents the set A, whereas A is
represented by the unshaded area. The shaded region in Fig. 3.6(b) comprises A U B; the
set A N B is represented by the shaded region in Fig. 3.6(c). The Venn diagram for A — B
is given in part (d) of this figure.

In Fig. 3.7 Venn diagrams are used to establish the second of DeMorgan’s Laws. Figure
3.7(a) has everything except A N B shaded, so the shaded portion represents A N B. We
now develop a Venn diagram to depict A U B. In Fig. 3.7(b), A is the shaded region (outside
the circle representing set A). Likewise, B is the shaded region shown in Fig. 3.7(c). When
the results from Fig. 3.7(b) and Fig. 3.7(c) are put together, we get the Venn diagram for
their union in Fig. 3.7(d). Since the shaded region in part (d) is the same as that in part (a),
it follows that AN B = A U B.
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We further illustrate the use of these diagrams by showing that for any sets A, B, C C AU,
(AUB)NC=(ANB)UC.

Instead of shading regions, another approach that also uses Venn diagrams numbers the
regions as shown in Fig. 3.8 where, for example, region 3 is A N B N C and region 7 is
AN BN C. Each region is a set of the form S; N S, N S3, where S; is replaced by A or
A, S, by B or B, and S3 by C or C. Consequently, by the rule of product, there are eight
possible regions.

Consulting Fig. 3.8, we see that A U B comprises regions 2, 3, 5, 6, 7, 8 and that regions
4, 6,7, 8 make up set C. Therefore (A U B) N C comprises the regions common to A U B
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/S
(X

and C: namely, regions 6, 7, 8. Consequently, (A U B) N C is made up of regions 1, 2, 3, 4,
5. The set A consists of regions 1, 3, 4, 6, while regions 1, 2, 4, 7 make up B. Consequently,
A N B comprises regions 1 and 4. Since regions 4, 6, 7, 8 comprise C, the set C is made
up of regions 1, 2, 3, 5. Taking the union of A N B with C, we then finish with regions 1,
2,3,4,5,aswedid for(AUB)NC.

One more technique for establishing set equalities is the membership table. (This method
is akin to using the truth table introduced in Section 2.1.)

We observe that for sets A, B C 9, an element x € AU satisfies exactly one of the fol-
lowing four situations:

a)x¢A, x¢B b) x¢ A, x € B.
¢c)xeA x¢B d) xe A, xeB.

When x is an element of a given set, we write a 1 in the column representing that set in
the membership table; when x is not in the set, we enter a 0. Table 3.2 gives the membership
tables for AN B, A U B, A in this notation. Here, for example, the third row in part (a) of
the table tells us that when an element x € AU is in set A but not in B, thenitisnotin A N B
butitisin A U B.

Table 3.2

A|B| ANB | AUB Al A
00 0 0 01
01 0 1 110
110 0 1

1 1 1 1

@ (b)

These binary operations on 0 and 1 are the same as in ordinary arithmetic (relative to -
and +) exceptthat 1U 1 = 1.

Using membership tables, we can establish the equality of two sets by comparing their
respective columns in the table. Table 3.3 demonstrates this for the Distributive Law of
union over intersection. We see here how each of the eight rows corresponds with exactly
one of the eight regions in the Venn diagram of Fig. 3.8. For example, row 1 corresponds
with region 1: A N B N C; and row 6 corresponds with region 7: AN B N C.
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EXAMPLE 3.20

Table 3.3
A|B|C|BNC | AUuBNC) | AUB | AUC | (AUB)N(AUC)
001} O 0 0 0 0 0
0|01 0 0 0 1 0
0110 0 0 1 0 0
0|11 1 1 1 1 1
11010 0 1 1 1 1
11011 0 1 1 1 1
11110 0 1 1 1 1
1]17]1 1 1 1 1 1
1 i)

Since these columns are identical, we conclude
that AU(BNC)=(AUB)N(AUOC).

Before we continue let us make two points. (1) A Venn diagram is simply a graphical
representation of a membership table. (2) The use of Venn diagrams and/or membership
tables may be appealing, especially to the reader who presently does not appreciate writing
proofs. However, neither one of these techniques specifies the logic and reasoning displayed
in the element arguments we presented, for instance, to prove that for any A, B, C C U,

AUB=ANB, and AN(BUC)=(ANB)U(ANC).

We feel that Venn diagrams may help us to understand certain mathematical situations
— but when the number of sets involved exceeds three, the diagram could be difficult to
draw.

In summary, let us agree that the element argument (especially with its detailed explana-
tions) is more rigorous than these two techniques and is the preferred method for proving
results in set theory.

Now that we have the laws of set theory, what can we do with them? The following
examples will demonstrate how the laws are used to simplify a complicated set expression
or to derive new set equalities. (When more than one law is used in a given step, we list the
principal law as the reason.)

Simplify the expression (A U B) N C U B.

(AUB)NCUB Reasons

=(AUB)NC)NB DeMorgan’s Law
=(AUB)NC)NB Law of Double Complement
=(AUB)N(CNB) Associative Law of Intersection
=(AUB)N(BNC) Commutative Law of Intersection
=[(AUB)NBINC Associative Law of Intersection
=BNC Absorption Law

The reader should note the similarity between the steps and reasons in this example and
those for simplifying the statement

=[=[(pVag) Ar]V —q]
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to the statement
q AT

in Example 2.17.

Express A — B interms of U and .
EXAMPLE 3.21 [l)from the definition of relative complement, A — B = {x|x€ AAx ¢ B} =ANB.
Therefore,
A—-B=ANB Reasons
=AUB DeMorgan’s Law
=AUB Law of Double Complement
From the observation made in Example 3.21, we have A A B =
EXAMPLE 3.22 {xlxe AUBAXx¢ANB}=(AUB)—(ANB)=(AUB)N(ANB), so
AAB=(AUB)N(ANB) Reasons
=(AUB)U(ANB) DeMorgan’s Law
=(AUB)U(ANB) Law of Double Complement
=(ANB)U(AUB) Commutative Law of U
=(ANB)U(ANB) DeMorgan’s Law
=[(ANB)UA]N[(AN B)UB] Distributive Law of U over N
=[(AUA)YN(BUA)] N[(AUB)N (BUB)] Distributive Law of U over N
=[N (BUAIN[(AUB)NU] Inverse Law
=(BUA)N(AUB) Identity Law
=(AUB)N(AUB) Commutative Law of U
=(AUB)N(ANB) DeMorgan’s Law
=AAB
=(AUB)N(AUB) Commutative Law of N
=(AUB)N(ANB) DeMorgan’s Law
=AAB
In closing this section we extend the set operations of U and N beyond three sets.
Definition 3.10 Let I be a nonempty set and U a universe. For each i € I let A; C . Then I is called an

index set (or set of indices), and each i € [ is called an index.
Under these conditions,

L{A, = {x|x € A, foratleastonei €[}, and
IS

N A ={x|xeA; foreveryiel}.

iel
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We can rephrase Definition 3.10 by using quantifiers:
xeL%Mc#EGIUGAJ xerymc:WeIQGAo
1S 1€
Then x ¢ Ui/ A; <= —[Fiel(xe Al <= Viel(x ¢ A;); that is, x ¢ U;c; A; if and
only if x € A; for every index i € I. Similarly, x € N,c;A; <=~ [Vie I(x € A)] &
Jdi € I(x € A;); thatis, x € N A; if and only if x € A; for at least one index i € I.

If the index set [ is the set ZT, we can write

Cs

=3
UAi=A1UA2U~~~= A,', ﬂA[—_-A]nAzm"'=ﬂA[.
ieZt iel* i=1

[

Let 1 ={3,4,5,6,7)}, and for each i €I let A; ={1,2,3,...,i} CU =7Z". Then
EXAMPLE 3-23 U[GIA,' = U;’=3A,' = {1, 2, 3, ceey 7} = A7, whereas n,'e[A,' = {1, 2, 3} = A3.
= = + + = | — =
EXAMPLE 3.24 Let U -R and I = R*. If for each r e R™, A, =[—r, r], then U,c;A, =R and
NrerAr = {0}.

When dealing with generalized unions and intersections, membership tables and Venn
diagrams are unfortunately next to useless, but the rigorous element approach, as demon-
strated in the first part of the proof of Theorem 3.3, is still available.

THEOREM 3.6 Generalized DeMorgan’s Laws. Let I be an index set where for eachi € I, A; C 9. Then

aUa=N137 b) M A, =UH4
iel iel iel iel

Proof: We shall prove Theorem 3.6(a) and leave the proof of part (b) for the reader. For each
erIL,x_eUie,Ai Sx¢UggAi=xgA,foralliel < xe A, foralliel &
X € NierA;.

3. a) Determine the sets A, B where A — B = {1, 3,7, 11},
EXERCISES 3.2 B—A={2,6,8),and AN B = {4,9).

b) Determine the sets C, D where C — D = {1, 2,4},

1. For Uw={1,2,3,...,9,10} let A={1,2,3,4,5}, . ~
B={1,2,4,8,C={1,2,3,57), and D={2,4,6,8). b-C={7.8,andCUD={1,2,4,5,7,8,9}.
Determine each of the following: 4. Let A, B, C, D, E C Z be defined as follows:

a) (_A U_B) ne b) AUBNC) A = {2n|n € Z} —that is, A is the set of all (integer)

¢ CuD a9cnbD multiples of 2;

© AUB)-C HAVE-O B={nneZ;  C={4nneZ)
B-C)-D h) B—(C—-D

g) ( ) ) ( ) D ={6nln€Z}); and E = {8n|n € Z}.

i) (AUB)—(CND)

2. 1f A=0,3], B =[2,7), with U = R, determine each of a) Which of the following statements are true and which
the following: are false?

a) ANB b) AUB i) ECCCA ii) ACCCE
c) A d) AAB iii) BC D ivy DCB
e A—B f) B— A v) DCA vi DCA



b) Determine each of the following sets.
i)CNE ii) BUD iii) ANB
ivy BN D v) A vi) ANE

5. Determine which of the following statements are true and
which are false.

a) Z* Q' b) Z* CQ

¢) Q*cR d) R*CQ

e) Q*NR*=Q* f) Z* UR* = R*
g R"fNC=R* h) CUR=R

HQ NZ=12

6. Prove each of the following results without using Venn
diagrams or membership tables. (Assume a universe U.)

a)IffACBandC<C D, then ANCCBND and
AUCCBUD.

b) ACBifandonlyif ANB = 0.
¢) AC Bifandonlyif AU B =A.
7. Prove or disprove each of the following:
a) Forsets A, B, CCU,ANC=BNC=A=B.
b) Forsets A, B,CCU,AUC=BUC=A=B.

¢) Forsets A, B, C C U,
[ANC=BNC)YA(AUC=BUC)]=A=B.

d) Forsets, A, B,CCU, AAC=BAC=A=B.

8. Using Venn diagrams, investigate the truth or falsity of each
of the following, for sets A, B, C € AU.

a) AA(BNC)=(AAB)N(AAC)
b) A—(BUC)=(A—B)N(A-C)
) AA(BAC)=(AAB)YAC

9. IfA ={a,b,d}, B=1{d, x, y},andC = {x, z},how many
proper subsets are there for the set (A N B) U C? How many
for the set AN (BUC)?

10. For a given universal set U, each subset A of U satisfies
the idempotent laws of union and intersection. (a) Are there any
real numbers that satisfy an idempotent property for addition?
(That s, can we find any real number(s) x such thatx + x = x?)
(b) Answer part (a) upon replacing addition by multiplication.

11. Write the dual statement for each of the following set-
theoretic results.

a) UW=(ANB)U(ANB)UANB)U(ANB)
b) A=AN(AUB)

¢) AUB=(ANB)U(ANB)U(ANB)

d) A=(AUB)N(AUD)

12. Let A, B CU.Usetheequivalence AC B< ANB = A
toshow that the dual statementof A C B is the statement B C A.

13. Prove or disprove each of the following for sets A, B C U.
a) P(AU B) = P(A) UP(B)
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b) (AN B) = P(A) NP(B)

14. Use membership tables to establish each of the following:
a) ANB=AUB b) AUA=A
¢) AU(ANB)=A
d) (ANB)U(ANC)=(ANB)U(ANTC)

15. a) How many rows are needed to construct the membership
tablefor AN (BUC)N(DUEU F)?

b) How many rows are needed to construct the member-
ship table for a set made up from the sets A, Ay, ..., A,
using N, U, and ?

¢) Given the membership tables for two sets A, B, how
can the relation A C B be recognized?

d) Use membership tables s to determine whether or not
(ANB)U(BNC)2 AUB.

16. Provide the justifications (selected from the laws of set
theory) for the steps that are needed to simplify the set

(ANB)U[BN((CND)U(CND)]I,
where A, B, C, D C .

Steps Reasons
(ANB)U[BN((CND)U(CND))]
=(ANB)U[BN(CN(DUD))]
=(ANB)U[BN(CNU)]
=(ANB)U(BNCQC)
=(BNAYUBNC)
=BN(AUCQC)
17. Using the laws of set theory, simplify each of the following:
a) AN(B—-A)
b) (ANB)UANBNCND)U(ANB)
¢) (A-B)U(ANB)

d) AUBU(ANBNC)
18. ForeachneZ* let A, =1{1,2,3,...,n—
A = Z* and the index set I = Z*.) Determine
7 11 m m
Ua, Na, U4, and Na,
where m is a fixed positive integer.

19. Let U =R and let ] =Z*. For each n € Z" let A, =
[—2n, 3n]. Determine each of the following:

1, n}. (Here

a) A, b) A4
C) A3—A4 d) A3AA4
7 7
) L_J] A, £) Ol A,
o0
g U 4, h N a,
neZt n=1

20. Provide the details for the proof of Theorem 3.6(b).
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Counting and Venn Diagrams

EXAMPLE 3.25

With all of the theoretical work and theorem proving we did in the last section, now is a
good time to examine some additional counting problems.

For sets A, B from a finite universe AU, the following Venn diagrams will help us obtain
counting formulas for |A| and |A U B| in terms of ||, |A|, |B|, and |A N B|.

AsFig. 3.9 demonstrates, AU A = AU and A N A = @, so by the rule of sum, |A| + |A| =
[U| or |A| = [U| — |A|. The sets A, B, in Fig. 3.10, have empty intersection, so here the
rule of sum leads us to |A U B| = |A| + | B| and necessitates that A, B be finite but does
not require any condition on the cardinality of U.

a au

Figure 3.9 Figure 3.10

Turning to the case where A, B are not disjoint, we motivate the formula for |A U B|
with the following example.

In a class of 50 college freshmen, 30 are studying C++, 25 are studying Java, and 10 are
studying both languages. How many freshmen are studying either computer language?

We let AU be the class of 50 freshmen, A the subset of those students studying C++, and
B the subset of those studying Java. To answer the question, we need |A U B|. In Fig. 3.11
the numbers in the regions are obtained from the given information: |A| = 30, |B| = 25,
|A N B| = 10. Consequently, |A U B| =45 # 55 =30+ 25 = |A| + |B|, because |A| +
|B| counts the students in A N B twice. To remedy this overcount, we subtract |A N B|
from |A| + | B| to obtain the correct formula: |[A U B| = |A| + |B| — |A N B|.

U

Figure 3.11

If A and B are finite sets, then {A U B| = |A| + |B| — |A N B|. Consequently, finite
sets A and B are (mutually) disjoint if and only if |{A U B| = |A| +|B|.

In addition, when % is finite, from DeMorgan’s Law we have [A N B| = [AU B| =
U} - AU B} = ;oug - |{A}l - |B|+{ANB|.
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This situation extends to three sets, as the following example illustrates.

An AND gate in an ASIC (Application Specific Integrated Circuit) has two inputs: 1y, I,

and one output: O. (See Fig. 3.12). Such an AND gate can have any or all of the following
defects:

D;: The input I, is stuck at 0.
D,: The input I, is stuck at 0.
D;: The output O is stuck at 1.

au
I A B
: A
43
C
O
Figure 3.12 Figure 3.13

For a sample of 100 such gates we let A, B, and C be the subsets (of these 100 gates) hav-
ing defects D;, D,, and Ds, respectively. With |A| = 23, |B| =26, |C| =30, |AN B| =
7,|JANC| =8, |BNC|=10,and |[A N BN C| =3, how many gates in the sample have
at least one of the defects Dy, D,, D3?

Working backward from |[A N BN C| = 3to |A| = 23, we label the regions as shown in
Fig. 3.13 and find that [ AUBUC| = |[A| + |B| +|C| - |ANB| - |ANC|—=|BNC| +
[ANBNC|=23+426+30—7 -8 — 10 + 3 = 57. Thus the sample contains 57 AND
gates with at least one of the defects and 100 — 57 = 43 AND gates with no defect.

If A, B, C arefinite sets, then |[AUBUC| = |A]| +|B|+|C| - |ANB|—-|ANC| -
|IBNCl+]|ANBNC|.

From the formula for |A U B U C| and DeMorgan’s Law, we find that if the universe
% is finite, then [ANBNC|=|AUBUC|=|U|—-|AUBUC|=|U| - |A] —
|Bl = |CI+|ANB|+ANC|+|BNC|—-]ANBNC|.

We close this section with a problem that uses this last result.

A student visits an arcade each day after school and plays one game of either Laser Man,
Millipede, or Space Conquerors. In how many ways can he play one game each day so that
he plays each of the three types at least once during a given school week?

Here there is a slight twist. The set U consists of all arrangements of size 5 taken from
the set of three games, with repetitions allowed. The set A represents the subset of all
sequences of five games played during the week without playing Laser Man. The sets B
and C are defined similarly, leaving out Millipede and Space Conquerors, respectively.
The enumeration techniques of Chapter 1 give || = 3°, |A| = |B| = |C| =23, |ANB| =
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|[ANC|=|BNC|= 1° =1and |[AN BNC| =0, so by the preceding formula there are
[ANBNC|=3%-3-2543-15 -0 = 150 ways the student can select his daily games
during a school week and play each type of game at least once.

This example can be expressed in an equivalent distribution form, since we are seeking

the number of ways to distribute five distinct objects (Monday, Tuesday, .

.., Friday) among

three distinct containers (the computer games) with no container left empty. More will be

said about this in Chapter 5.

EXERCISES 3.3

1. During freshman orientation at a small liberal arts college,
two showings of the latest James Bond movie were presented.
Among the 600 freshmen, 80 attended the first showing and 125
attended the second showing, while 450 didn’t make it to either
showing. How many of the 600 freshmen attended twice?

2. A manufacturer of 2000 automobile batteries is concerned
about defective terminals and defective plates. If 1920 of her
batteries have neither defect, 60 have defective plates, and 20
have both defects, how many batteries have defective terminals?

3. A binary string of length 12 is made up of 12 bits (that is,
12 symbols, each of whichis a0 ora 1). How many such strings
either start with three 1’s or end in four 0’s?

4. Determine |A U BU C| when |A| = 50, |B| =500, and
|C] =5000,if(@)ACBCC;(b))ANB=ANC=BNC=
#;and(c) |[ANB|=]ANC|=|BNC|=3and
[ANBNC|=1.

5. How many permutations of the digits 0, 1, 2, . . ., 9 either
start with a 3 or end with a 7?

6. A professor has two dozen introductory textbooks on com-
puter science and is concerned about their coverage of the topics
(A) compilers, (B) data structures, and (C) operating systems.

34
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The following data are the numbers of books that contain ma-
terial on these topics:

|Al =8 |B| =13 [ICl=13
[ANB|=35 [ANC|=3 IBNC|=6
[ANBNC|=2

(a) How many of the textbooks include material on exactly one
of these topics? (b) How many do not deal with any of the
topics? (c) How many have no material on compilers?

7. How many permutations of the 26 different letters of the
alphabet contain (a) either the pattern “OUT” or the pattern
“DIG”? (b) neither the pattern “MAN” nor the pattern “ANT”?

8. A six-character variable name in a certain version of ANSI
FORTRAN starts with a letter of the alphabet. Each of the other
five characters can be either a letter or a digit. (Repetitions are
allowed.) How many six-character variable names contain the
pattern “FUN” or the pattern “TIP”?

9. How many arrangements of the letters in MISCELLA-
NEOUS have no pair of consecutive identical letters?

10. How many arrangements of the letters in CHEMIST have
H before E, or E before T, or T before M? (Here “before” means
anywhere before, not just immediately before.)

When one performs an experiment such as tossing a single fair coin, rolling a single fair
die, or selecting two students at random from a class of 20 to work on a project, a set of all
possible outcomes for each situation is called a sample space. Consequently, {H, T} serves
as a sample space for the first experiment mentioned and {1, 2, 3, 4, 5, 6} is a sample space
for the roll of a single fair die. Moreover, {{g;, a;}|1 <i <20,1 < j <20,i # j} can be
used for the last experiment, with a; denoting the ith student, for each 1 <i < 20.

In dealing with the sample space ¥ = {1, 2, 3, 4, 5, 6} for the roll of a single fair die, we
feel that each of the six possible outcomes has the same, or equal, likelihood of occurrence.
Using this assumption of equal likelihood, we shall start our study of probability theory with
a definition for probability that was first given by the French mathematician Pierre-Simon
de Laplace (1749-1827) in his Analytic Theory of Probability.
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Under the assumption of equal likelihood, let & be the sample space for an experiment
€. Each subset A of &, including the empty subset, is called an event. Each element of
& determines an outcome, soif |¥| =nandae ¥, A C ¥, then

Pr({a}) = The probability that {a} (o, a) occurs = '—‘gﬁ = f—;, and
Pr(A) = The probability that A occurs = {-31’ = h:-l.
[Note: We often write Pr(a) for Pr({a}).]

We demonstrate these ideas in the following four examples.

When Daphne tosses a fair coin, what is the probability she gets a head? Here the sample
space ¥ = {H, T} with A = {H} and we find that

Al 1
Pr(A) = Ei

If Dillon rolls a fair die, what is the probability he gets (a) a 5 or a 6, (b) an even number?
For either part the sample space ¥ = {1, 2, 3, 4, 5, 6}. In part (a) we have event A = {5, 6}

and Pr(A) = % = % = % For part (b) we consider event B = {2, 4, 6} and find that
Pr(B)=lgl =3=1.

Furthermore we also notice here that

i) Pr(¥) = Pl =6 =1__after all, the occurrence of the event & is a certainty; and

i) Pr(Ad)=Pr({1,2,3,4p =l =24=2=1-1=1-Pr(a).

There are 20 students enrolled in Mrs. Arnold’s fourth-grade class. Hence, if she wants to
select two of her students, at random, to take care of the class rabbit, she may make her
selection in (3) = 190 ways, so || = 190.

Now suppose that Kyle and Kody are two of the 20 students in the class and we let A
be the event that Kyle is one of the students selected and B be the event that the selection
includes Kody. Consequently, upon choosing the students, at random, the probability that
Mrs. Arnold selects

a) both Kyle and Kody is Pr(A N B) = (3)/(%) = 1/190;
b) neither Kyle nor Kody is Pr(A N B) = (¥)/(¥) = 153/190;
¢) Kyle but not Kody is Pr(ANB) = (}) ('¥)/(¥) = 18/190 = 9/95.

EXAMPLE 3.31

Consider drawing five cards from a standard deck of 52 cards. This can be done in (%) =
2,598,960 ways. Now suppose that Tanya draws five cards, at random, from a standard
deck. What is the probability she gets (a) three aces and two jacks; (b) three aces and a pair;
(c) a full house (that is, three of one kind and a pair)?
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In all three cases we have |¥| = 2,598,960.

a) There are (}) = 4 ways in which one can select three aces and (3) = 6 ways in which
two jacks may be selected. Consequently, if A is the event where Tanya draws three
aces and two jacks, then |A| = (3)(3) =4-6 =24 and Pr(A) = 24/2,598,960 =

0.000009234.
b) Once again there are (§) = 4 ways to select the aces, and there are (3) = 6 ways to
select a pair of deuces, or a pair of threes, . . ., or a pair of tens, or a pair of jacks, . . .,

or a pair of kings. So the pair can be selected in (1?)(3) = 12-6 = 72 ways. If B is
the event where three aces and a pair are drawn, then Pr(B) = (4 - 72)/2,598,960 =
0.000110814.

¢) From part (b) we know there are 4 - 72 = 288 full houses with three aces. Likewise,
there are 288 full houses with three deuces, 288 with three threes, . . ., and 288 with
three kings. So the probability that Tanya draws a full house is () (3) (') (3)/ (%) =
3744/2,598,960 = 0.001440576.

If these three probabilities appear on the slim side, consider the chances of Tanya drawing a
royal flush — that is, the ten, jack, queen, king, and ace of one given suit. For this five-card
hand the probability is only 4/(%?) = 4/2,598,960 = 0.000001539.

To study some additional sample spaces we need to introduce the idea of the ordered
pair. This arises in the following structure.

Definition 3.11 For sets A, B, the Cartesian product, or cross product, of A and B is denoted by A X B
and equals {(a, b)|a € A, b € B}.

We call the elements of A X B ordered pairs. For (a, b), (¢, d) € A X B, we have
(a,b) =(c,d)ifand onlyifa =cand b =d.1

If A={1,2,3} and B ={x, y}, then A X B ={(1,x), (1, y), 2, x), 2, ), (3, x),
EXAMPLE 3.52 @3, y)} while B X A = {(x, 1), (x,2), (x,3), (v, 1), (y,2), (y,3)}. Here (1, x) e AX B
but (1, x) ¢ B X A, although (x,1)e BX A.So AXB#BXA,but |[AXB|l=6=
2-3=|A||B| = |B||A| = |B X A|.
Now let us see how the Cartesian product can arise in a probability problem.
EXAMPLE 3.33 Suppose Concetta rolls two fair dice. This experiment can be decomposed as follows. Let €,
. be the experiment where the first die is rolled — with sample space ¥1 = {1, 2, 3, 4, 5, 6}.

Likewise we let €, account for the second die rolled —also with sample space ¥, =
{1, 2, 3, 4, 5, 6}. (To keep the two dice distinct we can imagine the first die rolled with the
left hand and the second with the right. Or we can have the first die colored red and the

TMore about ordered pairs and the Cartesian product is given in Section 5.1.
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second green — in order to distinguish them.) Consequently, when Concetta rolls these dice
the sample space

F=F XL ={1,1),d,2),(1,3),dA,4),,5),1,6), (2,1),2,2), (2,3), (2,4),
2,5),(2,6),3,1),3,2),3,3),3,4,3,5),3,6), 4 1, 4,2),
(4,3),(4,4),4,5),(4,6),5,1),5,2),(5,3), 5.4, 5,5, 5, 0),
6, 1), (6, 2), (6,3), (6,4), (6,5), (6,6)}

={(x,yx,y=12,3,4,5,6}.
Now consider the following events:

A: Concetta rolls a 6 (that is, the top faces of the dice sum to 6);
B: The sum of the dice is at least 7;
C: Concetta rolls an even sum; and
D: The sum of the dice is 6 or less.

a) Here
i) A={1,5),(2,4),@3,3), 4 2), (5, 1)} with Pr(A) = |A|/|¥| = 5/36;
ii) B={(,6),(2,5), (3,4), 4, 3),(5,2), (6, 1), (2,6), (3,5), 4,4),
(5,3),(6,2), 3,6), 4,5), (5.4), (6,3), 4,6), (5,5, (6,4), (5, 6),
6, 5), (6,6)} ={(x, »Ix,y=1,2,3,4,5,6; x + y > 7} with
Pr(B) = |B|/|¥| =21/36 =7/12;
iii) C={(1,1),(,3),(2,2),3, 1), (1,5, 2,4, (3,3), 4,2),5,1),
(2,6), (3,9), (4, 4), (5, 3), (6, 2), (4,6), (5,95), (6, 4), (6, 6)} with
Pr(C)=|C|/|¥| = 18/36 = 1/2; and
iv) D={(1,1),(,2),2,1),(1,3),2,2),3,1),1,4), 2,3),(3,2), 4,1),
1,5), 2,4), 3,3), 4,2), (5 1)} with Pr(D) = |D|/|¥| = 15/36 = 5/12.
b) We notice the following:
i) AUB={(x,y)lx,y=1,2,3,4,5,6;x+y>6},s0|AU B| =26and
Pr(AUB) =|AUB|/|¥| =2 =2 + & = Pr(A) + Pr(B);
ii) CUD={(,1),1,2),@2,1),(1,3),2,2),3,1),(,4), (2,3), 3,2),
4 1),(1,5),2,4,3,3),4,2),65,1),2,6), 3,5, 44, 5,3),
6, 2), 4,6), (5,5), (6,4), (6,6)}s0|CUD|=24and Pr(CUD) =
|CUDI/|Y| =24/36 =2/3.

Here, however,
Pr(CU D) =24/36 # 33/36 = 18/36 + 15/36 = Pr(C) + Pr(D), although
Pr(CUD)=24/36 =18/36 + 15/36 — 9/36 = Pr(C) + Pr(D) — P(C N D).

The result here and that in part (i) [of (b)] mirror the ideas we saw earlier in the formulas
following Example 3.25.

iii) Finally, Pr(B) = Pr(D) = 15/36 = 1 —21/36 = 1 — Pr(B).

Let us consider a second example where the Cartesian product is used. This time we’ll
also learn about another important structure.

EXAMPLE 3.34 An experiment € is conducted as follows: A single die is rolled and its outcome noted, and

then a coin is flipped and its outcome noted. Determine a sample space & for €.
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EXAMPLE 3.35

Let €, denote the first part of experiment ¢, and let ¥ = {1, 2, 3, 4, 5, 6} be a sample
space for €;. Likewise let ¥, = {H, T} be a sample space for €,, the second part of the
experiment. Then ¥ = & X ¥, is a sample space for €.

This sample space can be represented pictorially with a tree diagram that exhibits all
the possible outcomes of experiment €. In Fig. 3.14 we have such a tree diagram, which
proceeds from left to right. From the left-most endpoint, six branches originate for the six
outcomes of the first stage of the experiment €. From each point, numbered 1, 2, ..., 6,
two branches indicate the subsequent outcomes for tossing the coin. The 12 ordered pairs
at the right endpoints constitute the sample space &.

(1. H)
1 <

(1.M

2. H)
2 <

@

B H
3 <

C)

@, H
4 <

@

5. H
5 <

(CA)

(6, H)
6 <

6

Figure 3.14
Now for this experiment € consider the events

A: A head appears when the coin is tossed.
B: A3 appears when the die is rolled.
Then A = {(1, H), (2, H), (3, H), (4, H), (5, H), (6, H)} and B = {(3, H), (3, T)}. So
Pr(A) = |A|/I¥| =6/12=1/2, Pr(B) = |B|/|¥| =2/12 =1/6, and
7 6 2 1

P(AUB)= —=—+ — — — = Pr(A) + Pr(B) — Pr(AN B).
( V=Gt s P+ Pr(B) — Pr( )

Before we continue let us look back at Examples 3.33 and 3.34. We may not realize
it, but we have been making a certain assumption. In Example 3.33 we assumed that the
outcome for the first die had no influence on the outcome for the second die. Likewise, in
Example 3.34 we assumed that the outcome for the die had no bearing on the outcome for
the coin. This concept of independence will be examined more closely in Section 3.6.

In our next example we extend the idea of the Cartesian (or, cross) product to more than
two sets.

If Charles tosses a fair coin four times, what is the probability that he gets two heads and
two tails?

Here the sample space for the first toss is ¥; = {H, T}. Likewise, for the second, third, and
fourth tosses, we have ¥, = ¥3 = ¥, = {H, T}. So, for this experiment of tossing a fair coin
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four times, we have the sample space ¥ = ¥ X &I, X I3 X ¥4, where a typical element of
& is an ordered quadruple. For example, one such ordered quadruple is (H, T, T, T) (which
may also be denoted HTTT). In this problem |¥| = |¥1|F2||¥3||F4| = 2* = 16. The event
A we are concerned about contains all arrangements of H, H, T, T, so |A| = 4!/(2!2!) = 6.
Consequently, Pr(A) = |A|/|F| = 6/16 = 3/8.

(Comparable to Examples 3.33 and 3.34, here the result of each toss is independent of
the outcome of any previous toss.)

The next example also requires some of the formulas developed in Chapter 1 for ar-
rangements.

The acronym WYSIWYG (for, What you see is what you get!) is used to describe a user-
interface. This user-interface presents material on a VDT (Video-display terminal) in pre-
cisely the same format the material appears on hard copy.

There are 7!/(2! 2!) = 1260 ways in which the letters in the acronym WYSIWYG can
be arranged. Of these, 120(= 5!) arrangements have both consecutive W’s and consecutive
Y’s. Consequently, if the letters for this acronym are arranged in a random manner, then we
find the probability that the arrangement has both consecutive W’s and consecutive Y’s is
120/1260 = 0.0952.

The probability that a random arrangement of these seven letters starts and ends with the
letter W is [(5!/21)]/[(7!/(2! 21))] = 60/1260 = 0.0476.

In our final example we shall use the concept of a Venn diagram.

In a survey of 120 passengers, an airline found that 48 enjoyed wine with their meals,
78 enjoyed mixed drinks, and 66 enjoyed iced tea. In addition, 36 enjoyed any given pair
of these beverages and 24 passengers enjoyed them all. If two passengers are selected at
random from the survey sample of 120, what is the probability that

a) (Event A) they both want only iced tea with their meals?
b) (Event B) they both enjoy exactly two of the three beverage offerings?
From the information provided, we construct the Venn diagram shown in Fig. 3.15. The
sample space & consists of the pairs of passengers we can select from the sample of 120, so

|| = ('3°) = 7140. The Venn diagram indicates that there are 18 passengers who drink only
icedtea, so |A| = (¥) and Pr(A) = 51/2380. The reader should verify that Pr(B) = 3/34.

5
(SN

Figure 3.15
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EXERCISES 3.4

1. The sample space for an experiment is ¥ = {a, b, c,
d, e, f, g, h}, where each outcome is equally likely. If event
A ={a, b, c}andevent B = {q, c, e, g}, determine (a) Pr(A);
(b) Pr(B); (c) Pr(AnB); (d) Pr(AUB); (e) Pr(A);
(f) Pr(AU B); and (g) Pr(A N'B).

2. Joshua draws two ping-pong balls from a bowl of twenty

ping-pong balls numbered 1 to 20. Provide a sample space for
this experiment if

a) the first ball drawn is replaced before the second ball is
drawn.

b) the first ball drawn is not replaced before the second ball
is drawn.

3. Asample space & (for an experiment €) contains 25 equally
likely outcomes. If an event A (for this experiment €) is such
that Pr(A) = 0.24, how many outcomes are there in A?

4. Asample space & (for an experiment €) contains n equally
likely outcomes. If an event A (for this experiment €) contains
7 of these outcomes and Pr(A) = 0.14, what is n?

5. The Tuesday night dance club is made up of six married
couples and two of these twelve members must be chosen to
find a dance hall for an upcoming fund raiser. (a) If the two
members are selected at random, what is the probability they
are both women? (b) If Joan and Douglas are one of the couples
in the club, what is the probability at least one of them is among
the two who are chosen?

6. If two integers are selected, at random and without replace-
ment, from {1, 2, 3, ..., 99, 100}, what is the probability the
integers are consecutive?

7. Two integers are selected, at random and without replace-
ment, from {1, 2, 3, ..., 99, 100}. What is the probability their
sum is even?

8. If three integers are selected, at random and without re-
placement, from {1, 2, 3, ..., 99, 100}, what is the probability
their sum is even?

9. Jerry tosses a fair coin six times. What is the probability
he gets (a) all heads; (b) one head; (c) two heads; (d) an even
number of heads; and (e) at least four heads?

10. Twenty-five slips of paper, numbered 1, 2, 3, ..., 25, are
placed in a box. If Amy draws six of these slips, without re-
placement, what is the probability that (a) the second smallest
number drawn is 5? (b) the fourth largest number drawn is 15?

(c) the second smallest number drawn is 5 and the fourth largest
number drawn is 15?

11. Darci rolls a fair die three times. What is the probability that
(a) her second and third rolls are both larger than her first roll?
(b) the result of her second roll is greater than that of her first
roll and the result of her third roll is greater than the second?

12. In selecting a new server for its computing center, a col-
lege examines 15 different models, paying attention to the
following considerations: (A) cartridge tape drive, (B) DVD
Burner, and (C) SCSI RAID Array (a type of failure-tolerant
disk-storage device). The numbers of servers with any or all of
these features are as follows: |A| = |B| = |C| =6,|ANB| =
|IBNC|=1,]ANC|=2,|]ANBNC|=0.(a) How many of
the models have exactly one of the features being considered?
(b) How many have none of the features? (c) If a model is se-
lected at random, what is the probability that it has exactly two
of these features?

13. At the Gamma Kappa Phi sorority the 15 sisters who are se-
niors line up in a random manner for a graduation picture. Two
of these sisters are Columba and Piret. What is the probability
that this graduation picture will find (a) Piret at the center po-
sition in the line? (b) Piret and Columba standing next to each
other? (c) exactly five sisters standing between Columba and
Piret?

14. The freshman class of a private engineering college has
300 students. It is known that 180 can program in Java, 120 in
Visual BASIC', 30 in C++, 12 in Java and C++, 18 in Visual
BASIC and C++, 12 in Java and Visual BASIC, and 6 in all
three languages.

a) Astudent is selected at random. What is the probability
that she can program in exactly two languages?

b) Two students are selected at random. What is the prob-
ability that they can (i) both program in Java? (ii) both
program only in Java?
15. An integer is selected at random from 3 through 17 inclu-
sive. If A is the event that a number divisible by 3 is chosen
and B is the event that the number exceeds 10, determine
Pr(A), Pr(B), Pr(AN B),and Pr(A U B). How is
Pr(A U B) related to Pr(A), Pr(B),and Pr(AN B)?

16. a) If the letters in the acronym WYSIWYG are arranged in
a random manner, what is the probability the arrangement
starts and ends with the same letter?

b) What is the probability that a randomly generated ar-
rangement of the letters in WYSIWYG has no pair of con-
secutive identical letters?

"Visual BASIC is a trademark of the Microsoft Corporation.
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EXAMPLE 3.38

EXAMPLE 3.39

In Section 3.4 our typical experiment had a sample space where each outcome had the same
likelihood, or probability, of occurrence. If this does not happen, what do we do? Let us
start by considering the following examples.

Suppose Trudy tosses a single coin but it is not fair — for instance, suppose this coin is loaded
to come up heads twice as often as it comes up tails. Here the sample space ¥ = {H, T},
as in Example 3.28, but unlike that example where Pr(H)" = Pr(T), in this situation
we have Pr(H) # Pr(T). With H, T as the only outcomes, we have 1 = Pr(¥) =
Pr({H}U{T}) = Pr(H) + Pr(T). Since Pr(H)=2Pr(T), it follows that 1=
Pr(H) + Pr(T) =2Pr(T) + Pr(T),so Pr(T) =1/3 and Pr(H) = 2/3.

A warehouse contains 10 motors, three of which are defective (D). The other seven are
in good (G) working condition. A first inspector enters the warehouse and selects (and
inspects) one of the motors. For this experiment €, we have the sample space ¥; = {D, G}
where Pr(D) = 3/10 and Pr(G) = 7/10. The next day a second inspector enters this same
warehouse and selects (and inspects) a motor. For this second experiment — call it €, — we
likewise have &, = {D, G}. But how do we define Pr(D), Pr(G) in this case? The answer
depends on whether the first motor selected remained in the warehouse, or was removed.

2.2-0)/(9-£ 2 D33 9

10 9 \2//\2 90 10 10 100
2. 1-00)/(9-2 3.7 _21
10 9 1N\1/1\2 90 10 10 100
Z.3-(0)/(9-2 7.3 .21
10 9 1/\1 2 0 10 10 100
7 §=(7)/(1o _4 7 7.7 _49
10 9 \2//\2 0 Ty 10 10 100

10
(a) Without Replacement (b) With Replacement

Figure 3.16

The tree diagrams in Fig. 3.16 deal with the two possibilities. For part (a) of the figure
consider, for example, the case where the first motor selected is defective (D), with prob-
ability 3/10, and then the second motor selected is also defective (D). Since motors are
not replaced here, when selecting the second motor the inspector is dealing with nine mo-
tors — two defective (D) and seven in good (G) working condition. Hence the probability
of selecting a defective motor here is 2/9, not 3/10. So this situation, as shown by the top

branching, has probability 2 - 2 = (3)/(}) = & = +5. The comparable case in part (b) of
the figure has probability 2 - & = 1.

TRecall that when an event consists of a single outcome — say a, we may abbreviate Pr({a}) as Pr(a).
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When selecting two motors, either with or without replacement, the sample space is

= {DD, DG, GD, GG} where, forinstance, DG is used to abbreviate (D, G). Yet in neither
situation do the outcomes have the same likelihood of occurrence If the selections are done
without replacement [as in Fig 3.16(a)], then Pr(DD) = 90, Pr(DG) = g(l), Pr(GD) =
90, Pr(GG) = 90, with & o + 90 + 5 2L gg =1=P(©). When the first motor is replaced
[as in Fig. 3.16(b)], we have Pr(DD) 100, Pr(DG) = Pr(GD) = Pr(GG) =
Top With 100"'100"‘100"‘19 =1=Pr(?).

From this point on we’ll deal exclusively with the case where the two selections are
made without replacement. Consider the following events:

IOO’ IOO’

A:  One (that is exactly one) motor is defective: {DG, GD};
B: At least one motor is defective: {DG, GD, DD};

C: Both motors are defective: {DD};

E: Both motors are in good working condition: {GG}.

Here
21 21 7 21 21 6 8
Pr(A)= — +=— = — Pr(B)==— 4+ — 4 —=—,
=%t 15 B =%Tentw 1
6 1 492 7
Pr(C) = — = —, P =2=_
=515 ") =567 15
Further, (i) B = Eand Pr(B) = Pr(E)= % =1—- % =1—- Pr(B);and (i) AUC = B
with ANC =@,s0 Pr(AUC) = Pr(B) = & = 5 + 1z = Pr(A) + Pr(C).

What we did in the latter part of Example 3.39 now motivates our next observation. This
observation extends our earlier results in Section 3.4 where each outcome of the sample
space had the same likelihood, or probability, of occurring.

Let & be the sample space for an experiment €. Each element a € & is called an outcome,
or elementary event, and we let Pr({a}) = Pr(a) denote the probability that this outcome
occurs. Each nonempty subset A of & is still called an event. If event A = {ay, a3 . . ., a,},
where g; is an outcome, forall 1 <i <n,then Pr(A) =) _, Pr(a;).(Note: When A = {J
we assign Pr(A) = 0, a result we shall actually establish later in this section.)

However, before we get to our axioms of probability, there is a point that needs to be
clarified. We know that when a fair die is rolled, the sample space ¥ = {1, 2, 3, 4, 5, 6},
where each outcome has the same likelihood, or probability, of occurrence — namely, 1/6.
However, if this die is rolled six times we should rot expect to see one occurrence of each
of the possible outcomes 1, 2, ..., 6. Should this die be rolled 60 times we want each roll
(after the first) to be unaffected by any previous roll —that is, each roll (after the first) is
to be independent of any previous roll. Further, we cannot expect each of the six possible
outcomes to occur ten times. In fact, if the 1 comes up 20 times and this die is then rolled
60 more times we cannot expect to see 1 come up 20 times again. So what can we expect?
If, in rolling this fair die n times, the outcome of 1 occurs m times, then as n grows larger
we expect the relative frequency m /n to approach 1/6.

So far this discussion has dealt with a sample space where each outcome has the same
likelihood, or probability, of occurrence. However, theideais still appropriate if we consider
any sample space — for example, the sample space of Example 3.38. Equally important is
how one can use the idea of relative frequency in modeling an experiment. For suppose we
have a coin that we believe to be biased — perhaps because it is heavier than other similar
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coins that we have weighed. In tossing this coin the sample space is ¥ = {H, T}, but how
can we determine Pr(H), Pr(T)? We might toss the coin » times, assuming the outcome
of each toss (after the first) is not affected by any previous outcome. If H comes up m
times, then we can assign Pr(H) = m/n and Pr(T) = (n — m)/n = 1 — (m/n), where the
accuracy of these assigned probabilities improves as n grows larger.

Having addressed the issue of probabilities as relative frequencies, now it is time to
focus on the topic of this section — namely, the axioms of probability. One should find these
axioms rather intuitive, especially when we look back at some of the results in Example
3.29 and part (b) of Example 3.33. The axioms were first introduced in 1933 by Andrei
Kolmogorov and they apply to the case when the sample space & is finite.

The Axioms of Probability

Let ¥ be the sample space for an experiment €. If A, B are any events —that is,
B < A, B C ¥ (sowe now allow the empty set to be an évent), then

1 Pr(A)=0
2) Prf) =1
3) if A, B are disjoint (or, mutually disjoint) then Pr(A U B) = Pr(A) + Pr(B).!

Using these axioms we shall now establish a number of applicable results.

THEOREM 3.7

EXAMPLE 3.40

The Rule of Complement. Let & be the sample space for an experiment €. If A is an event
(thatis, A C %), then

Pr(A) =1- Pr(A).

Proof: We know that ¥ =AU Awith AN Z_= @. So from axioms (2) and (3) it follows that
1=Pr(¥)=Pr(AUA) = Pr(A) + Pr(A),and Pr(A) =1 — Pr(A).

Note that when A = @ in Theorem 3.7 we have 1 = Pr(¥) = Pr(A) =1 — Pr(A), so
Pr(¥) = Pr(A) =0, in agreement with our earlier assignment.

The result of Theorem 3.7 can help cut down on our calculations in solving certain
probability problems. This is demonstrated in the next two examples.

Suppose the letters in the word PROBABILITY are arranged in a random manner. Deter-
mine Pr(A) for the event

A: The arrangement begins with one letter and ends in a different letter.

TAlthough our major concern in this chapter (if not the entire text) deals with & finite, when & is infinite
Kolmogorov provided the fourth axiom:

4) if Ay, Az, A3, ... are events (taken from f)and A, N A, =@ forall 1 <i < j, then

00 o0
Pr (nL=Jl A,l) = '; Pr(An).
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We consider four cases:

1) Start with the situation where neither B nor I appears at the start or finish. There
are seven remaining (distinct) letters. Any one of them can be used at the start of
the arrangement and there are six choices then for the last letter. For the nine letters
in between there are 5. arrangements. So for this case there are (7)(55;)(6) =
3,810,240 possibilities.

2) Now suppose that B is used as the first or last letter (but not in both positions) and I
only appears among the nine letters in the center. With one B so placed there are seven
other (distinct) letters that can be used at the opposne end of the arrangement. The
nine remammg letters in between can be arranged i 1n ways so this case accounts

for (2)(7) 5 = 2,540,160 arrangements.

3) If we use one of the I's and none of the B’s to start or end an arrangement, then there
are again 2,540,160 arrangements, as we had in case (2).

4) Finally, if one of B, I is used at the start and the other letter at the end, we can arrange
the remaining nine letters in between in 9! ways. So here we have the final 2(9!) =
725,760 arrangements.

Here |f| = 54 = 9,979,200, so Pr(A) = 3519328 = 32

This result took quite a lot of calculations. So instead of the event A let us consider the
event A —that is, the event where the arrangement begins and ends with the same letter.
How many such arrangements are there? Say we use the letter B at the start and finish of the
arrangement. Then the other nine letters in between can be arranged in % ways If T is used
in place of B another 2 2, arrangements result. So [A| = 9! and Pr(A) = Wﬁ %

With much less effort Theorem 3.7 shows us that Pr(A) =1 — Pr(A) = 53

Due to an intense preseason workout schedule, Coach Davis has honed her volleyball
EXAMPLE 3.41 . . - S :
team into a major contender. Consequently, the probability her team will win any given
tournament is 0.7, regardless of any previous win or loss. Suppose the team is slated to play
eight tournaments.

a) The probability the women will win all eight tournaments is (0.7)® = 0.057648. Could
they possibly lose all eight tournaments? Yes, with probability (0.3)® = 0.000066.

b) What is the probability the team wins exactly five of the eight tournaments? One way
this can happen is if the team wins the first and second tournaments, loses the next three,
and then wins the last three. We represent this by WWLLLWWW. The probability for
this outcome is (0.7)2(0.3)3(0.7)* = (0.7)(0.3)3. Another possibility that results in
five tournament wins can be represented by WWLLWWLW. The probability here is
(0.7)2(0.3)%(0.7)2(0.3)(0.7) = (0.7)3(0.3)3. At this point we see that the probability
Coach Davis’s team wins five of the eight tournaments is

(The number of arrangements of five W’s and three L's) X (0.7)(0.3)3.

From the material in Sections 1.2 and 1.3, especially Example 1.22, we know that there
are 3% = (g) ways to arrange five W’s and three L’s. Consequently, the probability
the team wins five tournaments is

(2) (0.7)°(0.3)* = 0.254122.
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¢) Finally, what is the probability the team wins at least one tournament? Let us not do
here what we did in Example 3.40. If we let A be the given event, then Pr(A) =
8, (3)(0.7)'(0.3)*~". But Pr(A) is more readily determined as 1 — Pr(A), where
Pr(A) = the probability the team loses all eight tournaments = (0.3)® = 0.000066
[as in part (a)]. Consequently, Pr(A) =1 — (0.3)® =0.999934.

Before we go on we want to examine the structure of the answer at the end of part (b)
of Example 3.41. Each tournament in the example results in either a win (success) or
loss (failure). Further, after the first tournament, the outcome of each later tournament is
independent of the outcome of any previous tournament. Such a two-outcome occurrence
is called a Bernoulli trial. If there are n such trials and each trial has probability p of
success and probability g (= 1 — p) of failure, then the probability that there are (exactly)
k successes among these n trials is

(Z)pkq"'k, 0<k=<n.

(We shall come upon this idea again in Section 16.5 when we study the application of
Abelian groups in coding theory.)

Returning now to the axioms of probability, we know from axiom (3) that, for A, B &,
if AN B =@ then Pr(AU B) = Pr(A) + Pr(B). But what can we say if AN B # #?

g

Figure 3.17

For the Venn diagram in Fig. 3.17 the interior of the rectangle represents the universe —
here the sample space . The shaded region in the diagram denotes the event A — B =
A N B. Further,

i) the events A N B and B are disjoint, since (AN B)NB=AN(BNB)=ANQ=
@; and

ii) ANB)UB=(AUB)N(BUB)=(AUB)NY =AU B.
From these two observations and axiom (3) it follows that
@) Pr(AUB) = Pr((ANB)UB) = Pr(AN B) + Pr(B).

Next note that A=ANY=AN(BUB)=(ANB)U(ANB) where (ANB)N
(ANB)=(ANA)N(BNB)=ANP=.So once again axiom (3) gives us

Pr(A)=Pr(ANB)+ Pr(ANB), or
™) Pr(AN B) = Pr(A) — Pr(AN B).

The results in Egs. (x) and (x*) now establish the following.
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THEOREM 3.8

EXAMPLE 3.42

EXAMPLE 3.43

The Additive Rule. If & is the sample space for an experiment €, and A, B C &, then

Pr(AUB) = Pr(ANB) + P(B) = Pr(A) + Pr(B) — Pr(AN B).

At this point we use the result in Theorem 3.8 in the following two examples.

Yosi selects a card from a well-shuffled standard deck. What is the probability his card is a
club or a card whose face value is between 3 and 7 inclusive?

Start by defining the events A, B as follows:

A: The card drawn is a club.

B: The face value of the card drawn is between 3 and 7 inclusive.
The answer to the problem is Pr(A U B).

Here Pr(A) =13/52 and Pr(B) =20/52. Also Pr(AN B) =5/52—for the 3 of
clubs, 4 of clubs, . . ., and 7 of clubs. Consequently, by Theorem 3.8, we have

13
= P _ | Je—— — — — o — — _—
Pr(AUB)=Pr(A)+ Pr(B)~PrANB) = £+ 5~ 5 = & = 13

Diane inspects 120 cast aluminum rods and classifies the diameter and surface finish of
each rod as adequate or superior. Her findings are summarized in Table 3.4.

Table 3.4
Diameter
adequate  superior
Surface | adequate 10 18
Finish superior 12 80

Define the events A, B as follows:

A: The diameter of the rod is classified as superior.
B: The surface finish of the rod is classified as superior.

Then
Pr(A) = (18 + 80)/120 = 98/120 = 49/60 = 0.816667
Pr(B) = (12 + 80)/120 = 92/120 = 23/30 = 0.766667
Pr(AN B) =80/120 = 2/3 = 0.666667.

By Theorem 3.8

Pr(AUB) = Pr(A) + Pr(B) — Pr(AN B)

98 92 80 110 11 .
_ 20 22 0 _ I _ 1. 916667,
120 7120 120 120 12 01666

So 110 [= 110.40 = (0.92)(120)] of these 120 rods have either a superior diameter or a
superior surface finish, or perhaps both.
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In addition,

Pr(Z) the probability the diameter of the rod is classified as adequate = (10 ;’012) =
|20 =1-23 =1-Pr(A), and

Pr(B) = the probablhty the surface finish of the rod is classified as adequate = q0+18)

I’ 120
55 =1 - W) =1- Pr(B).

Using DeMorgan’s Laws we also find that Pr(AUB)=Pr(ANB)=1-Pr(ANB) =
g = 1 ,and Pr(ANB)=Pr(AUB)=1-Pr(AUB)=1— 1—2=%

Now we want to extend the result of Theorem 3.8 to more than two events. The following
theorem deals with three events and suggests the pattern for four or more.

THEOREM 3.9

EXAMPLE 3.44

Let & be the sample space for an experiment €. For events A, B, C C ¥,

Pr(AUBUC) =
Pr(A) + Pr(B) + Pr(C) — Pr(ANB) — Pr(ANC) — Pr(BNC) + Pr(ANBNC).

Proof: The Laws of Set Theory from Section 3.2 validate what follows:

Pr(AUBUC) = Pr((AUB)UC) = Pr(AUB) + Pr(C) — Pr((AUB)NC)
= Pr(A) + Pr(B) — Pr(AN B) + Pr(C) — Pr((ANC) U (BN C))
= Pr(A) + Pr(B) + Pr(C) — Pr(AN B)
—[Pr(ANC)+ Pr(BNC) — Pr((ANC)N (BN C))]
= Pr(A) + Pr(B) + Pr(C) — Pr(AN B)
— Pr(ANC) - Pr(BNC)+ Pr(ANBNC).

Note that the last equality follows because (ANC)N(BNC)=ANBNC by the
Associative, Commutative, and Idempotent Laws of Intersection. Also note the simi-
larity between the formula for Pr(A U B U C) and that for |A U B U C| (given prior to
Example 3.27).

Further, we see that the formula for Pr(A U B U C) involves 7 (= 23 — 1) summands.
For four events we would have 15 (= 2* — 1) summands: (i) 4 = (}) summands— one
for each single event; (i) 6 = (3) summands — one for each pair of events; (iii) 4 = (3)
summands —one for each triple of events; and (iv) 1 = (}) summand for all four of
the events. When dealing with n events, A;, Az, ..., A,, where n > 2, the formula for
Pr(AjUA;U---UA,) hasatotalof Y \_, (%) = /_o (?) — (§) =2" — 1 summands,
by Corollary 1.1. For 1 <r < n, there are (;’) summands — one for each way we can select
r of the n events. Each of these summands is preceded by a plus sign, for r odd, or a minus
sign, for r even.

We’ll see more formulas like the one in Theorem 3.9 in Section 8.1. For now let us apply
the result of this theorem in the following example.

The game of Roulette is played by initially spinning a small white ball on a circular wheel that
is divided into 38 sections of equal area. These sections are labeled 00, 0, 1, 2, 3, ..., 36.
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As the wheel slows down, the number of the section where the ball comes to rest is the
outcome for that one play of the game.
The numbers on the wheel are colored as follows.

Green: 00 O

Red: 1 3 5 7 9 12 14 16 18
19 21 23 25 27 30 32 34 36
Black: 2 4 6 8 10 11 13 15 17

20 22 24 26 28 29 31 33 35

A player may place bets in various ways, such as (i) odd, even (here 00 and 0 are considered
neither even nor odd); (ii) low (1-18), high (19-36); or (iii) red, black.
Gary enjoys Roulette and decides to place bets according to the events.

A: The outcome is low. B: The outcome is red. C: The outcome is odd.

What is the probability Gary wins at least one of his bets — that is, what is Pr(A U B U C)?
Here Pr(A) = Pr(B) = Pr(C) =18/38, Pr(ANB) = Pr(ANC) =9/38,
Pr(BNC) =10/38, Pr(AN BN C) = 5/38, and by Theorem 3.9
18 18 9 9 10 5 31

18
Pr(AUBUC) = — + —+ = — = — — — — + ==

BT3B 3 3 BT ;OO

In closing this section we need to make one more point. The examples we’ve seen here
and in the previous section have all dealt with finite sample spaces. Yet it is possible to have
situations where a sample space is infinite. For instance, suppose a man takes a driver’s test
until he passes it. If he passes the test on his first try, we write P for this outcome. Should
he need three attempts to pass the test, then we write FFP to denote the first and second
failures followed by his passing of the test. Hence the sample space may be given here as
& = (P, FP, FFP, FFFP, . . .}, an example of a countably infinite’ set.

When dealing with sample spaces that are finite or countably infinite, we call the sample
space discrete. The coverage here in Chapter 3 deals strictly with discrete sample spaces
that are finite. However, in Section 9.2, we’ll consider an example where the sample space
is countably infinite.

Finally, suppose an experiment calls for a technician to record the temperature, in degrees
Fahrenheit, of a heated iron rod. Theoretically, the sample space here could comprise an
open interval of real numbers — for instance, ¥ = {¢|180°F < ¢ < 190°F}. Here the sample
space is again infinite, but this time it is uncountably* infinite. In this case the sample space
is called continuous and now one needs calculus to solve the related probability problems.
We will not pursue this here but will direct the interested reader to the chapter references —
especially, the text by J. J. Kinney [7].

Pr(AUB), Pr(AUB), Pr(ANB), Pr(AN B),
EXERCISES 3.5 Pr(AUB),and Pr(AU B).

1. Let ¥ be the sample space for an experiment € and 2. Ashley tosses a fair coin eight times. What is the probability
let A, B be events from &, where Pr(A) =0.4, Pr(B) = she gets (a) six heads; (b) at least six heads; (c) two heads; and
0.3, and Pr(ANB)=0.2. Determine Pr(A), Pr(B),  (d)atmosttwo heads?

TThe interested reader can find more on countable sets in Appendix 3.
*More on uncountable sets can be found in Appendix 3.



3. Ten ping-pong balls labeled 1 to 10 are placed in a box.
Two of these balls are then drawn, in succession and without
replacement, from the box.

a) Find the sample space for this experiment.

b) Find the probability that the label on the second ball
drawn is smaller than the label on the first.

¢) Find the probability that the label on one ball is even
while the label on the other is odd.

4. Russell draws one card from a standard deck. If A, B, C
denote the events

A: The card is a spade.
B: The card is red.
C: Thecardis apicture card (thatis, ajack, queen, or king).

Find Pr(AU BU C).

5. Let & be the sample space for an experiment €. If A, B are
disjoint events from ¥ with Pr(A) = 0.3 and Pr(AU B) =
0.7, what is Pr(B)?

6. If ¥ is the sample space for an experimenté and A, B C &,
howis Pr(A A B)relatedto Pr(A), Pr(B),and Pr(A N B)?
[Note: Pr(A A B) is the probability that exactly one of the
events A, B occurs.]

7. Adie is loaded so that the probability a given number turns
up is proportional to that number. So, for example, the out-
come 4 is twice as likely as the outcome 2, and the outcome 3
is three times as likely as that of 1. If this die is rolled, what is
the probability the outcome is (a) 5 or 6; (b) even; (c) odd?

8. Suppose we have two dice — each loaded as described in
the previous exercise. If these dice are rolled, what is the prob-
ability the outcome is (a) 10; (b) at least 10; (c) a double?

9. Juan tosses a fair coin five times. What is the probability
the number of heads always exceeds the number of tails as each
outcome is observed?

10. Three types of foam are tested to see if they meet specifi-
cations. Table 3.5 summarizes the results for the 125 samples
tested.

Table 3.5
Specifications Are Met
No Yes
Foam | 1 5 60
Type | 2 7 30
3 8 15
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Let A, B denote the events

A: The sample has foam type 1.

B: The sample meets specifications.
Determine Pr(A), Pr(B), Pr(ANB), Pr(AU B), Pr(A),
Pr(B), Pr(AUB), Pr(ANB), Pr(A A B).
11. Consider the game of Roulette as described in Example
3.44.

a) If the game is played once, what is the probability the
outcome is (i) high or odd; (ii) low or black?
b) If the game is played twice, what is the probability
(i) both outcomes are black; (ii) one outcome is red and
the other green?
12. Let ¥ be the sample space for an experiment € and
let A,BC Y. If Pr(A)= Pr(B), Pr(ANB)=1/5, and
Pr(A U B) = 1/5,determine Pr(A U B), Pr(A), Pr(A — B),
Pr(A A B).
13. The following data give the age and gender of 14 science
professors at a small junior college.

25M 39 F 27F 53M 36 F 37F 30M
29F 32M 31M 38F 26M 24F 40 F

One professor will be chosen at random to represent the fac-
ulty on the board of trustees. What is the probability that the
professor chosen is a man or over 357

14. The nine members of a coed intramural volleyball team are
to be randomly selected from nine college men and ten college
women. To be classified as coed the team must include at least
one player of each gender. What is the probability the selected
team includes more women than men?

15. While traveling through Pennsylvania, Ann decides to buy
a lottery ticket for which she selects seven integers from 1 to
80 inclusive. The state lottery commission then selects 11 of
these 80 integers. If Ann’s selection matches seven of these 11
integers she is a winner. What is the probability Ann is a winner?

16. Let S be the sample space for an experiment € and let
A, B C ¥ with A C B. Prove that Pr(A) < Pr(B).

17. Let & be the sample space for an experiment €, and
let A, BC Y. If Pr(A)=0.7 and Pr(B) = 0.5, prove that
Pr(ANB)>0.2.



166 Chapter 3 Set Theory

3.6

Conditional Probability: Independence

(Optional)

EXAMPLE 3.45

EXAMPLE 3.46

Throughout Sections 3.4 and 3.5 — especially prior to and at the end of Example 3.35, as
well as in and after Example 3.41 — we mentioned the idea of the independence of outcomes.
There we questioned whether the occurrence of a certain outcome might somehow affect the
occurrence of another outcome. In this section we extend this idea from a single outcome to
an event and make it more mathematically precise. To do so we proceed with the following.

Vincent rolls a pair of fair dice. The sample space & for this experiment is shown in Fig. 3.18,
along with the events

A: The sum (on the faces) is at least 9.
B: A double is rolled.

9= (1,2, (1,3, (1,4, (1,5 (6,
B
@ 1, @3, @4 @5 @),
N\
P
ERVNERP) G4, 69,661,
i !
@ @42, @3 6,1
1
e X 1
(5,1, (,2), (5, 32,,/ (5, 4) !
6.1, (62,63, ©4), ‘
Figure 3.18

We see that Pr(A) = % = X Pr(B)= S =1 and Pr(ANB)=Pr(BNA) = % = %

But now, instead of Just asking about the probability of the occurrence of event B, we
go one step further. Here we want to determine the probability of the occurrence of event
B given the condition that event A has occurred. This conditional probability is denoted by
Pr(B|A) and may be determined as follows.

The occurrence of event A reduces the sample space from the 36 equally-likely ordered
pairs in & to the 10 equally-likely ordered pairs in A. Among the ordered pairs in A,
two are also doubles —namely, (5,5) and (6, 6). Consequently, the probability of B given

A = Pr(B|A) = %, and we notice that = = 2/36) _ Pr(BnA

(10/36) Pr(A)

IO’

Before we suggest the result at the end of Example 3.45 as a general formula, let us
consider a second example — one where the outcomes are not equally likely.

Lindsay has a coin that is biased with Pr(H) = % and Pr(T) = % She tosses this coin
three times, where the result of each toss is independent of any preceding result. The eight
possible outcomes in the sample space have the following probabilities:
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3
Pr(HHH) = (3)" = £
Pr(HHT) = Pr(HTH) = Pr(THH) = ()’ (}) = &
2

3 2
Pr(HTT) = Pr(THT) = Pr(TTH) = (3) (3)" = %

PrITD = (})’ = &.

[Note that the sum of these probabilities is 5 + 3 (55) + 3 (&) + 5 = EEH6+1 =1
Consider the events
A: The first toss results in a head [so A = {HTT, HTH, HHT, HHH} and
_2 4 8 _ 18
Pr(A) =% +2(5)+5 =5l
B: The number of heads is even [so B = {TTT, HHT, HTH, THH} and
Pr(B) =5 +3 (%) = £].
Furthermore, AN B = {HTH, HHT} and Pr(BN A) = Pr(ANB) = % + % = &

27
To determine the conditional probability of B given A —thatis, Pr(B|A) — we’ll make

A our new sample space and redefine the probability of the four outcomes in A as follows:

/ _ PrHTT) _ /2 _ 1 / _ PrHTH) _ @4/2) _ 2
Pr'(HTT) = 575 aszn o Pr'(HTH) Pr(A) as2n 9
, _ Pr(HHT) _ (4/2) _ 2 / — PrHHH) _ (8/27) _ 4
Pr'(HHT) = 575~ = (@7 = 5 Pri(HHH) = =575 = Gamn = 5

[We see that Pr'(HTT) + Pr/(HTH) + Pr/(HHT) + Pr/(HHH) = § + £ + 5 + 3 = 1]
Among the four outcomes in A, two of them satisfy the condition given in event B —

namely, HTH and HHT, the outcomes in B N A. Consequently, Pr(B|A) = Pr'(HTH) +

/ —2,2_4_ 8 _ 827 _ PrB0A)
PrrHAT) =5+ 5=5= 18727 Pr(A)

Motivated by the final result in each of the last two examples, we now summarize the
underlying general procedure. We want a formula for Pr(B|A), the conditional probability
of the occurrence of event B given the occurrence of event A. Further, this formula should
help us avoid unnecessary calculations such as those in Example 3.46, where we recalculated
the probability of each outcome in A.

Now once we know that the event A has occurred, the sample space & shrinks to the
outcomes in A. If we divide the probability of each outcome in A by Pr(A), as in Example
3.46, the sum of these new probabilities sums to 1, so A can serve as the new sample
space. Further, suppose e;, e; are two outcomes in ¥ with Pr(e;) = kPr(e;), where k is
a constant. If e, e; € A, then within the new sample space A the probability of e is still
times that of e;.

To calculate Pr(B|A) we now consider those outcomes in event A that are in event B.
This gives us the outcomes in event B N A and leads us to the following.

If & is the sample space for an experiment € and A, B C &, then

Pr(BNA)

the conditional probability of B given A = Pr(BlA) = ————,
Pr(A)

so long as Pr(A) # 0.

Further,
Pr(BNA)= Pr(ANB) = Pr(A)Pr(B|A),
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and upon changing the roles of A and B we have
Pr(ANB) = Pr(BNA) = Pr(B)Pr(A|B).
The result
Pr(A)Pr(B|A) = Pr(AN B) = Pr(B)Pr(A|B)

is often called the multiplicative rule.

Without realizing it, we actually used the multiplicative rule in Example 3.39 —in the
case where the motors were not replaced after inspection. The first part of our next example
now reinforces how we use this rule.

A cooler contains seven cans of cola and three cans of root beer. Without looking at the
contents, Gustavo reaches in and withdraws one can for his friend Jody. Then he reaches in
again to get a can for himself.

Let A, B denote the events

EXAMPLE 3.47

A: The first selection is a can of cola.
B: The second selection is a can of cola.

a) Using the multiplicative rule, the probability that Gustavo chooses two cans of cola is

7 6 7

Pr(AN B) = Pr(A)Pr(B|A) = (E) <§> =

[Here Pr(B|A) = 6/9 because after the first can of cola is removed, the cooler then
contains six cans of cola and three of root beer.]

b) The multiplicative rule and the additive rule (of Theorem 3.8) tell us that the probability
Gustavo selects two cans of cola or two cans of root beer is

Pr(ANB) + Pr(AN B) = P(A)P(B|A) + Pr(A)Pr(B|A)

(1) () () (5) =

¢) Finally, let us determine Pr(B). To do so we develop a new formula with the help of
the Venn diagram (for a sample space ¥ and events A, B) in Fig. 3.19. From the fig-
ure (and the laws of set theory) we see that B = B N S=BN(AUA)=(BNA)U
(BN A),where (BNA)YN(BNA)=BN(ANA)=BN@#=40.
Pr(B) = Pr(BN A) + Pr(BNA)

= Pr(A)Pr(B|A) + Pr(A)Pr(B|A)

HE-GE)-55

Figure 3.19
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The result at the end of Example 3.47 —namely, for A, BC &
Pr(B) = Pr(A)Pr(B|A) + Pr(A)Pr(B|A)

is referred to as the Law of Total Probability. Our next example shows how this result can
be generalized.

Emilio is a system integrator for personal computers. As such he finds himself using key-
boards from three companies. Company 1 supplies 60% of the keyboards, company 2
supplies 30% of the keyboards, and the remaining 10% comes from company 3. From past
experience Emilio knows that 2% of company 1’s keyboards are defective, while the per-
centages of defective keyboards for companies 2, 3 are 3% and 5%, respectively. If one of
Emilio’s computers is selected, at random, and then tested, what is the probability it has a
defective keyboard?
Let A denote the event

A: The keyboard comes from company 1.
Events B, C are defined similarly for companies 2, 3, respectively. Event D, meanwhile, is
D: The keyboard is defective.

Here we are interested in Pr(D). Guided by the Venn diagram in Fig. 3.20, we see that
D=DN¥=DN(AUBUC)=(DNAUMDNB)U(DNC). But here ANB =
ANC = BNC =0.So now, for example, the Laws of Set Theory show us that (D N A)
N(DNB)=DN(ANB)=DNP=@. Likewise, (DNAYNDNC)=(DNB)N
(DNC)=@,and (DN A)YN (DN B)N(DNC)=@.Consequently, by Theorem 3.9, we
have

Pr(D) = Pr(DNA)+ Pr(DNB) + Pr(DNC)
= Pr(A)Pr(D|A) + Pr(B)P(D|B) + Pr(C)Pr(D|C).

(Here we have the Law of Total Probability for three sets; that is, the sample space ¥ is the
union of three sets, any two of which are disjoint.)

g

Figure 3.20

From the information given at the start of this example we know that

Pr(A) =06 Pr(B) =03 Pr(C) =0.1
Pr(D|A) = 0.02 Pr(D|B) = 0.03 Pr(D|C) = 0.05.

So Pr(D) = (0.6)(0.02) + (0.3)(0.03) + (0.1)(0.05) = 0.026, and this tells us that 2.6%
of the personal computers integrated by Emilio will have defective keyboards.
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EXAMPLE 3.49

Definition 3.12

EXAMPLE 3.50

The next example takes us back to the situation in Example 3.48 and introduces us to
Bayes’ Theorem. As with the Law of Total Probability, the situation here likewise general-
izes —that is, when appropriate, Bayes’ Theorem may be applied to any sample space ¥
that is decomposed into two or more events that are disjoint in pairs.

Referring back to the information in the preceding example, now we ask the question “If
one of Emilio’s personal computers is found to have a defective keyboard, what is the
probability that keyboard came from company 3?7”

Using the notation in Example 3.48 we see that here the given condition is D and that
we want to find Pr(C|D).

prcipy = F1E€0D) _ Pr(C)Pr(D|C)
’ Pr(D)  Pr(A)Pr(D|A) + Pr(B)Pr(D|B) + Pr(C)Pr(D|C)
(0.1)(0.05) 0005 5

" 0600 1 (03003 + 0.D005 0026 26 P%

[Before leaving this example let us observe a small point. Since we have a choice on how

to rewrite the numerator of %%C(g—)m, do we know we’ve made the correct choice? Yes!

The other choice, namely, Pr(C N D) = Pr(D)Pr(C|D), would tell us that Pr(C|D) =

P’P(rc(gf’) = P’“?,)r’:g)c'm = Pr(C|D), a correct but not very useful result.]

Having dealt with the Law of Total Probability and Bayes’ Theorem, it is now time to
settle the issue of independence. In our work on conditional probability we learned earlier
that for events A, B, taken from a sample space ¥, Pr(A N B) = Pr(A)Pr(B|A). Should
the occurrence of event A have no effect on that of B, we have Pr(B|A) = Pr(B) —and
so event B is independent of event A. These considerations now guide us to the following.

Given a sample space & with events A, B C &, we call A, B independent when

Pr(AN B) = Pr(A)Pr(B).

For A, B C ¥, the general situation has Pr(B)Pr(A|B) = Pr(BNA) = Pr(ANB) =
Pr(A)Pr(B|A). Using this and the result in Definition 3.12 we now have three ways to
decide when A, B are independent:

1) Pr(AN B) = Pr(A)Pr(B);
2) Pr(A|B) = Pr(A); or
3) Pr(B|A) = Pr(B).

We also realize that A is independent of B if and only if B is independent of A.

Our next example uses the preceding discussion to decide whether two events are inde-
pendent.

Suppose Arantxa tosses a fair coin three times. Here the sample space ¥ = {HHH, HHT,
HTH, THH, HTT, THT, TTH, TTT}, where each outcome has probability %
Consider the events

A: Thefirsttossis H: A = {HHH, HHT, HTH, HTT} and Pr(A) = %;
B: Thesecondtossis H: B = {HHH, HHT, THH, THT} and Pr(B) = %;
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C: There are at least two H’s: C = {HHT, HTH, THH, HHH} and Pr(C) = 5

a) AN B = {HHH, HHT}, so Pr(ANB)=1=(3)(3) = Pr(A)Pr(B). Conse-
quently, the events A, B are independent.

b) AN C = {HHH, HHT, HTH}, so P(ANC) = 2 # (3) (3) = Pr(A)Pr(C). There-
fore, the events A, C are not independent.

¢) Likewise, Pr(BNC) =3 #(3) (3) = Pr(B)Pr(C) so B,C are also not
independent.

d) The event B = {TTT, TTH, HTT, HTH} and Pr(B) = }. Further AN B = {HTH,
HTT} with Pr(ANB) = 1 = (1) (3) = Pr(A)Pr(B). So not only are the events
A, B independent but the events A, B are also independent.

The first part of the following theorem shows us that what has happened here in parts
(a) and (d) is not an isolated instance.

THEOREM 3.10

EXAMPLE 3.51

Let A, B be events taken from a sample space &. If A, B are independent, then (a) A, B
are independent; (b) A, B are independent; and (c) A, B are independent.
Proof: [We shall prove part (a) and leave the proofs of parts (b), (c) for the Section Exercises.]
Since A=ANY=AN(BUB)=(ANB)U(ANB) and (ANB)N(ANB) =
AN(BNB)=AN@ =@, wehave Pr(A) = Pr(AN B) + Pr(A N B). With A, B inde-
pendent, it follows that Pr(A N B) = Pr(A)Pr(B). The last two equations imply that
Pr(ANB) = Pr(A) — Pr(AN B) = Pr(A) — Pr(A)Pr(B) = Pr(A)[1 — Pr(B)] =
Pr(A) Pr(B). Consequently, from Definition 3.12 we know that A, B are independent.

Our next example will help motivate the idea of independence for three events.

Tino and Monica each roll a fair die. If we let x denote the result of Tino’s roll and y that of
Monica’s, then once again ¥ = {(x, y)|l < x, y < 6}. Now consider the events A, B, C:

A: Tinorollsal, 2, or6.
B: Monicarollsa3, 4,5, or6.
C: The sum of Tino’s and Monica’s rolls is 7.

Here Pr(A)= 8 =1 Pr(B) =% =% and Pr(C) = & = .. Further,
ANB ={(a,b)lacl2, 6},be{3, 4,5,6}}, so |AnB|=12 and Pr(ANB) =

%é =1=(3) (3) = Pr(A)Pr(B), so A, B are independent;
ANC={(1,6),(2,5), (6 D}and Pr(ANC) = £ = = = (3) () = Pr(A) Pr(C),
making A, C independent;
BNC={43),(3,4,2.5,(1,6)}and Pr(BNC) =5 =3 =(}) (}) =
Pr(B)Pr(C), so B, C are also independent.

Finally,
ANBNC={(1,6),2,5}and PrAANBNC) =2 =%=(3)(3) (}) =
Pr(A)Pr(B)Pr(C).

What has happened in Example 3.51 leads us to the following.
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Definition 3.13

For a sample space & and events A, B, C C &, we say that A, B, C are independent if
1) Pr(AN B) = Pr(A)Pr(B);
2) Pr(ANC) = Pr(A)Pr(C),
3) Pr(BNC) = Pr(B)Pr(C); and
4) Pr(ANBNC) = Pr(A)Pr(B)Pr(C).

EXAMPLE 3.52

Looking back now at Example 3.51 we see that there we verified the independence of the
events A, B, C. But did we do too much? In particular, do we really need condition (4) in
Definition 3.13? Perhaps we may feel that the first three conditions are enough to insure the
fourth condition. But, perhaps, they are not enough. The next example will help us settle
this issue.

Adira tosses a fair coin four times. So in this case the sample space ¥ =
{x1x2x3x4]x, € H, T}, 1 <i <4}.

Let A, B, C C & be the events:

A: Adira’s first toss is a tail (T);

B: Adira’s last toss is a tail (T); and

C: The four tosses yield two heads and two tails.

FGor th3ese events we find that Pr(A) = 1% = % Pr(B) = 1% = %, and Pr(C) = iG( ) =
68

In addition,

Pr(ANB) =+ =1=(3)(3) = Pr(A)Pr(B),

Pr(ANC) = % = (1) () = Pr(A)Pr(C), and

Pr(BNC) = =(3) (2) = Pr(B)Pr(C).

However, AN BN C ={THHT} and Pr(ANBNCO)=%=2#2=3)3) (})=
Pr(A)Pr(B)Pr(C). So while the three events in Example 3.51 are independent, the three
events in this example are (mutually) independent in pairs — but not independent.

In closing this section we provide a summary of the probability rules and laws we have
learned in this and the preceding section.

Summary of Probability Rules and Laws

1) The Rule of Complement: Pr(A) = 1 — Pr(A)
2) The Additive Rule: Pr(AU B) = Pr(A) + Pr(B) — Pr(AN B).

When A, B are disjoint, Pr(A U B) = Pr(4A) + Pr(B).
Pr(ANB)
-————-—-—’\ PrB) Pr(B)#0 '
4) Multiplicative Rule: Pr(A)Pr(B|A) = Pr(AN B) = Pr(B)Pr(A|B).
When A, B are independent, Pr(A N B) = Pr(A)Pr(B).

3) Conditional Probability: Pr(A|B) =
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§) The Law of Total Probability: Pr(B) = Pr(A)Pr(B|A) + Pr(A)Pr(B|A)

6) The Law of Total Probability (Extended Version): If Ay, A, .

.., Ap €&, where

n>3,AiNA;=0foralll <i <j<n,and ¥ = U] A;, then for any event B,

Pr(B) = Pr(A)Pr(BlAy) + - -+ Pr(A.)Pr(BlA,) = Y Pr(A;)Pr(BlA;).

7y Bayes’Theorem: Pr(A|B) =
8) Bayes’ Theorem (Extended Version): If Ap, Aj, .

i=1
Pr(ANB) _ Pr(A)Pr(B|A)
Pr(B) Pr(A)Pr(B|A) + Pr(A)Pr(B|A)

.5 A, €, where n>3,

AiNAj=@forall 1 <i<j<n, and ¥ = U, A, then for any event B, and

eachl <k <n,

_ Pr(A:nB) _ Pr(A) Pr(B|A)
PriduB) = = ™ = PrAnPr(BIAD + - + Pr(ApPr(BIAy
Pr(A;)Pr(BlAy)

EXERCISES 3.6

1. Recall that in a standard deck of 52 cards there are 12 pic-
ture cards — four each of jacks, queens, and kings. Kevin draws
one card from the deck. Find the probability his card is a king
if we know that the card drawn is an ace or a picture card.

2. Let A, B be events taken from a sample space &.
If Pr(A)=0.6, Pr(B)=0.4, and Pr(AUB)=0.7, find
Pr(A|B) and Pr(A|B).

3. If Coach Mollet works his football team throughout August,
then the probability the team will be the division champion is
0.75. The probability the coach will work his team throughout
August is 0.80. What is the probability Coach Mollet works his
team throughout August and the team finishes as the division
champion?

4. The 420 freshmen at an engineering college take either
calculus or discrete mathematics (but not both). Further, both
courses are offered providing either an introduction to a CAS
(computer algebra system) or using such a system extensively
throughout the course. The results in Table 3.6 summarize how
the 420 freshmen are distributed.

Table 3.6
CAS CAS
(Introduction) (Extensive
Coverage)
Calculus 170 120
Discrete Mathematics 80 50

a) If Sandrine is taking calculus, what is the probability
her class is only being introduced to the use of a CAS?

TS Pr(A)Pr(BlA)

b) Derek’s class is making extensive use of the CAS. What
is the probability Derek is taking discrete mathematics?

5. Let & be the sample space for an experiment € andlet A, B
be events from . If A, B are independent, prove that

Pr(AU B) = Pr(A) + Pr(A)Pr(B)
= Pr(B) + Pr(B)Pr(A).

6. Ceilia tosses a fair coin five times. What is the probabil-
ity she gets three heads, if the first toss results in (a) a head,;
(b) a tail?

7. One bag contains 15 identical (in shape) coins — nine of
silver and six of gold. A second bag contains 16 more of these
coins — six silver and 10 gold. Bruno reaches in and selects one
coin from the first bag and then places it in the second bag. Then
Madeleine selects one coin from this second bag.

a) What is the probability Madeleine selected a gold coin?
b) If Madeleine’s coin is gold, what is the probability
Bruno had selected a gold coin?

8. A coin is loaded so that Pr(H) = 2/3 and Pr(T) =1/3.
Todd tosses this coin twice.
Let A, B be the events

A: Thefirsttossisatail. B: Bothtosses are the same.

Are A, B independent?
9. Suppose that A, B are independent with Pr(A U B) = 0.6
and Pr(A) = 0.3. Find Pr(B).

10. Alice tosses a fair coin seven times. Find the probability
she gets four heads given that (a) her first toss is a head; (b) her
first and last tosses are heads.
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11. Paulo tosses a fair coin five times. If A, B denote the events

A: Paulo gets an odd number of tails.

B: Paulo’s first toss is a tail.

are A, B independent?

12. The probability that a certain mechanical component fails
when first used is 0.05. If the component does not fail immedi-
ately, the probability it will function correctly for at least one
year is 0.98. What is the probability that a new component func-
tions correctly for at least one year?

13. Paul has two coolers. The first contains eight cans of cola
and three cans of lemonade. The second cooler contains five
cans of cola and seven cans of lemonade. Paul randomly se-
lects one can from the first cooler and puts it into the second
cooler. Five minutes later Betty randomly selects two cans from
the second cooler. If both of Betty’s selections are cans of cola,
whatis the probability Paul initially selected a can of lemonade?

14. Let ¥ be the sample space for an experiment € and let
A,B,CC¥. If events A, B are independent, events A, C
are disjoint, and events B, C are independent, find Pr(B) if
Pr(A)=0.2, Pr(C)=0.4,and Pr(AUBUC) =0.8.

15. An electronic system is made up of two components con-
nected in parallel. Consequently, the system fails only when
both of the components fail. The probability the first component
fails is 0.05 and, when this happens, the probability the second
component fails is 0.02. What is the probability the electronic
system fails?

16. Gayla has a bag of 19 marbles of the same size. Nine of
these marbles are red, six blue, and four white. She randomly
selects three of the marbles, without replacement, from the bag.
What is the probability Gayla has withdrawn more red than
white marbles?

17. Let A, B, C be independent events taken from a sample
space ¥. If Pr(A) =1/8, Pr(B) = 1/4, and Pr(AU BUC)
=1/2, find Pr(C).

18. A company involved in the integration of personal comput-
ers gets its graphics cards from three sources. The first source
provides 20% of the cards, the second source 35%, and the third
source 45%. Past experience has shown that 5% of the cards
from the first source are found to be defective, while those from
the second and third sources are found to be defective 3% and
2%, respectively, of the time.

a) What percentage of the company’s graphics cards are
defective?

b) If a graphics card is selected and found to be defective,
what is the probability it was provided by the third source?

19. Gustavo tosses a fair coin twice. For this experiment con-
sider the following events:

A: The first toss is a head.

B: The second toss is a tail.

C: The tosses result in one head and one tail.

Are the events A, B, and C independent?

20. Three missiles are fired at an enemy arsenal. The probabil-
ities the individual missiles will hit the arsenal are 0.75, 0.85,
and 0.9. Find the probability that at least two of the missiles hit
the arsenal.

21. Dustin and Jennifer each toss three fair coins. What is the
probability (a) each of them gets the same number of heads?
(b) Dustin gets more heads than Jennifer? (c) Jennifer gets more
heads than Dustin?

22. Tiffany and four of her cousins play the game of “odd person
out” to determine who will rake up the leaves at their grand-
mother Mary Lou’s home. Each cousin tosses a fair coin. If the
outcome for one cousin is different from that of the other four,
then this cousin has to rake the leaves. What is the probability
that a “lucky” cousin is determined after the coins are flipped
only once?

23. Ninety percent of new airport-security personnel have had
prior training in weapon detection. During their first month on
the job, personnel without prior training fail to detect a weapon
3% of the time, while those with prior training fail only 0.5%
of the time. What is the probability a new airport-security em-
ployee, who fails to detect a weapon during the first month on
the job, has had prior training in weapon detection?

24. The binary string 101101, where the string is unchanged
upon reversing order, is called a palindrome (of length 6). Sup-
pose a binary string of length 6 is randomly generated, with 0,
1 equally likely for each of the six positions in the string. What
is the probability the string is a palindrome if the first and sixth
bits (a) are both 1; (b) are the same?

25. In defining the notion of independence for three events

we found (in Definition 3.13) that we had to check four con-

ditions. If there are four events, say E,, E,, E3, E4, then we

have to check 11 conditions — six of the form Pr(E; N E;) =

Pr(E,)Pr(E,)),1<i < j<4; four of the form Pr(E N

E;NE,) = Pr(E)Pr(E,)Pr(Ey),1<i<j<k<4 and

Pr(El n E2 n E3 n E4) = Pr(El)Pr(Ez)Pr(E3)Pr(E4)

(a) How many conditions need to be checked for the indepen-

dence of five events? (b) How many for n events, where n > 2?

26. Let A, B be events taken from a sample space &. If Pr(A N
B) =0.1and Pr(AN B) = 0.3, whatis Pr(A A B|AU B)?

27. Urn 1 contains 14 envelopes (of the same size) — six each
contain $1 and the other eight each contain $5. Urn 2 contains
eight envelopes (of the same size as those in urn 1)— three
each contain $1 and the other five each contain $5. Three en-
velopes are randomly selected from urn 1 and transferred to urn
2. If Carmen now draws one envelope from urn 2, what is the
probability her selection contains $1?

28. Let A, B be events taken from a sample space ¥ (with
Pr(A) > 0and Pr(B) > 0). If Pr(B|A) < Pr(B), prove that
Pr(A|B) < Pr(A).
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29. Let A, B be events taken from a sample space &. If 30. Let & be the sample space for an experiment €, with events
Pr(A)=0.5, Pr(B) = 0.3, and Pr(A|B) + Pr(B|A) = 0.8, A,BC Y. If Pr(A|B) = Pr(A A B)=0.5and Pr(AUB)

whatis Pr(A N B)?

= 0.7, determine Pr(A) and Pr(B).

3.7

Discrete Random Variables (Optional)

EXAMPLE 3.53

In this section we introduce a fundamental idea in the study of probability and statistics —
namely, the random variable. Since we are dealing exclusively with discrete sample spaces,
we shall deal only with discrete random variables. Consequently, whenever the term ran-
dom variable arises, it is understood that it is a discrete random variable — that is, a random
variable defined for a discrete sample space. [Those interested in continuous random vari-
ables should consult the chapter references. Chapter 3 of the text by John J. Kinney [7] is
an excellent starting point.]

We introduce the concept of a random variable in an informal way. The following
example will help us do this.

If Keshia tosses a fair coin four times, the sample space for this random experiment may
be given as
¢ = {HHHH,
HHHT, HHTH, HTHH, THHH,
HHTT, HTHT, HTTH, THHT, THTH, TTHH,
HTTT, THTT, TTHT, TTTH,
TTTT}.
Now, for each of the 16 strings of H’s and T’s in &, we define the random variable X as
follows:
For x1x3x3x4 € ¥, X (x1x2x3x4) counts the number of H’s that appear among the four
components xi, x2, x3, x4. Consequently,
X (HHHH) = 4,
X (HHHT) = X(HHTH) = X (HTHH) = X (THHH) = 3,
X (HHTT) = X(HTHT) = X(HTTH) = X (THHT) = X(THTH) = X (TTHH) = 2,
X (HTTT) = X(THTT) = X(TTHT) = X(TTTH) = 1, and
X(TTTT) = 0.
We see that X associates’ each of the 16 strings of H’s and T’s in & with one of the

nonnegative integers in {0, 1, 2, 3, 4} (a subset of R). This allows us to think of an outcome
in & in terms of a real number. Further, suppose we are interested in the event

A: the four tosses result in two H’s and two T’s.

TThis association by X between the strings in & and the nonnegative integers 0, 1, 2, 3, 4 is an example of
a function—an idea to be covered in detail in Chapter 5. In general, a random variable is a function from the
sample space ¥ of an experiment € to R, the set of real numbers. The domain of any random variable X is & and
the codomain is always R. The range in this case is {0, 1, 2, 3, 4}. (The concepts of domain, codomain, and range
are formally defined in Section 5.2.)
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EXAMPLE 3.54

In our earlier work we might have described this event by writing
A = (HHTT, HTHT, HTTH, THHT, THTH, TTHH}.

Now we can summarize the six outcomes in this event by writing A =
{x1x2x3x4]| X (x1Xx2x3x4) = 2}, and this may be abbreviated to A = {x1x2x3x4|X = 2}. Also,
we express Pr(A), in terms of the random variable X, as Pr(X = 2). So here we have
Pr(A) = Pr(X =2) =6/16 = 3/8. Similarly, it follows that Pr(X =4) =1/16 since
there is only one outcome for this case — namely, HHHH.

The following provides what we call the probability distribution for this particular ran-
dom variable X.

x Pr(X =x)
0 1/16
1 4/16 = 1/4
2 6/16 = 3/8
3 4/16 = 1/4
4 1/16

Observe how Y 4_o Pr(X = x) = 1 in agreement with axiom (2) of Section 3.5. Also, it
is understood that Pr(X =x) =0forx #0, 1, 2, 3, 4.

Let us now reinforce what we have learned by considering a second example.

Suppose Giorgio rolls a pair of fair dice. This experiment was examined earlier — for
instance, in Examples 3.33 and 3.45. The sample space here comprises 36 ordered pairs
and may be expressed as ¥ = {(x, y)|l <x <6,1 <y <6}.

We define the random variable X, for each ordered pair (x, y) in &, by X((x, y)) =
x + y, the sum of the numbers that appear on the (tops of) two fair dice. Then X takes on
the following values:

X(1,1))=2

X((1,2)=X(2,1)=3

X((1,3) = X(2,2) =X(3, 1)) =4

X((1,4)) = X((2,3)) = X((3,2) = X(4, 1) =5

X((1,5)) = X((2,4) = X((3,3) = X((4,2) = X(5, 1) =6

X((1,6) = X((2,5) = X((3,4) = X((4,3)) = X((5,2)) = X((6, 1)) =7

X((2,6)) = X((3,5) = X((4,4) = X((5,3)) = X((6,2)) =8

X((3,6)) = X((4,5) = X((5,4) = X((6,3)) =9

X((4,6)) = X((5,5) = X((6,4)) =10

X((5,6)) = X((6,5) =11

X((6,6)) =12

The probability distribution for X is as follows:
Pr(X=2)=1/36 Pr(X=6)=5/36 Pr(X =10)=13/36
Pr(X =3)=2/36 Pr(X=17)=6/36 Pr(X =11)=2/36
Pr(X =4)=3/36 Pr(X =8)=5/36 Pr(X=12)=1/36

Pr(X =5) =4/36 Pr(X =9) =4/36
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This can be abbreviated somewhat by
x—1
36 7
12—-(x—-1)
36 '

x=2,3,456,7
Pr(X =x)=
x =28,9,10, 11, 12.

Note that ) 12, Pr(X =x) = 1.
Having finished with describing X and its probability distribution, now let us consider
the events:

B: Giorgio rolls an 8 —that is, the sum of the two dice is 8.

C: Giorgio rolls at least a 10.
The event B = {(2, 6), (3,5), (4, 4), (5, 3), (6,2)} and Pr(B) = Pr(X =8) =5/36.
Meanwhile C = {(4, 6), (5, 5), (6, 4), (5, 6), (6, 5), (6,6)} and Pr(C) =6/36 = 3/36
+2/36 +1/36=Pr(X=10)+Pr(X=11)+Pr( X =12)=Pr(10<X <12) =

ZoPriX=x)=) . Pr(X=x).

The preceding two examples have shown us how a random variable may be described by
its probability distribution. Now we shall see how a random variable can be characterized
by means of two measures —its expected value, a measure of central tendency, and its
variance, a measure of dispersion.

When a fair coin is tossed 10 times, our intuition may suggest that we expect to get
five heads and five tails. Yet we know that we could actually see 10 heads, although the

probability for this outcome is only (}8)(%)10 = 1oz = 0.000977, while the probability

for five heads and five tails is substantially higher as (150)(%)5(%)5 = ZZ =(.246094.

Similarly, we may want to know how many times we might expect to see a 6 when a fair
die is rolled 50 times. To deal with such concerns we introduce the following idea.

Let X be a random variable defined for the outcomes in a sample space &. The mean, or
expected value, of X is

E(X)=) x-Pr(X =x),

where the sum is taken over all the values x determined by the random variable X 7.

The following example deals with E(X) in several different situations.

T One finds the terms mean (value) and expectation also used to describe E (X), as well as the alternate notation
i x . Further, although our discussion deals solely with finite sample spaces, the above formula is valid for countably
infinite sample spaces, so long as the infinite sum converges.
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a) If a fair coin is tossed once and X counts the number of heads that appear, then

EXAMPLE 3.55

)

N =

$={HT, XH=1  XM=0, Pr(X=0=Pr(X=1=

1
1. -,
+ 2

N =
N =

1
and  EX)=) x-Pr(X=x)=0-
x=0

Note that E(X) is neither O nor 1.
b) If one fair die is rolled, then &¥ = {1, 2, 3, 4, 5, 6}. Further, for each 1 <i <6, we
have X (i) =i and Pr(X =1i) = 1/6. So here

6
1 1 1 1 1 1
E(X)=Z:1x-Pr(X=x)=1‘g+2-~6-+3~~6-+4~~6-+5-6+6'~6-
1 21 7
= —_ 1 2 = — = —,
(3)a+2ev0=2 -1

Note, once again, that E(X) is not among the values determined by the random vari-
able X.

¢) Suppose now we have a loaded die, where the probability of rolling the number i
is proportional to i. As in part (b), ¥ = {1, 2, 3,4, 5,6} and X(i) =i for 1 <i <6.
However, here, if p is the probability of rolling 1, then ip is the probability of roll-
ing i, for each of the other five outcomes i, where 2 <i < 6. From axiom (2),
1= ?=1 ip=p(1+4+2+---+6)=21p, so p=1/21 and Pr(X =i) =i/21,
1 <i <6. Consequently,

J 1 2 6
E(X)=Zx~Pr(X=x)=1‘—+2-—+-~—|—6~—
x=1

21 21 21
_1+4+9416+25+436 91 13
21 21 3

d) Consider the random variable X in Example 3.53, where a fair coin was tossed four
times. Then here

E(X) ix Pr(X )=0 1—|—1 4+2 6+3 4+4 !
= . = x = . — . — . — . — . —
= 16 16 16 16 16
_04+4412412+4 -9
16 )
In this case E(X) is found to be among the values determined by the random vari-

able X.
e) Finally, for Example 3.54, where Giorgio rolled a pair of fair dice, we find that

1 2 6 5 2 1
E(X)—2'%+3-%+-~+7'%+8'%+---+11~%+12-%

252
=27

36

Before continuing let us recall from Section 3.5 that a Bernoulli trial is an experiment
with exactly two outcomes — success, with probability p, and failure, with probability
g =1 — p. When such an experiment is performed » times, and the outcome of any one
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trial is independent of the outcomes of any previous trials, then the probability that there
are (exactly) k successes among the n trials is (}) p*q" ™, 0 <k <n.

Now if we consider the sample space of all 2" possibilities for the n outcomes of these
n Bernoulli trials, then we can define the random variable X, where X counts the number
of successes among the n trials. Under these circumstances X is called a binomial random
variable and

Pr(X =x) = (");;xq"-", x=0,1,2,...,n
X

This probability distribution is called the binomial probability distribution and it is com-
pletely determined by the values of n and p. Further, it is precisely the type of probability
distribution that occurs in Example 3.53, where we regard an H as a success and find that

=0 = 56=(5) (5) (%24 prc=n == () (;)34(%)‘0
rrac=n=3=(}) G); (é)z rrx=n=5=(3)(3) (3)
rea 30

The five previous results can be summarized by

X 4-x
Pr(X=x)=(j)(%) <%) , x=0,1,...,4.

But why should we be bringing all of this up here in the discussion on the expected value of
arandom variable? At this point notice that in part (d) of Example 3.55 we found E(X) =
where X is the binomial random variable described above. For this binomial random variable
X wehavern = 4and p = 1/2.Isitjustacoincidence herethat £(X) =2 = (4)(1/2) = np?

Suppose we were to roll a fair die 12 times and ask for the number of times we expect to
see a 5 come up. Here the binomial random variable X would count the number of times a 5
is rolled among the 12 rolls. Our intuition might suggest the answer is 2 = (12)(1/6) = np.
But is this once again E(X) for this binomial random variable X ? Instead of verifying this
result directly — by using the formula in Definition 3.14, we shall obtain the result from
the following theorem.

THEOREM 3.11

Let X be the binomial random variable that counts the number of successes, each with
probability p, among n Bernoulli trials. Then E(X) = np.

Proof: From Definition 3.14 we have
n n
EX) =) x PrX=x)=) x<n>pxq"—"
x=0 x=0 X
where g = 1 — p. Since x (%) p*¢"~* = 0 when x = 0, it follows that

u u n!
X Nn—=XxX X A=Xx
Z ( )p 1 Z:x)c!(n —x)!p i

x=1 x=1

E(X)

n

n! (n —1)! x—1_n-x
; G-’ pZ G-Dim—nt? 1
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-1
— !
Z =) ———————p¢" 0" upon substituting y = x — 1,

n —
Yin =G +DI and realizing that y varies from O to
n — 1 when x varies from 1 to n
n—1
-1
=np (n y )p g™V =np(p+¢)"~', by the binomial theorem
=0

~

=np, sincep+q=1.

Definition 3.15

EXAMPLE 3.56

As aresult of Theorem 3.11 we now know that upon rolling a fair die 12 times the num-
ber of 5’s we expect to see is (12)(1/6) = 2, as our intuition suggested earlier. Better still,
should we roll this fair die 1200 times and let the random variable Y count the num-
ber of 5’s that appear, then Y is a binomial random variable with n = 1200, p = 1/6, and

Pr(Y =y) = (1200)(6) (%)IZOO—y ,y=0,1,2,...,1200. Further, instead of trying to

determine E(Y) by actually calculating ) %0 y(lZOO)(})) (%)IZOO—y , we obtain E(Y) =

np = (1200)(1/6) = 200, quite readily from Theorem 3.11.

Having dealt with the concept of the mean, or expected value, of a random variable X,
we turn now to the variance of X —a measure of how widely the values determined by
X are dispersed or spread out. If X is the random variable defined on the sample space
¥x = {a, b, c}, where X(a) = -1, X(b) =0, X(c) =1, and Pr(X =x) =1/3, for x =
—1,0, 1, then E(X) = 0. But then if Y is the random variable defined on the sample
space y = {r,s,t,u, v}, where Y(r) = =4, Y(s) = =2, Y1) =0,Y(w) =2, Y(v) =
and Pr(Y =y) =1/5,fory = —4, =2, 0, 2, 4, we get the same mean — thatis, E(Y) =
However, although E(X) = E(Y), we can see that the values determined by Y are more
spread out about the mean of 0 than the values determined by X. To measure this notion of
dispersion we introduce the following.

Let & be the sample space for an experiment € and let X be a random variable defined on
the outcomes in &. Suppose further that E(X) is the mean, or expected value, of X. Then
the variance of X, denoted 0,%, or Var(X), is defined by

oy =Var(X) = E(X — E(X))’ = ) (x — E(X))*- Pr(X = x),

where the sum is taken over all the values of x determined by the random variable X.
The standard deviation of X, denoted oy, is defined by

ox = 4/ Var(X).

Now let us apply Definition 3.15 in the following.

Let X be the random variable defined on the outcomes of the sample space ¥ = {a, b, c, d},
with X(a) =1, X(b) =3, X(c¢) =4,and X(d) =
Suppose the probability distribution for X is

X Pr(X =x)
1 1/5
3 2/5
4 1/5
6 1/5.
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Then

1 17
EX)=1--43. =
(X) 5+ 5

and

Var(X) = E(X — E(X))?

-5 (630

(5 0)+ - ()

B RSIENBIONEIIE
@65

6 1 .
so ox =+/Var(X) = i g«/% = 1.624808.

Our next result provides a second way by which we can compute Var(X).

THEOREM 3.12 If X is a random variable defined on the outcomes of a sample space &, then

Var(X) = E(X?) — [E(X)].
Proof: From Definition 3.15 we know that

Var(X) = E(X — E(X))? = Z(x — E(X))? Pr(X =x).
P
Expanding within the summation we have

Var(X) = Z(x2 —2%EX)+[EX)P) - Pr(X = x)
= szPr(X =x) —2E(X) Zx . Pr(X =x)

+ [EX)]? Z Pr(X =x), because E(X) is a constant
X

= E(X)2 —2E(X)E(X) + [E(X)]z, becauser -Pr(X =x)=EX)

and Z PriX=x)=1
= E(X) - [E(X)T. ’

Let us check the result for Var(X) in Example 3.56 by using Theorem 3.12.
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EXAMPLE 3.57

EXAMPLE 3.58

The information in Example 3.56 provides the following:

x x? Pr(X =x)
1 1 1/5
3 9 2/5
4 16 1/5
6 36 1/5

So E(X) =), x*Pr(X =x)= (1) (3) + ) () + (16 (g) +@36) () =1.
Earlier in Example 3.56 we learned that E(X) = / onsequently, from Theorem

17
3.12 we have Var(X) = E(X?) — [E(X)? =4 — (-51) (zi) (355 —289) = £, as we
found earlier.

We’ll use the formula of Theorem 3.12 a second time in the following.

In Example 3.53 we studied the random variable X, which counted the number of heads
that result when a fair coin is tossed four times. Soon thereafter we learned that X was
a binomial random variable with n =4, p=1/2,q=1—p =1/2, and Pr(X =x) =
) (2 (3)" ™, x=0,1,2,3,4. Further, in part (d) of Example 3.55 we found that

E(X) =2 (= np, as we learned later in Theorem 3.11). To compute Var(X) we use the
formula in Theorem 3.12, but first we consider the following.

x? Pr(X =x)
1/16
4/16
6/16
4/16
1/16

A LOWN R~ OR
Ao = O

Using these results we find that E(X?) = ) 4_(x?Pr(X =x)=0- Lt +1- 14—6 +4.L
9. & 4+16-L =38 =5 So Var(X) = E(X>) —[EX)?=5-(22=1=4(}) (%)
npq, aresult that i 1s true in general. Further, for this random variable, the standard deviatio
Ox = 1.

Il+

As we mentioned, the preceding example contains an instance of a more general result.
We state that result now in our next theorem and outline a proof for this theorem in the
Section Exercises.

THEOREM 3.13

EXAMPLE 3.59

Let X be the binomial random variable that counts the number of successes, each with
probability p, among n independent Bernoulli trials. Then Var(X) = npq and ox = ,/npq,
whereg =1—p

As aresult of Theorems 3.11 and 3.13 we now find that our next example requires little
calculation.

Due to top-notch recruiting, Coach Jenkins’ baseball team has probability 0.85 of winning
each of the 12 baseball games it will play during the spring semester. (Here the outcome of
each game is independent of the outcome of any previous game.)
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Let X be the random variable that counts the number of games Coach Jenkins’
team wins during the spring semester. Then Pr(X =x) = (!2)(0.85)*(0.15)'**,
x=0,1,2,...,12. Further, with n=12 and p =0.85, we readily see that
EX)=)12, x(1x2)(0.85)x(0.15)12‘x =np = 12(0.85) = 10.2 and Var(X) =

12 (x - 10.2)2(‘)3)(0.85)”(0.15)12‘)r =y, xz(;z)(O.SS)x(O.IS)n"‘ —(10.2)% =
npq = (12)(0.85)(0.15) = 1.53.

A word of warning! The preceding example shows how easy it is to compute E(X)
and Var(X) for a binomial random variable X, once we know the values of n and p. But
remember, the formulas in Theorems 3.11 and 3.13 are valid only when the random variable
X is binomial.

Before we introduce the last idea for this section we shall consider an example in order
to motivate and illustrate the idea.

Referring back to Example 3.59, at this point we want to determine a lower bound for
the probability that the random variable X is within k standard deviations ox of the mean
E(X), for k =2,3. When k =2 we find that Pr(E(X) —20x < X < E(X) +20x) =
Pr(|X — E(X)| <20x). From the calculations in Example 3.59 we know that E(X) =
10.2 and Var(X) = 1.53, so ox = +/1.53 = 1.236932. Consequently, Pr(|X — E(X)| <
20x) = Pr(10.2 — 2(1.236932) < X < 10.2 +2(1.236932)) = Pr(7.726136 < X <
12.673864) = Pr(X =8)4+ Pr( X =9+ - -+ Pr(X =12) =

12 ¢ (1) (0.85)7(0.15)127* = 0.068284 + 0.171976 + 0.292358 + 0.301218 +
0.142242 = 0.976078.

Likewise, for k =3, Pr(|X — E(X)| <30x) = Pr(6.489204 < X <13.910796) =
Pr(X=7+Pr(X=8)+---+ Pr(X = 12) =0.019280 + 0.068284 + - - - +
0.142242 = 0.995358.

But where is this lower bound that we mentioned at the start of our discussion? Looking
at the results for £ = 2, 3 once more, we see that Pr(|X — E(X)| <20x) = 0.976078 >
$=1-gand Pr(X — E(X)| <30x) =0.995358 > § =1 — 3. So

1
Pr(X — E(X)| <kox) 1= 5. fork=2.3.

Further, although this lower bound is on the crude side, our next result will show that it is
true for any positive real number k. In addition, the result is true for any random variable
X, not just a binomial random variable like the one we have used here.

THEOREM 3.14

Chebyshev’s Inequality. Let ¥ be the sample space for an experiment € and let X be a
random variable defined on the outcomes in &. If E(X) is the mean of X and oy its
standard deviation, then for any £ > 0,

1
Pr(E(X) —kox < X < E(X) +kox) = Pr(|X — E(X)| <kox)>1- ek

[Here, as in Example 3.60, X accounts for those x values where x = X (s) for some s € ¥
and |x — E(X)| <koy.]

Proof: The proof presented here is for X discrete.” However, the result is also true for
continuous random variables.

The proof presented here is valid for the case where the sample space is countably infinite, so long as all the
summations converge.
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Let A, B be the following subsets of R.

A={xllx — E(X)| > kox} B = {x|lx — E(X)| <kox}

(Note that A, B are not necessarily events for they need not be subsets of ¥. They are

subsets of the set of real numbers determined by the random variable X.)
We know that

Var(X) = 0} = Z(x — E(X))’Pr(X =x)

=Y - EX)*Pr(X=x)+ Y (x— E(X))*Pr(X = x)

x€A x€eB

> Z(x — E(X))*Pr(X =x), as Z(x — E(X))*Pr(X =x) > 0.
xX€EA X€B

For x € A, |x — E(X)| > kox and so it follows that here |x — E(X)| > kox. Since
(x — E(X))* = |x — E(X)|* we now have

o} =Y lx— EQX)IPPr(X =x) > kof »  Pr(X=x), and
x€A x€A

o2 > kol Z Pr(X =x) =0} > k’c2Pr(|X — E(X)| > ko)
x€eA
1 1
=5z Pr(|X — E(X)| > kox) = G =S —Pr(|X — E(X)| > kox)
1
=1- 7= 1 — Pr(|X — E(X)| > kox)

1
=1- 2 < Pr(IX — E(X)| <kox).

Our last example for this section shows how one might apply Chebyshev’s Inequality.

EXAMPLE 3.61 Angelica is selling boxes of candy for her choir’s Christmas fund raiser. The pieces of candy

are packed into each box so that the mean number of pieces is 125 with a standard deviation

of 5 pieces. To find a lower bound on the probability that a box of Angelica’s candy contains
between 118 and 132 pieces we proceed as follows.

Here the random variable X counts the number of pieces of candy in a box, with E(X) =
125 and ox = 5. Applying Chebyshev’s Inequality we have

Pr(118 < X <132) = Pr(118 — 125 < X — 125 <132 — 125)
=Pr(—-7<X—-125<T)=Pr(|1X — 125/ <7)
=Pr<|X—E(X)|§(z)oX>21—L=1—§=%.

5 (%)2 49 49
Consequently, the probability that a box of Angelica’s candy contains between 118 and

132 pieces is at least 24/49 = 0.489796. (Note here that the value of k in Chebyshev’s
Inequality is 7/5, which is not an integer.)




EXERCISES 3.7

1. Let X be a random variable with the following probability
distribution.

x|01234

_ 1 1 1 1 1
P’(X-x)|§ i 1 1 3

Determine (a) Pr(X = 3); (b) Pr(X <4); (c) Pr(X > 0);
(d) Pr(l <X <3);(e) Pr(X =2|X <3);and
) Pr(X <lorX =4).

2. The probability distribution for a random variable X
is given by Pr(X =x)=0Cx+1)/22,x=0,1,2,3. De-
termine (a) Pr(X =3); (b)Pr(X <1); (¢) Pr(1 <X <3);
d) Pr(X > =2);and (e) Pr(X = 11X <2).

3. Ashipment of 120 graphics cards contains 10 that are defec-
tive. Serena selects five of these cards, without replacement, and
inspects them to see which, if any, are defective. If the random
variable X counts the number of defective graphics cards in Ser-
ena’s selection, determine (a) Pr(X =x),x =0,1,2,...,5;
®) Pr(X =4);(c) Pr(X =4);and (d) Pr(X = 1|1X <2).

4. Connie tosses a fair coin three times. If X = X, — X,
where X counts the number of heads that result and X, counts
the number of tails that result, determine (a) the probability dis-
tributions for X;, X, and X; and (b) the means E(X;), E(X>),
and E(X).

5. Let X be the random variable where Pr(X =x) =1/6
for x=1,2,3,...,6. (Here X is a uniform discrete ran-
dom variable.) Determine (a) Pr(X > 3); (b) Pr(2 < X <5);
(c) Pr(X = 4|X > 3); (d) E(X); and (e) Var(X).

6. A computer dealer finds that the number of laptop comput-
ers her dealership sells each day is a random variable X where
the probability distribution for X is given by

2

cx
—, =1,2,3,4,5
Prx=x)={ %" *
0, otherwise,

where ¢ is a constant. Determine (a) the value of c;
(b) Pr(X=3); (¢) Pr( X=4|X=>3); (d E(X); and
(e) Var(X).

7. Arandom variable X has probability distribution given by

c6—x), x=1,2,3,4,5
Pr(X=x)=
0, otherwise,
where ¢ is a constant. Determine (a) the value of c;
(b) Pr(X <2);(c) E(X); and (d) Var(X).
8. Wayne tosses an unfair coin — one that is biased so that a

head is three times as likely to occur as a tail. How many heads
should Wayne expect to see if he tosses the coin 100 times?

9. Suppose that X is a binomial random variable where
PriX=x)="p*Ad-p"*x=0,1,2,...,nIf
E(X) = 70 and Var(X) = 45.5, determine n, p.
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10. A carnival game invites a player to select one card from a
standard deck of 52 cards. If the card is a seven or a jack the
player is given five dollars. For a king or an ace the player is
given eight dollars. The other 36 cards result in the player los-
ing. How much should one be willing to pay to play this game so
that it is fair — that is, so that the expected value of the player’s
net winnings is 0?

11. The route that Jackie follows to school each day includes
eight stoplights. When she reaches each stoplight, the proba-
bility that the stoplight is red is 0.25 and it is assumed that the
stoplights are spaced far enough apart so as to operate indepen-
dently. If the random variable X counts the number of red stop-
lights Jackie encounters one particular day on her ride to school,
determine (a) Pr(X =0); (b) Pr(X =3); (c) Pr(X >6),
(d) Pr(X = 6|X = 4); (e) E(X); and (f) Var(X).

12. Suppose that a random variable X has mean E(X) = 17
and variance Var(X) =9, but its probability distribution is
unknown. Use Chebyshev’s Inequality to estimate a lower
bound for (a) Pr(11 < X <23); (b) Pr(10 <X <24); and
(c) Pr(8 < X <26).

13. Suppose that a random variable X has mean E(X) = 15
and variance Var(X) = 4, but its probability distribution is un-
known. Use Chebyshev’s Inequality to find the value of the
constant ¢ where Pr(]X — 15| <c¢) > 0.96.

14. Fred rolls a fair die 20 times. If X is the random variable
that counts the number of 6’s that come up during the 20 rolls,
determine E(X) and Var(X).

15. A carton contains 20 computer chips, four of which are de-
fective. Isaac tests these chips —one at a time and without re-
placement — until he either finds a defective chip or has tested
three chips. If the random variable X counts the number of
chips Isaac tests, find (a) the probability distribution for X;
(b) Pr(X<2); (¢ Pr(X=1]X<2); (d E(X); and
(e) Var(X).
16. Suppose that X is a random variable defined on a sample
space ¥ and that a, b are constants. Show that (a) E(aX + b) =
aE(x) + b and (b) Var(aX + b) = a*Var(X).
17. Let X be a binomial random variable with Pr(X = x) =
(ﬁ)p"q""‘, x=0,1,2,...,n,wheren (> 2) is the number of
Bernoulli trials, p is the probability of success for each trial,
andg =1—p.
a) Show that E(X (X — 1)) = n?p? — np®.
b) Using the fact that E(X(X —1)) = E(X*—-X) =
E(X?) — E(X) and that E(X) = np, show that Var(X) =
npq.
18. In alpha testing a new software package, a software engi-
neer finds that the number of defects per 100 lines of code is a
random variable X with probability distribution:

x |1 2 3 4
Pr(X=x) | 04 03 02 0.1
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Find (a) Pr(X > 1); (b) Pr(X =3|X >2); (c) E(X); and
(d) Var(X).

19. In Mario Puzo’s novel The Godfather, at the wedding recep-
tion for his daughter Constanzia, Don Vito Corleone discusses
with his godson Johnny Fontane how he will deal with the movie
mogul Jack Woltz. And in this context he speaks the famous line

“I’ll make him an offer he can’t refuse.”

If we let the random variable X count the number of letters
and apostrophes in a randomly selected word (from the above
quotation) and we assume that each of the eight words has the
same probability of being selected, determine (a) the probability
distribution for X; (b) E(X); and (c) Var(X).

3.8
Summary and Historical Review

20. An assembly comprises three electrical components that
operate independently. The probabilities that these components
function according to specifications are 0.95, 0.9, and 0.88. If
the random variable X counts the number of components that
function according to specifications, determine (a) the proba-
bility distribution for X; (b) Pr(X > 2|X > 1); (¢) E(X); and
(d) Var(X).

21. Anurn contains five chips numbered 1, 2, 3,4, and 5. When

two chips are drawn (without replacement) from the urn, the
random variable X records the higher value. Find E(X) and 0.

In this chapter we introduced some of the fundamentals of set theory, together with certain
relationships to enumeration problems and probability theory.

The algebra of set theory evolved during the nineteenth and early twentieth centuries.
In England, George Peacock (1791-1858) was a pioneer in mathematical reforms and was
among the first, in his Treatise on Algebra, to revolutionize the entire conception of algebra
and arithmetic. His ideas were further developed by Duncan Gregory (1813-1844), William
Rowan Hamilton (1805-1865), and Augustus DeMorgan (1806—1871), who attempted to
remove ambiguity from elementary algebra and cast it in the strict postulational form.
Not until 1854, however, when Boole published his Investigation of the Laws of Thought,
was an algebra dealing with sets and logic formalized and the work of Peacock and his
contemporaries extended.

The presentation here is primarily concerned with finite sets. However, the investigation
of infinite sets and their cardinalities has occupied the minds of many mathematicians and
philosophers. (More about this can be found in Appendix 3. However, the reader may
want to learn more about functions — as presented in Chapter 5 — before looking into the
material in this appendix.) The intuitive approach to set theory was taken until the time of
the Russian-born mathematician Georg Cantor (1845-1918), who defined a set, in 1895,
in a way comparable to the “gut feeling” we mentioned at the start of Section 3.1. His
definition, however, was one of the obstacles he was never able to entirely remove from his
theory of sets.

In the 1870s, when Cantor was researching trigonometric series and series of real num-
bers, he needed a device to compare the sizes of infinite sets of numbers. His treatment of
the infinite as an actuality, on the same level as the finite, was quite revolutionary. Some of
his work was rejected because it proved to be much more abstract than what many mathe-
maticians of his time were accustomed to. However, his work won wide enough acceptance
so that by 1890 the theory of sets, both finite and infinite, was considered a branch of
mathematics in its own right.

By the turn of the century the theory was widely accepted, but in 1901 the paradox
now known as Russell’s paradox (which was discussed in Exercise 27 of Section 3.1)
showed that set theory, as originally proposed, was internally inconsistent. The difficulty
seemed to be in the unrestricted way in which sets could be defined; the idea of a set’s being a
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Georg Cantor (1845-1918)
Reproduced courtesy of The Granger Collection, New York

member of itself was considered particularly suspect. In their work Principia Mathematica,
the British mathematicians Lord Bertrand Arthur William Russell (1872—-1970) and Alfred
North Whitehead (1861-1947) developed a hierarchy in the theory of sets known as the
theory of types. This axiomatic set theory, among other twentieth-century formulations,
avoided the Russell paradox. In addition to his work in mathematics, Lord Russell wrote
books dealing with philosophy, physics, and his political views. His remarkable literary
talent was recognized in 1950 when he was awarded the Nobel prize for literature.

Lord Bertrand Arthur William Russell (1872-1970)

The discovery of Russell’s paradox —even though it could be remedied — had a pro-
found impact on the mathematical community, for many began to wonder if other contra-
dictions were still lurking. Then in 1931 the Austrian-born mathematician (and logician)
Kurt Godel (1906-1978) formulated that “under a specified consistency condition, any
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sufficiently strong formal axiomatic system must contain a proposition such that neither it
nor its negation is provable and that any consistency proof for the system must use ideas and
methods beyond those of the system itself.” And unfortunately, from this we learn that we
cannot establish—in a mathematically rigorous manner — that there are no contradictions
in mathematics. Yet despite “Godel’s proof,” mathematical research continues on —in fact,
to the point where the amount of research since 1931 has surpassed that in any other period
in history.

The use of the set membership symbol € (a stylized form of the Greek letter epsilon)
was introduced in 1889 by the Italian mathematician Giuseppe Peano (1858-1932). The
symbol “€” is an abbreviation for the Greek word “eo 7:” meaning “is.”

The Venn diagrams of Section 3.2 were introduced by the English logician John Venn
(1834-1923) in 1881. In his book Symbolic Logic, Venn clarified ideas previously devel-
oped by his countryman George Boole (1815-1864). Furthermore, Venn contributed to the
development of probability theory — as described in the widely read textbook he wrote on
this subject. The Gray code, which we used in Section 3.1 to store the subsets of a finite set
as binary strings, was developed in the 1940s by Frank Gray at the AT&T Bell Laborato-
ries. Originally, such codes were used to minimize the effect of errors in the transmission
of digital signals.

If we wish to summarize the importance of the role of set theory in the development of
twentieth-century mathematics, the following quote attributed to the German mathematician
David Hilbert (1862-1943) is worth pondering: “No one shall expel us from the paradise
which Cantor has created for us.”

In Section 3.1 we mentioned the array of numbers known as Pascal’s triangle. We could
have introduced this array in Chapter 1 with the binomial theorem, but we waited until we
had some combinatorial identities that we needed to verify how the triangle is constructed.
The array appears in the work of the Chinese algebraist Chu Shi-kie (1303), but its first
appearance in Europe was not until the sixteenth century, on the title page of a book by
Petrus Apianus (1495-1552). Niccolo Tartaglia (1499-1559) used the triangle in computing
powers of (x + y). Because of his work on the properties and applications of this triangle,
the array has been named in honor of the French mathematician Blaise Pascal (1623-1662).

Although probability theory originated with games of chance and enumeration problems,
we included it here because set theory has evolved as the exact medium needed to state
and solve problems in this important contemporary area of applied mathematics. In the
decade following 1660, probability entered European thought as a way of understanding
stable frequencies in random processes. Ideas, which exemplify this consideration, were put
forth by Blaise Pascal, and these led to the first systematic treatise on probability, written in
1657 by Christian Huygens (1629-1695). In 1812 Pierre-Simon de Laplace (1749-1827)
collected all the ideas developed on probability theory at that time — starting with the def-
inition in which each individual outcome is equally likely —and published them in his
Analytic Theory of Probability. Among other ideas, this text includes the Central Limit
Theorem —a fundamental .result at the heart of hypothesis testing (in statistics). Along
with Pierre-Simon de Laplace, Thomas Bayes (1702—-1761) also showed how to determine
probabilities by examining certain empirical data. Bayes’ Theorem honors the name of this
English Presbyterian minister and mathematician. Chebyshev’s Inequality (of Section 3.7)
is named for the Russian mathematician Pafnuty Lvovich Chebyshev (1821-1894), who
may be better remembered for his work in number theory and interest in mechanics. Finally,
the axiomatic approach to probability was first given in 1933 by the Russian mathemati-
cian Andrei Nikolayevich Kolmogorov (1903-1987) in his monograph Grundbegriffe der
Wahrscheinlichkeitsrechnung (Foundations of the Theory of Probability).
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More on the history and development of set theory can be found in Chapter 26 of
C. B. Boyer [1]. Formal developments of set theory, including results on infinite sets, can
be found in H. B. Enderton [3], P. R. Halmos [4], J. M. Henle [5], and P. C. Suppes [8]. An
interesting history of the origins of probability and statistical ideas, up to the Newtonian
era, can be found in F. N. David [2]. A more contemporary coverage is given in the text
by V. J. Katz [6]. Chapters 1 and 2 of J. J. Kinney [7] are an excellent source for those
interested in learning more about discrete probability.

Andrei Nikolayevich Kolmogorov (1903-1987) Thomas Bayes (1702-1761)
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a) A—C=B-C=A=B8
SUPPLEMENTARY EXERCISES b) (ANC=BNC)A(A—C=B-C)|=>A=B
©) [(AUC=BUC)A(A—C=B—-C)|=A=B

1. Let A, B, C C . Prove that (A — B) C C if and only if L . .
(A—C)C B 4. a) For positive integers m, n, r, with r < min{m, n}, show

that
2. Give a combinatorial argument to show that for integers

ey OO0 )00

’
m
3. Let A, B, C CU. Prove or disprove (with a counter- + +
example) each of the following:
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b) For n a positive integer, show that

2n\ z": n\*
n = \k) "
5. a) Inhow many ways can a teacher divide a group of seven

students into two teams each containing at least one stu-
dent? two students?

b) Answer part (a) upon replacing seven with a positive
integer n > 4.
6. Determine whether each of the following statements is true
or false. For each false statement, give a counterexample.
a) If A and B are infinite sets, then A N B is infinite.
b) If B is infinite and A C B, then A is infinite.
¢) If A C B with B finite, then A is finite.
d) If A C B with A finite, then B is finite.

7. Aset A has 128 subsets of even cardinality. (a) How many
subsets of A have odd cardinality? (b) What is |A|?

8 LetA={1,2,3,...,15}.
a) How many subsets of A contain all of the odd integers
in A?
b) How many subsets of A contain exactly three odd
integers?
¢) How many eight-element subsets of A contain exactly
three odd integers?
d) Write a computer program (or develop an algorithm) to
generate a random eight-element subset of A and have it
print out how many of the eight elements are odd.

9. Let A, B, C €. Prove that
(ANB)UC=ANBUC)ifandonlyif C C A.

10. Let U be a given universe with A, BC U, |[ANB| =3,

|[AUB| =8, and |U| = 12.
a) How many subsets C CU satisfy ANBCCC
AU B? How many of these subsets C contain an even
number of elements?
E) How many subsets D CU satisfy AUBC DC
A U B? How many of these subsets D contain an even
number of elements?

11. LetWU = R and letthe index set I = Q*.Foreachq € QT,
let A, = [0, 2¢q] and B, = (0, 3¢]. Determine

a) A7/3 b) A3 A B4
) qLeJ, A, d) q@l B,

12. For a universe AU and sets A, B C U, prove that
a)AAB=BAA b) AAA=U
)AAU=A
d) A A @ = A, so @ is the identity for A, as well as for U

13. Consider the membership table (Table 3.7). If we are given
the condition that A C B, then we need consider only those

rows of the table for which this is true—rows 1, 2, and 4, as
indicated by the arrows. For these rows, the columns for B and
A U B are exactly the same, so this membership table shows
that ACB= AUB = B.

Table 3.7
A| B | AUB
- |101|O0 0
- |0 1 1
1 0 1
— 1 1 1

Use membership tables to verify each of the following:
a) ACB=ANB=A
b) [ANB=A)ABUC=C)]=>AUBUC=C
¢) CSBCA=(ANB)UBNC)=ANC
d) AAB=C=>AAC=BandBAC=A

14. State the dual of each theorem in Exercise 13. (Here you
will want to use the result of Example 3.19 in conjunction with
Theorem 3.5.)

15. a) Determine the number of linear arrangements of m 1’s
and r 0’s with no adjacent 1’s. (State any needed condi-
tion(s) for m, r.)

b) IfU = {1, 2, 3, ..., n},howmany sets A C U are such
that |A| = k with A containing no consecutive integers?
[State any needed condition(s) for n, k.]

16. If the letters in the word BOOLEAN are arranged at ran-
dom, what is the probability that the two O’s remain together in
the arrangement?

17. At a high school science fair, 34 students received awards
for scientific projects. Fourteen awards were given for projects
in biology, 13 in chemistry, and 21 in physics. If three students
received awards in all three subject areas, how many received
awards for exactly (a) one subject area? (b) two subject areas?

18. Fifty students, each with 75¢, visited the arcade of Example
3.27. Seventeen of the students played each of the three com-
puter games, and 37 of them played at least two of them. No
student played any other game at the arcade, nor did any student
play a given game more than once. Each game costs 25¢ to play,
and the total proceeds from the student visit were $24.25. How
many of these students preferred to watch and played none of
the games?

19. In how many ways can 15 laboratory assistants be assigned
to work on one, two, or three different experiments so that each
experiment has at least one person spending some time on it?

20. Professor Diane gave her chemistry class a test consisting
of three questions. There are 21 students in her class, and ev-
ery student answered at least one question. Five students did
not answer the first question, seven failed to answer the second
question, and six did not answer the third question. If nine stu-



dents answered all three questions, how many answered exactly
one question?

21. Let U be a given universe with A, B CU, ANB =0,
|A] =12, and |B| = 10. If seven elements are selected from
AU B, what is the probability the selection contains four
elements from A and three from B?

22. For a finite set A of integers, let 0 (A) denote the sum of

the elements of A. Then if U is a finite universe taken from

Z*, Tsep@yo (A) denotes the sum of all elements of all sub-

sets of AU. Determine X epayo (A) for
a) U={1,2,3} b) U = {1, 2,3, 4}

c) U=A{1,2,3,4,5} d U={1,2,3,...,n}
e) U = {ay, a3, as, ..., a,}, where
s=atat+az+---+a,

23. a) In chess, the king can move one position in any direc-
tion. Assuming that the king is moved only in a forward
manner (one position up, to the right, or diagonally north-
east), along how many different paths can a king be moved

from the lower-left corner position to the upper-right corner
position on the standard 8 X 8 chessboard?

b) For the paths in part (a), what is the probability that a
path contains (i) exactly two diagonal moves? (ii) exactly
two diagonal moves that are consecutive? (iii) an even num-
ber of diagonal moves?
24. Let A, BCR, where A = {x|x> —7x = —12} and B =
{x|x? — x = 6}. Determine AU B and A N B.
25. Let A, BCR, where A = {x|x> —7x <—12} and B =
{x|x? — x < 6}. Determine AU B and A N B.
26. Four torpedoes, whose probabilities of destroying an en-
emy ship are 0.75, 0.80, 0.85, and 0.90, are fired at such a
vessel. Assuming the torpedoes operate independently, what is
the probability the enemy ship is destroyed?
27. Travis tosses a fair coin twice. Then he tosses a biased coin,
one where the probability of a head is 3/4, four times. What is
the probability Travis’s six tosses result in five heads and one
tail?
28. Let & be the sample space for an experiment €, with events
A, B C &. Prove that

Pr(A)+ Pr(B) —1
Pr(B) '

Pr(A|B) >

29. Let A, B, C be independent events taken from a sample
space ¥. Prove that the events A and B U C are independent.

30. What is the minimum number of times we must toss a fair
coin so that the probability that we get at least two heads is at
least 0.95?

31. Alargejet aircraft has two wheels per landing gear for added
safety. The tires are rated so that even with a “hard landing” the
probability of any single tire blowing out is only 0.10. (a) What
is the probability that a landing gear (with two tires) will survive
even a hard landing with at least one good tire? (b) In order for
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the plane to land safely, all three landing gears (the nose and
both wing landing gears) must have at least one good tire. What
is the probability that the jet will be able to land safely even on
a hard landing?

32. Let & be the sample space for an experiment € and let
A, B be events—that is, A, B C &. Prove that Pr(AN B) >
Pr(A) + Pr(B) — 1. (This result is known as Bonferroni’s
Inequality.)

33. The exit door at the end of a hallway is open half of the time.
On a table by the entrance to this hallway is a box containing 10
keys, but only one of these keys opens the exit door at the end
of the hallway. Upon entering the hallway Marlo selects two of
the keys from the box. What is the probability she will be able
to leave the hallway via the exit door, without returning to the
box for more keys?

34. Dustin tosses a fair coin eight times. Given that his first and
last outcomes are the same, what is the probability he tossed
five heads and three tails?

35. The probability Coach Sears’ basketball team wins any
given game is 0.8, regardless of any prior win or loss. If her
team plays five games, what is the probability it wins more
games than it loses?

36. Suppose that the number of boxes of cereal packaged each
day at a certain packaging plant is a random variable —call it
X —with E(X) = 20,000 boxes and Var(X) = 40,000 boxes’.
Use Chebyshev’s Inequality to find a lower bound on the prob-
ability that the plant will package between 19,000 and 21,000
boxes of cereal on a particular day.

37. Find the probability of getting one head (exactly) two times
when three fair coins are tossed four times.

38. Devon has a bag containing 22 poker chips —eight red,
eight white, and six blue. Aileen reaches in and withdraws
three of the chips, without replacement. Find the probability
that Aileen has selected (a) no blue chips; (b) one chip of each
color; or (c) at least two red chips.

39. Let X be a random variable with probability distribution

c(x>+4), x=0,1,2,3,4

Pr(X =x)=
0, otherwise,

where ¢ is a constant. Determine (a) the value of c;
b)) Pr(X>1); (¢) Pr(X=3|X>2); (d EX), and
(e) Var(X).

40. A dozen urns each contain four red marbles and seven green
ones. (All 132 marbles are of the same size.) If a dozen students
each select a different urn and then draw (with replacement)
five marbles, what is the probability that at least one student
draws at least one red marble?

41. Maureen draws five cards from a standard deck: the 6 of di-
amonds, 7 of diamonds, 8 of diamonds, jack of hearts, and king
of spades. She discards the jack and king and then draws two
cards from the remaining 47. What is the probability Maureen
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finishes with (a) a straight flush; (b) a flush (but not a straight
flush); and (c) a straight (but not a straight flush)?

42. Inthe game of pinochle the deck consists of 48 cards — two
each of the 9, 10, jack, queen, king, and ace for each of the four
suits. There are four players and each is dealt 12 cards. What is
the probability a given player is dealt four kings (one of each
suit), four queens (one of each suit), and four other cards none
of which is a king or queen? (Such a hand is referred to as a
bare roundhouse.)

43. A grab bag contains one chip with the number 1, two chips
each with the number 2, three chips each with the number
3, ..., and n chips each with the number n, where n € Z*.
All chips are of the same size, those numbered 1 to m are red,
and those numbered m + 1 to n are blue, where m € Z* and
m < n. If Casey draws one chip, what is the probability it is the
chip with 1 on it, given that the chip is red?

44. A fair die is rolled three times and the random variable X
records the number of different outcomes that result. For exam-
ple, if two 5’s and one 4 are rolled, then X records two differ-
ent outcomes. Determine (a) the probability distribution for X;
(b) E(X); and (c) Var(X).

45. When a coin is tossed three times, for the outcome HHT
we say that two runs have occurred — namely, HH and T. Like-
wise, for the outcome THT we find three runs: T, H, and T.
(The notion of a run was first introduced in Example 1.41.)
Now suppose a biased coin, with Pr(H) = 3/4, is tossed three
times and the random variable X counts the number of runs
that result. Determine (a) the probability distribution for X;
(b) E(X); and (c) 0.



Properties of

the Integers:

Mathematical
Induction

Having known about the integers since our first encounters with arithmetic, in this chapter
we examine a special property exhibited by the subset of positive integers. This property
will enable us to establish certain mathematical formulas and theorems by using a technique
called mathematical induction. This method of proof will play a key role in many of the
results we shall obtain in the later chapters of this text. Furthermore, this chapter will provide
us with an introduction to five sets of numbers that are very important in the study of discrete
mathematics and combinatorics — namely, the triangular numbers, the harmonic numbers,
the Fibonacci numbers, the Lucas numbers, and the Eulerian numbers.

When x, y € Z, we know that x + y, xy, x — y € Z. Thus we say that the set Z is
closed under (the binary operations of) addition, multiplication, and subtraction. Turning
to division, however, we find, for example, that 2, 3 € Z but that the rational number % is
not a member of Z. So the set Z of all integers is not closed under the binary operation
of nonzero division. To cope with this situation, we shall introduce a somewhat restricted
form of division for Z and shall concentrate on special elements of Z* called primes. These
primes turn out to be the “building blocks” of the integers, and they provide our first example
of a representation theorem — in this case the Fundamental Theorem of Arithmetic.

41
The Well-Ordering Principle:
Mathematical Induction

Given any two distinct integers x, y, we know that we must have either x <y or y < x.
However, this is also true if, instead of being integers, x and y are rational numbers or real
numbers. What makes Z special in this situation?

Suppose we try to express the subset Z*1 of Z, using the inequality symbols > and >.
We find that we can define the set of positive elements of Z as

Zt={xeZlx>0}={xeZlx>1)}.

193
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When we try to do likewise for the rational and real numbers, however, we find that
Q" ={x € Q|x > 0} and Rt = {x e R|x > 0},

but we cannot represent Q* or R using > as we did for Z*.

The set Z™ is different from the sets Q* and R* in that every nonempty subset X of
Z contains an integer a such that a < x, for all x € X —that is, X contains a least (or
smallest) element. This is not so for either Q* or R*. The sets themselves do not contain least
elements. There is no smallest positive rational number or smallest positive real number. If
q is a positive rational number, then since 0 < g/2 < g, we would have the smaller positive
rational number g /2.

These observations lead us to the following property of the set Z* C Z.

The Well-Ordering Principle: Every nonempty subset of Z* contains a smallest
element. (We often express this by saying that Z is well ordered.)

This principle serves to distinguish Z* from Q* and R*. But does it lead anywhere that
is mathematically interesting or useful? The answer is a resounding “Yes!” It is the basis
of a proof technique known as mathematical induction. This technique will often help us to
prove a general mathematical statement involving positive integers when certain instances
of that statement suggest a general pattern.

We now establish the basis for this induction technique.

THEOREM 4.1

The Principle of Mathematical Induction. Let S(n) denote an open mathematical statement
(or set of such open statements) that involves one or more occurrences of the variable n,
which represents a positive integer.

a) If S(1) is true; and

b) If whenever S(k) is true (for some particular, but arbitrarily chosen, k € Z*), then
S(k + 1) is true;

then S(n) is true for all n € Z+.

Proof: Let S(n) be such an open statement satisfying conditions (a) and (b), and let F =
{t € ZT|S(t) is false}. We wish to prove that F = @, so to obtain a contradiction we assume
that F' # (. Then by the Well-Ordering Principle, F has a least element m. Since S(1)
is true, it follows that m # 1, so m > 1, and consequently m — 1 € Zt. Withm —1¢ F,
we have S(m — 1) true. So by condition (b) it follows that S((m — 1) + 1) = S(m) is true,
contradicting m € F. This contradiction arose from the assumption that F' # (. Conse-
quently, F = 0.

We have now seen how the Well-Ordering Principle is used in the proof of the Principle of
Mathematical Induction. It is also true that the Principle of Mathematical Induction is useful
if one wants to prove the Well-Ordering Principle. However, we shall not concern ourselves
with that fact right now. In this section our major goal will center on understanding and
using the Principle of Mathematical Induction. (But in the exercises for Section 4.2 we shall
examine how the Principle of Mathematical Induction is used to prove the Well-Ordering
Principle.)
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In the statement of Theorem 4.1 the condition in part (a) is referred to as the basis step,
while that in part (b) is called the inductive step.

The choice of 1 in the first condition of Theorem 4.1 is not mandatory. All that is needed
is for the open statement S(r) to be true for some first element ny € Z so that the induction
process has a starting place. We need the truth of S(ng) for our basis step. The integer ng
could be 5 just as well as 1. It could even be zero or negative because the set Z* in union
with {0} or any finite set of negative integers is well ordered. (When we do an induction
proof and start with ny < 0, we are considering the set of all consecutive negative integers
> ng in union with {0} and Z*.)

Under these circumstances, we may express the Principle of Mathematical Induction,
using quantifiers, as

[S(mo) AIVE>ng [Sk) = Sk+ D]1=Vn>ny Sn).

We may get a somewhat better understanding of why this method of proof is valid by
using our intuition in conjunction with the situation presented in Fig. 4.1.

[N

ng+ 1 ng + 2 ng +3

p e
(b)

Ng nyg+ 1 ng + 2 ng+3

[
©
Figure 4.1

In part (a) of the figure we see the first four of an infinite (ordered) arrangement of
dominos, each standing on end. The spacing between any two consecutive dominos is
always the same, and it is such that if any one domino (say the kth) is pushed over to
the right, then it will knock over the next ((k + 1)st) domino. This process is suggested
in Fig. 4.1(b). Our intuition leads us to feel that this process will continue, the (k + 1)st
domino toppling and knocking over (to the right) the (k + 2)nd domino, and so on. Part (c)
of the figure indicates how the truth of S(no) provides the push (to the right) to the first
domino (at ng). This provides the basis step and sets the process in motion. The truth of S(k)
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EXAMPLE 4.1

EXAMPLE 4.2

EXAMPLE 4.3

forcing the truth of S(k + 1) gives us the inductive step and continues the toppling process.
We then infer the fact that S(n) is true for all n > ny as we imagine all the successive
dominos toppling (to the right.)

We shall now demonstrate several results that call for the use of Theorem 4.1.

ForallnEZ"',Z;':li:1+2+3+...+n=n(n;-l)..

Proof: For n = 1 the open statement

n

S(n): Zi=1+2+3+~-+n

i=1

becomes S(1): Z}=l i =1=(1)(1+41)/2.So S(1) is true and we have our basis step —
and a starting point from which to begin the induction. Assuming the result true forn = k
(for some k € Z"), we want to establish our inductive step by showing how the truth of
S(k) “forces” us to accept the truth of S(k 4 1). [The assumption of the truth of S(k) is our
induction hypothesis.] To establish the truth of S(k + 1), we need to show that

_nn+1)
2

"f:i: (k + 1)(k +2)
—

i=1

We proceed as follows.

k+1 k
Di=1424 4kt k+1)= (Zi>+(k+1)=k(k2+1)+(k+1),
i=1

i=1
for we are assuming the truth of S(k). But

k(k+1)+(k+1)=k(k;—1)+2(k2+1) _ (k+1)2(k+2),

establishing the inductive step [condition (b)] of the theorem.
Consequently, by the Principle of Mathematical Induction, S(n) is true for all n € Z™.

Now that we have obtained the summation formula for Y "_, i in two ways (see Ex-
ample 1.40), we shall digress from our main topic and consider two examples that use this
summation formula.

A wheel of fortune has the numbers from 1 to 36 painted on it in a random manner. Show
that regardless of how the numbers are situated, there are three consecutive (on the wheel)
numbers whose total is 55 or more.

Let x; be any number on the wheel. Counting clockwise from x, label the other numbers
X2, X3, . . . , X36. For the result to be false, we musthave x; + xp 4+ x3 < 55, xo + x3 + x4 <
55, ..., X34 + x35 + x36 < 55, x35 + X36 + X1 <55, and x36 + x1 + x < 55. In these 36
inequalities, each of the terms x;, x», . . ., x36 appears (exactly) three times, so each of the
integers 1, 2, . . ., 36 appears (exactly) three times. Adding all 36 inequalities, we find that
338, x; =3) 3%, <36(55) = 1980. But ) 3¢, i = (36)(37)/2 = 666, and this gives
us the contradiction that 1998 = 3(666) < 1980.

Among the 900 three-digit integers (from 100 to 999) those such as 131, 222, 303, 717,
848, and 969, where the integer is the same whether it is read from left to right or from
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right to left, are called palindromes. Without actually determining all of these three-digit
palindromes, we would like to determine their sum.

The typical palindrome under study here has the form aba = 100a 4 10b +a =
101a + 10b, where 1 <a <9 and 0 < b <9. With nine choices for a and ten for b,
it follows from the rule of product that there are 90 such three-digit palindromes. Their
sum is

9 9 9 9 9
Z (Z aba) = Z Zaba = Z Z(lOla + 10b)
a=1 \b=0 a=1 b=0 a=1 b=0
9 9 9
= Z [10(101@ +10 Z b] Z [IO(IOIa) +10 Z b]
a=1 b=0 a=1 b=1
9 9
Z [1010 + %2'—19] Z(lOlOa + 450)
a=1 a=1
9
= 1010 ) " a + 9(450)
a=1
1010(9 - 10)

= — + 4050 = 49,500.

The next summation formula takes us from first powers to squares.

Prove that for each n € Zt,

iiz _nn+D@n+1)
A 6 ‘

Proof: Here we are dealing with the open statement

S(n): Z 2 _ nn+ 1)(2n + 1)

Basis Step: We start with the statement S(1) and find that

21:1.2 _p_la+nem+n
. :

i=1
so S(1) is true.

Inductive Step: Now we assume the truth of S(k), for some (particular) k € Z* — that
is, we assume that

Xk: 2 K+ D@k +1)
6

i=1

is a true statement (when » is replaced by k). From this assumption we want to deduce the
truth of

"i 2o KADE+D+DRE+D +1)
6
_ (k+ Dk +2)2k +3)
: :

Stk +1):
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Using the induction hypothesis S(k), we find that

k+1 k

Sir=124 224 R k12 =) i+ (k4 1)
i=1 i=1
_ [k(k+1)6(2k+1)] k1)
2
=k+1) [k—(2¥+(k+l)] = (k+1) [%JFTWCJ&]
_ (k+ Dk +2)k+3)

6 ’
and the general result follows by the Principle of Mathematical Induction.

The formulas from Examples 4.1 and 4.4 prove handy in deriving our next result.

EXAMPLE 4.5 Figure 4.2 provides the first four entries of the sequence of triangular numbers. We see

that 1, = 1,6, =3,13=6,1 =10, and, in general, t;, =14+2+---+i=i(i +1)/2,
for eachi € Z*. Forafixed n € Z* we want a formula for the sum of the first n triangular
numbers —that is, ty + 6, +---+1, = Z?=1 t;. When n = 2 we have t; +t, = 4. For
n = 3 the sum is 10. Considering n fixed (but arbitrary) we find that

n n .(.+1) 1 n . ) 1 n . 1 n )
.Z;tiz.ZIHZ =§Z(12+1)=§lez+zzlz
i= i= i= i= i=

=l[n(n+1)(2n+1)]+%[n(n+l)] a4 ) [2n+1 +l]

2 6 2 12 4
_ nn+1(n+2)
—
Consequently, if we wish to know the sum of the first 100 triangular numbers, we have
100(101)(102
bty e 1y = 20000D(102) 6)( ) 171,700.
[ ]
[ ] [ ] °
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] L ] ° [ ] [ ] [ ] °
ty =1 ty=1+2 t3=1+2+3 ta=1+2+3+4
=1-2 =3=2-3 —g=3-4 —10=4-5
= 3 3 6 3 10
Figure 4.2

Before we present any more results, let us note how we started the proofs in Examples 4.1
and 4.4. In both cases we simply replaced the variable n by 1 and verified the truth of some
rather easy equalities. Considering how the inductive step in each of these proofs was
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definitely more complicated to establish, we might question the need for bothering with
these basis steps. So let us examine the following example.

x . ..
EXAMPLE 4.6 If n € Z™, establish the validity of the open statement

n24+n+2

S(n): Zi=1+2+3+...+n= 5

i=1

This time we shall go directly to the inductive step. Assuming the truth of the statement

=

_ K 4k+2

S(k): Zi=1+2+3+---+k >

i=1

for some (particular) k € Z*, we want to infer the truth of the statement

k+1 2
k+ 1)+ (k+1)+2
Stk +1): Zi=1+2+3+~~+k+(k+1)=( ) 2( )
U R 43k+4
> .

As we did previously, we use the induction hypothesis and calculate as follows:

k+1 k
Di=1+2434 - +k+Gk+1)= (Zi)+(k+1)

i=1 2 i=1
K +k+2
=————+Ck+1)
2
_k2+k+2+2k+2_k2+3k+4
2 2 2

Hence, foreach k € Z, it follows that S(k) = S(k + 1). But before we decide to accept
the statement V n S(n) as a true statement, let us reconsider Example 4.1. From that example
we learned that z ,'.'= (i =n(m+1)/2,foralln € Z* . Therefore, we can use these two results
(from Example 4.1 and the one already “established” here) to conclude that for all n € Z™,

n 2
nn+1) =Zi=n +n+2,
2 — 2

which implies that n(n 4+ 1) = n? 4+ n + 2 and 0 = 2. (Something is wrong somewhere!)

Ifn=1,then) )., 1 =1,but(m®>+n+2)/2=(1+1+2)/2=2.S0S(1)isnottrue.
But we may feel that this result just indicates that we have the wrong starting point. Perhaps
S(n) is true for all n > 7, or all n > 137. Using the preceding argument, however, we know
that for any starting point ng € Z, if S(no) were true, then

no

Di=14243+-- +no

i=1

n(2)+n0+2 _
2

From the result in Example 4.1 we have Z:’il i =no(ng+ 1)/2, so it follows once again
that 0 = 2, and we have no possible starting point.

This example should indicate to the reader the need to establish the basis step—no
matter how easy it may be to verify it.
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Now consider the following pseudocode procedures. The procedure in Fig. 4.3 uses a for
loop to accumulate the sum of the squares. The second procedure (Fig. 4.4) demonstrates
how the result of Example 4.4 can be used in place of such aloop. In both procedures the input
is a positive integer n and the output is Z:'l=1 i2. However, whereas the pseudocode within
the for loop of the procedure in Fig. 4.3 entails a total of n additions and » multiplications
(not to mention the n — 1 additions for incrementing the counter variable i), the procedure
in Fig. 4.4 requires only two additions, three multiplications, and one (integer) division.
And this total number of additions, multiplications, and (integer) divisions is still 6 as the
value of n increases. Consequently, the procedure in Fig. 4.4 is considered more efficient.
(This idea of a more efficient procedure will be examined further in Sections 5.7 and 5.8.)

procedure SumOfSquaresl (n: positive integer)
begin
sum := 0
for i :=1tondo
sum := sum + 12
end

Figure 4.3

procedure SumOfSquares2 (n: positive integer)
begin
sum:=n* (n+1) * (2*n+1)/6
end
Figure 4.4

Looking back at our first two applications of mathematical induction (in Examples 4.1
and 4.4), we might wonder whether this principle applies only to the verification of known
summation formulas. The next seven examples show that mathematical induction is a vital
tool in many other circumstances as well.

Let us consider the sums of consecutive odd positive integers.

EXAMPLE 4.7
1 =1 (=1?
2) 143 =4 (=2%
3)1+3+5 =9 (=3%
4 1+3+5+7 =16 (=4%)

From these first four cases we conjecture the following result: The sum of the first n
consecutive odd positive integers is n?; that is, for all n € Z7,

S(n): Z(Zi - 1) =n
i=1

Now that we have developed what we feel is a true summation formula, we use the
Principle of Mathematical Induction to verify its truth for all n > 1.
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From the preceding calculations, we see that S(1) is true [as are S(2), S(3), and S(4)],
and so we have our basis step. For the inductive step we assume the truth of S(k) for some
k (> 1) and have

k
Z(2i — 1) =k%
i=1

We now deduce the truth of S(k + 1): Y _¥+1(2i — 1) = (k + 1)%. Since we have assumed
the truth of S(k), our induction hypothesis, we may now write

k+1 k

Z(Zi—1)=Z(2i—1)+[2(k+1)—1]=k2+[2(k+1)—1]

i=1 i=1
=k242k+1=(k+ 12

Consequently, the result S(n) is true for all n > 1, by the Principle of Mathematical
Induction.

Now it is time to investigate some results that are not summation formulas.

In Table 4.1, we have listed in adjacent columns the values of 4n and n> — 7 for the positive
integers n, where 1 < n < 8. From the table, we see that n*—7) <4nforn=1,2,3,4,5;
but when n = 6, 7, 8, we have 4n < (n2 — 7). These last three observations lead us to
conjecture: For all n > 6, 4n < (n?> — 7).

Table 4.1
n 4n n*-7 | n 4n n? -1
1 4 —6 5 20 18
2 8 -3 6 24 29
3 12 2 7 28 42
4 16 9 8 32 57

Once again, the Principle of Mathematical Induction is the proof technique we need to
verify our conjecture. Let S(n) denote the open statement: 4n < (n?> — 7). Then Table 4.1
confirms that S(6) is true [as are S(7) and S(8)], and we have our basis step. (At last we
have an example wherein the starting point is an integer ny # 1.)

In this example, the induction hypothesis is S(k): 4k < (k> — 7), where k € Z*+ and
k > 6. In order to establish the inductive step, we need to obtain the truth of S(k + 1) from
that of S(k). That is, from 4k < (k> — 7) we must conclude that 4(k + 1) < [(k + 1)? — 7].
Here are the necessary steps:

bk < (K> —=T) =4k +4< (2= +4< K> =T+ Qk+1)
(because for k > 6, we find 2k + 1 > 13 > 4), and
dk+4 <K=+ Qk+ D) =4k +1D) < K> +2k+1)—7=(k+1)*-17.

Therefore, by the Principle of Mathematical Induction, S(rn) is true for all n > 6.
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EXAMPLE 4.9

EXAMPLE 4.10

Among the many interesting sequences of numbers encountered in discrete mathematics

and combinatorics, one finds the harmonic numbers H,, H,, H3, . . ., where
H =1
Hy=1+ !
2
Hy=1+ ! + l,
2 3

ce ey

and, in general, H, = 1 + % + % 44 %, foreachn e Z™.
The following property of the harmonic numbers provides one more opportunity for us
to apply the Principle of Mathematical Induction.

n

Foralln e Z*, Y " H; = (n+ 1)H, —n.

j=1

Proof: As we have done in the earlier examples (that is, Examples 4.1, 4.4, and 4.7), we
verify the basis step at n = 1 for the open statement S(n): Z;=1 H; = (n+ 1)H, — n.This
result follows readily from

1
Zm=m=hzyq=aﬂw_L
J=1
To verify the inductive step, we assume the truth of S(k), that is,
k
> Hj=(k+1)H —k.
j=1

This assumption then leads us to the following:
k+1 k
D Hj= Hj+ He1 = [(k+ 1) H, — k] + Hey
=1 /=1 = (k+ ) Hy — k + Heyy
= (k+ D[Hg41 — (1/(k + 1))] — k + Hqs
=(k+2)Hy1 —1—k
= (k +2)Hgy1 — (k+ 1).

Consequently, we now know from the Principle of Mathematical Induction that S(n) is true
for all positive integers n.

For all n > 0 let A, C R, where |A,| = 2" and the elements of A, are listed in ascending
order. If r € R, prove that in order to determine whether r € A, (by the procedure developed
below), we must compare r with no more than n + 1 elements in A,,.

When n =0, Ag = {a} and only one comparison is needed. So the result is true for
n =0 (and we have our basis step). For n = 1, A} = {a;, ap} with a; < a,. In order to
determine whether r € Aj, at most two comparisons must be made. Hence the result follows
when n = 1. Now if n = 2, we write A, = {by, by, c1, ¢c2} = By U Cy, where b; < b, <
c1 < ¢y, By = {by, by}, and C; = {cy, ¢3}. Comparing r with b,, we determine which of
the two possibilities — (i) r € By; or (ii) r € C; —can occur. Since |B;| = |C;| = 2, either
one of the two possibilities requires at most two more comparisons (from the prior case
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where n = 1). Consequently, we can determine whether r € A, by making no more than
2 4+ 1=n+ 1 comparisons.

We now argue in general. Assume the result true for some k& > 0 and consider the case for
Agy1, where |Agy 1| = 2571, In order to establish our inductive step, let Az, = Bi U Cg,
where |B| = |Cx| = 2%, and the elements of By, Cy are in ascending order with the largest
element x in B; smaller than the least element in Ci. Let r € R. To determine whether
r € Ag+1, we consider whether r € By or r € Cy.

a) First we compare r and x. (One comparison)

b) If r < x, then because | Bx| = 2*, it follows by the induction hypothesis that we can
determine whether r € B; by making no more than k + 1 additional comparisons.

¢) If r > x, we do likewise with the elements in C,. We make at most k£ + 1 additional
comparisons to see whether r € Cy.

In any event, at most (k + 1) 4+ 1 comparisons are made.
The general result now follows by the Principle of Mathematical Induction.

One of our first concerns when we evaluate the quality of a computer program is whether
the program does what it is supposed to do. Just as we cannot prove a theorem by checking
specific cases, so we cannot establish the correctness of a program simply by testing various
sets of data. (Furthermore, doing this would be quite difficult if our program were to become
a part of a larger software package wherein, perhaps, a data set is internally generated.) Since
software development places a great deal of emphasis on structured programming, this has
brought about the need for program verification. Here the programmer or the programming
team must prove that the program being developed is correct regardless of the data set
supplied. The effort invested at this stage considerably reduces the time that must be spent
in debugging the program (or software package). One of the methods that can play a major
role in such program verification is mathematical induction. Let us see how.

The pseudocode program segment shown in Fig. 4.5 is supposed to produce the answer
x(y™) for real variables x, y with n a nonnegative integer. (The values for these three
variables are assigned earlier in the program.) We shall verify the correctness of this program
segment by mathematical induction for the open statement.

S(n): Forall x, y € R, if the program reaches the top of the while loop with n € N, after
the loop is bypassed (for n = 0) or the two loop instructions are executed n (> 0) times,
then the value of the real variable answer is x(y").

whilen # 0 do

begin
X:=X*y
n:=n-1
end

answer := X

Figure 4.5

The flowchart for this program segment is shown in Fig. 4.6. Referring to it will help us
as we develop our proof.
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Initialize the
real variables
X, y and the
nonnegative
integer variable n

e The top of
coo the while loop
No
n#0 l
Yes
answer := x
X =X*y The program continues
n=n-1 with the next executable
————— statement following the
4, assignment statement for

the real variable answer.
Figure 4.6

First consider S(0), the statement for the case where n = 0. Here the program reaches the
top of the while loop, but since n = 0, it follows the No branch in the flowchart and assigns
the value x = x(1) = x(y°) to the real variable answer. Consequently, the statement S(0)
is true and the basis step of our induction argument is established.

Now we assume the truth of S(k), for some nonnegative integer k. This provides us with
the induction hypothesis.

S(k): Forall x, y € R, if the program reaches the top of the while loop with k£ € N, after
the loop is bypassed (for k = 0) or the two loop instructions are executed k (> 0) times,
then the value of the real variable answer is x (y¥).

Continuing with the inductive step of the proof, when dealing with the statement
S(k + 1), we note that because k + 1 > 1, the program will not simply follow the No
branch and bypass the instructions in the while loop. Those two instructions (in the while
loop) will be executed at least once. When the program reaches the top of the while loop for
the first time, n = k + 1 > 0, so the loop instructions are executed and the program returns
to the top of the while loop where now we find that

® The value of y is unchanged.
® The value of x is x; = x(y!) = xy.
® The valueofnis (k+1) — 1 =k.
But now, by our induction hypothesis (applied to the real numbers x;, y), we know that

after the while loop for x|, y and n = k is bypassed (for k = 0) or the two loop instructions
are executed k (> 0) times, then the value assigned to the real variable answer is

x1 (%) = )% = x(F.

So by the Principle of Mathematical Induction, S(n) is true for all n > 0 and the correct-
ness of the program segment is established.
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Recall (from Examples 1.37 and 3.11) that for a given n € Z*, a composition of n is an
EXAMPLE 4.12 . : .
ordered sum of positive-integer summands summing to n. In Fig. 4.7 we find the compo-

sitions of 1, 2, 3, and 4. We see that

a) 1 has 1 = 2° =2!-! composition, 2 has 2 = 2! = 22~! compositions, 3 has 4 = 22 =
23-! compositions, and 4 has 8 = 23 = 24~! compositions; and

b) the eight compositions of 4 arise from the four compositions of 3 in two ways:
(i) Compositions (1’)—(4’) result by increasing the last summand (in each correspond-
ing composition of 3) by 1; (ii) Each of compositions (1”)—(4") is obtained by ap-
pending “+-1” to the corresponding composition of 3.

n=1 1 n=4 1) 4
2) 1+3

(n=2) 2 3) 242

1+1 @) 1+1+42
(n=3) (1 3 a1’ 341

) 142 2" 14241

3) 2+1 3 2+1+1

“) 1+1+1 @) 1+1+1+1

Figure 4.7

The observations in part (a) suggest that for all n € Z*, S(n): n has 2"~! compositions.
The result [in part (a)] for n = 1 provides our basis step, S(1). So now let us assume the
result true for some (fixed) k € Z+ —namely, S(k): k has 2¥~! compositions. At this point
consider S(k + 1). One can develop the compositions of k 4 1 from those of & as in part
(b) above (where k = 3). For k > 1, we find that the compositions of £ + 1 fall into two
distinct cases:

1) The compositions of k + 1, where the last summand is an integer ¢ > 1: Here this
last summand ¢ is replaced by ¢ — 1, and this type of replacement provides a corre-
spondence between all of the compositions of k and all those compositions of k + 1,
where the last summand exceeds 1.

2) The compositions of k + 1, where the last summand is 1: In this case we delete
“41” from the right side of this type of composition of k 4+ 1. Once again we get
a correspondence between all the compositions of k and all those compositions of

k + 1, where the last summand is 1.
Therefore, the number of compositions of k£ + 1 is twice the number for k. Conse-
quently, it follows from the induction hypothesis that the number of compositions of
k + 1is 2(2¥~1) = 2k, The Principle of Mathematical Induction now tells us that for
all n € Z*, S(n): n has 2"~! compositions (as we learned earlier in Examples 1.37

and 3.11).
EXAMPLE 4.13 We learn from the equation 14 = 3 4 3 + 8 that we can express 14 using only 3’s and 8’s
: as summands. But what may prove to be surprising is that for all n > 14,

S(n): n can be written as a sum of 3’s and/or 8’s (with no regard to order).
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As we start to verify S(n) for all n > 14, we realize that the given introductory sentence
shows us that the basis step S(14) is true. For the inductive step we assume the truth of
S(k) for some k € Z*, where k > 14, and then consider what can happen for S(k + 1). If
there is at least one 8 in the sum (of 3’s and/or 8’s) that equals k, then we can replace this 8
by three 3’s and obtain k + 1 as a sum of 3’s and/or 8’s. But suppose that no 8 appears as a
summand of k. Then the only summand used is a 3, and, since k > 14, we must have at least
five 3’s as summands. And now if we replace five of these 3’s by two 8’s, we obtain the
sum k + 1, where the only summands are 3’s and/or 8’s. Consequently, we have shown how
S(k) = S(k 4+ 1) and so the result follows for all n > 14 by the Principle of Mathematical
Induction.

Now that we have seen several applications of the Principle of Mathematical Induction,
we shall close this section by introducing another form of mathematical induction. This sec-
ond form is sometimes referred to as the Alternative Form of the Principle of Mathematical
Induction or the Principle of Strong Mathematical Induction.

Once again we shall consider a statement of the form V n > ng S(n), where ng € Z*, and
we shall establish both a basis step and an inductive step. However, this time the basis step
may require proving more than just the first case — where n = ny. And in the inductive step
we shall assume the truth of all the statements S(ng), S(ng + 1), ..., S(k — 1), and S(k),
in order to establish the truth of the statement S(k + 1). We formally present this second
Principle of Mathematical Induction in the following theorem.

THEOREM 4.2

The Principle of Mathematical Induction— Alternative Form. Let S(n) denote an open
mathematical statement (or set of such open statements) that involves one or more oc-
currences of the variable n, which represents a positive integer. Also let ng, n; € Z* with
no <nj.

a) If S(ny), S(no+ 1), Sng+2), ..., S(n; — 1), and S(n;) are true; and

b) If whenever S(ng), S(ng+ 1), ..., S(k — 1), and S(k) are true for some (particular
but arbitrarily chosen) k € Z*, where k > n, then the statement S(k + 1) is also true;

then S(n) is true for all n > ny,.

As in Theorem 4.1, condition (a) is called the basis step and condition (b) is called the
inductive step.

The proof of Theorem 4.2 is similar to that of Theorem 4.1 and will be requested in the
Section Exercises. We shall also learn in the exercises for Section 4.2 that the two forms
of mathematical induction (given in Theorems 4.1 and 4.2) are equivalent, for each can be
shown to be a valid proof technique when we assume the truth of the other.

Before we give any examples where Theorem 4.2 is applied, let us mention, as we did
for Theorem 4.1, that n( need not actually be a positive integer — it may, in reality, be O or
even possibly a negative integer. And now that we have taken care of that point once again,
let us see how we might apply this new proof technique.

Our first example should be familiar. We shall simply apply Theorem 4.2 in order to
obtain the result in Example 4.13 in a second way.
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The following calculations indicate that it is possible to write (without regard to order) the
integers 14, 15, 16 using only 3’s and/or 8’s as summands:

14=34+3+8 15=34+34+34+3+4+3 16 =8438

On the basis of these three results, we make the conjecture

For every n € Z* where n > 14,

S(n): n can be written as a sum of 3’s and/or 8’s.

Proof: It is apparent that the statements S(14), S(15), and S(16) are true — and this estab-
lishes our basis step. (Here ng = 14 and n; = 16.)
For the inductive step we assume the truth of the statements

S(14), S(15), ..., Stk —2), S(k — 1), and S(k)

for some k € Z*, where k > 16. [The assumption of the truth of these (k — 14) + 1 state-
ments constitutes our induction hypothesis.] And now ifn = k + 1,thenn > 17andk 4+ 1 =
(k —2) + 3. But since 14 < k — 2 < k, from the truth of S(k — 2) we know that (k — 2)
can be written as a sum of 3’s and/or 8’s; so (k + 1) = (k — 2) + 3 can also be written in
this form. Consequently, S(r) is true for all n > 14 by the alternative form of the Principle
of Mathematical Induction.

In Example 4.14 we saw how the truth of S(k 4 1) was deduced by using the truth of the
one prior result S(k — 2). Our last example presents a situation wherein the truth of more
than one prior result is needed.

Let us consider the integer sequence ay, a;, a2, as, . . . , where

ap=1,a,=2,a, =3, and

an = ay_1 + an_p +a,—3, foralln e Z* wheren > 3.
(Then, for instance, we find thatas = a, +a; +a9p=3+2+1=6;a4=a3+a, +a; =
6+3+4+2=11;andas =as +a3+a; =11 4+6+3=20.)

We claim that the entries in this sequence are such that a, < 3" for all n € N—that is,
Vn eN S'(n), where §’'(n) is the open statement: a, < 3".

For the basis step, we observe that

i) ap=1=3<3%

ii) a; =2<3=3!and

iii) a, =3<9=3%

Consequently, we know that S’(0), S’(1), and S'(2) are true statements.

So now we turn our attention to the inductive step where we assume the truth of the
statements S'(0), $'(1), S'(2), ..., S'(k = 1), S'(k), for some k € Z+ where k > 2. For
the case where n = k 4+ 1 > 3 we see that

k+1 = Gk + Ak—1 + Ak
<3k 43014302
< 3k + 3k + 3k — 3(3k) — 3k+1,

O[Sk —2)AS' k=1 ASK)]= S+ 1).
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Therefore it follows from the alternative form of the Principle of Mathematical Induction

that a, < 3" for all n € N.

Before we close this section, let us take a second look at the preceding two results. In
both Example 4.14 and Example 4.15 we established the basis step by verifying the truth
of three statements: S(14), S(15), and S(16) in Example 4.14; and, S'(0), S'(1), and S'(2)
in Example 4.15. However, to obtain the truth of S(k 4+ 1) in Example 4.14, we actually
used only one of the (k — 14) 4 1 statements in the induction hypothesis — namely, the
statement S(k — 2). For Example 4.15 we used three of the k£ + 1 statements in the induction
hypothesis — in this case, the statements S’(k — 2), §'(k — 1), and S’(k).

EXERCISES 4.1

1. Prove each of the following for all n > 1 by the Principle
of Mathematical Induction.

a) 174+324+52+- - +Q2n—1)72=
b)1-34+2-443.5+---+n(n+2)=

nn+1)Q2n+17)
6

" 1 n
c);i(i+l)_n+l

. o\ 2
d)23 n(n+1)2 (Zl)

1=1

n2n—1)Q2n+1)
3

2. Establlsh each of the following for all n > 1 by the Principle
of Mathematical Induction.

n n—1
a) Zz'-‘ =y 2=2-1
=1 1=0

b) > i) =2+ (- 2"

1=1

9 Y OEH=@m+D!-1
=1
3.a) Note how Y/ i®+@m+1)P=) 1 G+1)>=
7o +3i2 4+ 3i + 1). Use this result to obtain a for-
mula for Y ", i%. (Compare with the formula given in
Example 4.4.)

b) Use the idea presented in part (a) to find a formula
for Y_"_, i and one for ) "_, i*. [Compare the result for
Y""_, i with the formula in part (d) of Exercise 1 for this
section. ]

4. A wheel of fortune has the integers from 1 to 25 placed on it
in a random manner. Show that regardless of how the numbers
are positioned on the wheel, there are three adjacent numbers
whose sum is at least 39.

5. Consider the following program segment (written in pseu-
docode):

for i :=1to123do
for j :=1toido
print i * j
a) How many times is the print statement of the third line
executed?

b) Replace i in the second line by i2, and answer the ques-

tion in part (a).

6. a) For the four-digit integers (from 1000 to 9999) how
many are palindromes and what is their sum?
b) Write a computer program to check the answer for the
sum in part (a).

7. Alumberjack has4n + 1101logs in a pile consisting of n lay-
ers. Each layer has two more logs than the layer directly above
it. If the top layer has six logs, how many layers are there?

8. Determine the positive integer n for which

2n n

Yoi=>y ik

=1 =1
9. Evaluate each of the following:

a)Z ni b)Zz ui

10. Determine Y %, ,, where #, denotes the ith triangular
number, for 51 <i < 100.

11. a) Derive a formula for Z :1:1 ty,, where t,; denotes the 2ith
triangular number for 1 <i <n.

b) Determine Y_'% 1,,.
¢) Write acomputer program to check the result in part (b).

12. a) Prove that (cos 6 + i sin 6)? = cos 260 + i sin 26,
where i € C and i? = —

b) Using induction, prove that for all n € Z*,
(cos O + i sin §)" = cos nf + i sin no.
(This result is known as DeMoivre’s Theorem.)
¢) Verify that 1 4+ i = +/2(cos 45° + i sin 45°), and com-
pute (1 + i)',
13. a) Consider an 8 X 8 chessboard. It contains sixty-four
1 X 1 squares and one 8 X 8 square. How many 2 X 2



squares does it contain? How many 3 X 3 squares? How
many squares in total?

b) Now consider an n X n chessboard for some fixed
neZ". For 1 <k <n, how many k X k squares are con-
tained in this chessboard? How many squares in total?

14. Prove thatforalln € Z*, n > 3 = 2" <n!

15. Prove that foralln € Z*, n > 4 = n? < 2",

16. a) For n = 3 let X3 = {1, 2, 3}. Now consider the sum

_1+1+1+1+1+1+1
BTIT2T3 T I 21323 .
1

gracx; PA

where p4 denotes the product of all elements in a nonempty
subset A of X3. Note that the sum is taken over all the
nonempty subsets of X3. Evaluate this sum.

b) Repeat the calculation in part (a) for s, (where n = 2 and
X, ={1, 2}) and s4 (where n = 4 and X4 = {1, 2, 3, 4}).

¢) Conjecture the general result suggested by the calcula-
tions from parts (a) and (b). Prove your conjecture using
the Principle of Mathematical Induction.

17. For n € Z*, let H, denote the nth harmonic number (as
defined in Example 4.9).

a) For all n € N prove that 1 + (%) < Hy».
b) Prove that foralln € Z*,

=~ [am+1D nn+1)
;]Hj_l: D) ]Hn+1_|:__4 :I

18. Consider the following four equations:

1) 1=1
2) 24+34+4=1+8
3) 5+464+7+84+9=8+27

H10+11+124+134+144+15+16=27+64

Conjecture the general formula suggested by these four equa-
tions, and prove your conjecture.

19. Forn € Z™, let S(n) be the open statement

- (/)
=1 2 .

Show that the truth of S(k) implies the truth of S(k + 1) for all
keZ*. 1s S(n) true foralln € Z*?

20. Let S; and S, be two sets where |S;| = m, |S;| = r, for
m,r € Z*, and the elements in each of S;, S, are in ascend-
ing order. It can be shown that the elements in S; and S, can be
merged into ascending order by making no more thanm +r — 1
comparisons. (See Lemma 12.1.) Use this result to establish the
following.

Forn > 0, let S be a set with | S| = 2". Prove that the number
of comparisons needed to place the elements of S in ascending
order is bounded above by n - 2".
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21. During the execution of a certain program segment (written
in pseudocode), the user assigns to the integer variables x and n
any (possibly different) positive integers. The segment shown in
Fig. 4.8 immediately follows these assignments. If the program
reaches the top of the while loop, state and prove (by mathe-
matical induction) what the value assigned to answer will be
after the two loop instructions are executed n (> 0) times.

whilen # 0 do

begin
X :=X*n
n:=n-1
end

answer := X

Figure 4.8

22. Inthe program segment shown in Fig. 4.9, x, y, and answer
are real variables, and n is an integer variable. Prior to execu-
tion of this while loop, the user supplies real values for x and y
and a nonnegative integer value for n. Prove (by mathematical
induction) that for all x, y € R, if the program reaches the top
of the while loop with n € N, after the loop is bypassed (for
n = 0) or the two loop instructions are executed n (> 0) times,
then the value assigned to answer is x + ny.

while n # 0 do

begin
X:i=X+Yy
n:=n-1
end

answer := X

Figure 4.9

23. a) Let n € Z*, where n # 1, 3. Prove that n can be ex-
pressed as a sum of 2’s and/or 5’s.

b) Foralln € Z* show thatif n > 24, then  can be written
as a sum of 5’s and/or 7’s.

... 1s defined by

ay = Ay_1 +an_p, n > 3.

24. A sequence of numbers ay, a, a3,

a =1 a =2
a) Determine the values of as, ay, as, ag, and a;.
b) Prove that foralln > 1, a, < (7/4)".

25. For a fixed n € Z*, let X be the random variable where
Pr(X =x)= %, x=1,2,3,...,n. (Here X is called a uni-
form discrete random variable.) Determine E (X) and Var(X).
26. Let ay be a fixed constant and, for n>1, let a, =
Yo ("7 a1

a) Show that a; = a3 and that a, = 2a;.

b) Determine a3 and a4 in terms of ay.
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¢) Conjecture a formula for a, in terms of ay when n > 0. 28. a) Of the 25~! = 2% = 16 compositions of 5, determine
Prove your conjecture using the Principle of Mathematical how many start with (i) 1; (ii) 2; (iii) 3; (iv) 4; and (v) 5.
Induction.

27. Verify Theorem 4.2.

b) Provide a combinatorial proof for the result in part (a)
of Exercise 2.

4.2

Recursive Definitions

Let us start this section by considering the integer sequence by, by, b,, b3, . .., where
b, = 2nforalln € N. Here we find thatby =2-0=0,b; =2-1=2,b, =2-2 =4, and
b3y =2 -3 = 6. If, for instance, we need to determine bg, we simply calculate bg =2 -6 =
12 — without the need to calculate the value of b, for any other n € N. We can perform
such calculations because we have an explicit formula— namely, b, = 2n —that tells us
how b, is determined from » (alone).

In Example 4.15 of the preceding section, however, we considered the integer sequence
ap, ai, az, as, . .., where

apg=1,a1=2,a, =3, and
ap = ay_1 + Gy +a,—3, foralln e Z* wheren > 3.
Here we do not have an explicit formula that defines each a, in terms of n for all n € N.
If we want the value of ag, for example, we need to know the values of as, a4, and aj3.
And these values (of as, a4, and a3) require that we also know the values of a;, a;, and ay.
Unlike the rather easy situation where we determined bg = 2 - 6 = 12, in order to calculate
ag, here we might find ourselves writing
ag = as+as + a3
= (a4 + a3 + az) + (a3 +az + ay) + (ay + a; + aop)
= [(as + ap + a1) + (a + a1 + ap) + a3]
+ [(ap + a1 + ag) + ax + a1] + (ap + a; + aog)
= [[(a2 + a1 + ao) + a2 + a1] + (a2 + a1 + ag) + az]
+ [(a2 + a1 + ao) + a2 + a1] + (a2 + a1 + ao)
=[[B+2+1D+34+2]+B+2+1)+3]

+[B+2+D+34+2]+C+2+1)
=37.

Or, in a somewhat easier manner, we could have gone in the opposite direction with these
considerations:
a=ay+a+ap=3+2+1=6
as=az+a+a; =64+34+2=11
as=as+as+a;=114+6+3=20
ag=as+as+az3=20+1146=37.
No matter how we arrive at ag, we realize that the two integer sequences — by, by, b,

b3, ..., and ag, aj, a, a3, . . .—are more than just numerically different. The integers
by, by, by, b3, . .., can be very readily listed as 0, 2, 4, 6, . . ., and for any n € N we have
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the explicit formula b, = 2n. On the other hand, we might find it rather difficult (if not
impossible) to determine such an explicit formula for the integers ag, a1, a2, a3, . . . .

What is happening here for a sequence of integers can also occur for other mathematical
concepts — such as sets and binary operations [as well as functions (in Chapter 5), languages
(in Chapter 6), and relations (in Chapter 7)]. Sometimes it is difficult to define a mathematical
concept in an explicit manner. But, as for the sequence ay, a1, a3, a3, . . . , we may be able
to define what we need in terms of similar prior results. (We shall examine what we mean by
this in several examples in this section.) When we do so we say that the concept is defined
recursively, using the method, or process, of recursion. In this way we obtain the concept
we are interested in studying — by means of a recursive definition. Hence, although we do
not have an explicit formula here for the sequence ay, a;, a2, as, . . ., we do have a way of
defining the integers a,, for n € N, by recursion. The assignments

ap =1, a; =2, a=3

provide a base for the recursion.
The equation

Gn = Gu_ + Qn_p + an_3, forneZ* wheren >3, *)

provides the recursive process; it indicates how to obtain new entries in the sequence from
those prior results we already know (or can calculate). [Note: The integers computed from
Eq. (*) may also be computed from the equation a,+3 = dn42 + ay+1 + an, forn € N.]

We now use the concept of the recursive definition to settle something that was mentioned
in three footnotes in Sections 2.1 and 2.3. After studying Section 2.2 we knew (from the
laws of logic) that for any statements p;, p», and p3, we had

P1 A (p2 A p3) <= (p1 A p2) A p3,

and, consequently, we could write p; A p» A p3 without any chance of ambiguity. This is
because the truth value for the conjunction of three statements does not depend on the way
parentheses might be introduced to direct the order of forming the conjunctions of pairs
of (given or resultant) statements. But we were concerned about what meaning we should
attach to an expression such as p; A pa A p3 A ps. The following example now settles that
issue.

The logical connective A was defined (in Section 2.1) for only two statements at a time.
How, then, does one deal with an expression such as p; A p» A p3 A ps, where py, p2, ps,
and p4 are statements? In order to answer this question we introduce the following recur-
sive definition, wherein the concept at a certain [(n + 1)st] stage is developed from the
comparable concept at an earlier [nth] stage.

Given any statements pi, p2, - .., Pn, Pn+1, We define

1) the conjunction of p;, p, by p; A p» (as we did in Section 2.1), and
2) the conjunction of py, pa, ..., Pn, Pnt1, forn > 2, by

PIAD2A APy APt <= (PIADPIA = A DPp) A Dugl-
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[The result in (1) establishes the base for the recursion, while the logical equivalence in (2)
is used to provide the recursive process. Note that the statement on the right-hand side of
the logical equivalence in (2) is the conjunction of two statements: p,;; and the previously
determined statement (p; A p2 A+ -+ A py).]

Therefore, we define the conjunction of py, pa, p3, ps by

P1 A P2 A P3 A ps<=(p1Ap2Ap3)A ps.

Then, by the associative law of A, we find that

(P1 A p2APp3) Aps<=[(p1Ap2) Ap3l A ps
< (p1 A p2) A (p3 A ps)
= p1 A [p2 A (3 A ps)l
= pi1 A(p2 A p3) A psl
= p1 A (P2 A P3 A Ppa).
These logical equivalences show that the truth value for the conjunction of four statements
is also independent of the way parentheses might be introduced to indicate how to associate
the given statements.
Using the above definition, we now extend our results to the following “Generalized

Associative Law for A.”
Letn € Z* where n > 3, and let r € Z* with 1 <r < n. Then

S(n): For any statements pi, p2, ..., Pry Pr+ls - - - » Dns
(PIAPIA- - ADPIANPrgi A= APp) < PIADPIA AP ADrgt Av - A Dy

Proof: The truth of the statement S(3) follows from the associative law for A —and this
establishes the basis step for our inductive proof. For the inductive step we assume that
S(k) is true for some k > 3 and all 1 <r < k. That is, we assume the truth of

Sk):  (prAP2 A AP)A(Prat A+ A pi)
S PIADPIAN - ADr A Drgt Ao A D

Then we show that S(k) = S(k 4+ 1). When we consider k£ + 1 statements, then we must
accountforalll <r <k + 1.

1) If r = k, then

(PIAP2LA - AD)APkt1 < PLADPIA -+ A Dk A Pit 1,

from our recursive definition.
2) For 1 <r <k, we have

(PrAP2A = ADP)A(Pryt A= A P A Pictt)
S (PiAP2 A AP ANPrat Av e A Pr) A Piyi]
S [(PrAP2A - ADP)AN(Pry1 A ADPIA Pis
< (PLAP2A - APr APrgt Av - - A Pi) A Dt
S PIADP2A AN DPr APrgt Ao N P N Pied-



EXAMPLE 4.17

4.2 Recursive Definitions 213

So it follows by the Principle of Mathematical Induction (Theorem 4.1) that the open
statement S(n) is true for all n € Z+ where n > 3.

Our next example provides us with a second opportunity to generalize an associative
law — but this time we shall deal with sets instead of statements.

In Definition 3.10 we extended the binary operations of U and N to an arbitrary (finite or
infinite) number of subsets from a given universe U. However, these definitions do not rely
on the binary nature of the operations involved, and they do not provide a systematic way
of determining the union or intersection of any finite number of sets.

To overcome this difficulty, we consider the sets A;, A, ..., A,, Apy1, where A; CU
forall 1 <i <n+ 1, and we define their union recursively as follows:

1) The union of Ay, A, is A; U A,. (This is the base for our recursive definition.)
2) The union of Ay, Ay, ..., A, Apy1, for n > 2, is given by

A]UA2U'”UA,,UA,,+1=(A1UA2U-~-UA,,)UA,,+1,

where the set on the right-hand side of the set equality is the union of two sets,
namely, A; U A, U---UA, and A,;. (Here we have the recursive process needed
to complete our recursive definition.)

From this definition we obtain the following “Generalized Associative Law for U.” If
n,reZt withn>3and 1 <r < n, then
S(n): (AjUAU---UA)U (A4 U---UA4A,)
= A UAU---UA, UA, 1 U---UA,,

where A; CU foralll <i <n.

Proof: The truth of S(n) for n = 3 follows from the associative law of U, thereby providing
the basis step needed for this inductive proof. Assuming the truth of S(k) for some k € Z*,
where k > 3 and 1 <r <k, we shall now establish our inductive step by showing that
S(k) = S(k + 1). Whendealing withk + 1 (> 4) sets weneed to considerall 1 <r <k + 1.
We find that

1) For r = k we have
(AiUA U - - UADUA1 = A1UAU- U A U Agyg.

This follows from the given recursive definition.
2) If 1 <r <k,then

(A UAU---UA)U (A1 U - UALU Agyr)
=(AUAU- - UA)U[(Ar1 U - U Ap) U Agyi]
=[(AUAU---UA)U (A U - UAYTU Agqy
= (A{UAU - UA, UA U---UAQ) U A
= A UAyU---UA UAyyy U---UAgU Agyr.
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So it follows by the Principle of Mathematical Induction that S(n) is true for all integers
n>3.

Similar to the result in Example 4.17, the intersection of the n + 1 sets A, Az, ..., Ay,
A,+1 (each taken from the same universe ) is defined recursively by:

1) The intersection of A;, Ay is A; N A,.
2) For n > 2, the intersection of A, Aj, ..., Ay, A,y is given by

AlﬂAzﬂ---ﬂAnﬂAnH =(AlﬂAzﬂ---ﬂA,,)ﬂA,,+1,
the intersection of the rtwo sets Ay N A, N---N A, and Ap41.

We find that the recursive definitions for the union and intersection of any finite number of
sets provide the means by which we can extend the DeMorgan Laws of Set Theory. We shall
establish (by using mathematical induction) one of these extensions in the next example
and request a proof of the other extension in the Section Exercises.

Letn € Z* where n > 2,and let A;, Ay, ..., A, CUforeach 1 <i <n. Then

AlNAN---NA,=AUAU---UA,.

Proof: The basis step of this proof is given for n = 2. It follows from the fact that A; N Ay =
A} U A, —by the second of DeMorgan’s Laws (listed in the Laws of Set Theory in Sec-
tion 3.2).

Assuming the truth of the result for some k, where k > 2, we have

AINA, N NA=AUAU---UA;.

And when we consider k + 1 (> 3) sets, the induction hypothesis is used to obtain the third
set equality in the following:

AiNA N - NANA = (A1NAN---NA) N Apyr

=(A10A20'-'0Ak)uzk+1 =(Zl UZZU---UE{)UE{H
=21U22U~-Uzk UZkH.

This then establishes the inductive step in our proof and so we obtain this generalized
DeMorgan Law for all n > 2 by the Principle of Mathematical Induction.

Now that we have seen the two recursive definitions (in Examples 4.16 and 4.17), as
we continue to investigate situations where this type of definition arises, we shall generally
refrain from labeling the base and recursive parts. Likewise, we may not always designate
the basis and inductive steps in a proof by mathematical induction.

As we look back at Examples 4.16 and 4.17, the recursive definitions in these two
examples should seem similar to us. For if we interchange the statement p; with the set A;,
forall 1 <i <n+ 1, and if we interchange each occurrence of A with U and replace <
with =, then we can obtain the recursive definition in Example 4.17 from the one given in
Example 4.16.

In a similar way one can recursively define the sum and product of n real numbers,
where n € Z* and n > 2. Then we can obtain (by the Principle of Mathematical Induction)
generalized associative laws for the addition and multiplication of real numbers. (In the
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Section Exercises the reader will be requested to do this.) We want to be aware of such
generalized associative laws because we have been using them and will continue to use them.
The reader may be surprised to learn that we have already used the generalized associative
law of addition. In each of Examples 4.1 and 4.4, for instance, the generalized associative
law of addition was used to establish the inductive step (in the proof by mathematical
induction). Furthermore, now that we are more aware of it, the generalized associative law
of addition can be used (usually, in an implicit manner) in recursive definitions — for now
there will be no chance for ambiguity if one wants to add four or more summands. For
example, we could define the sequence of harmonic numbers H;, H,, Hs, ..., by

1) H; = 1;and
2) Forn>1, Hy,y1 = H, + (#1)

Turning from addition to multiplication, we may use the generalized associative law of
multiplication to provide a recursive definition of n!. In this case we write

1) 0! =1;and
2) Forn >0, (n+1D!'=®x+ D).
(This was suggested in the paragraph following Definition 1.1 in Section 1.2.) Also, the

integer sequence by, by, by, b3, .. ., given explicitly (at the start of this section) by the
formula b, = 2n, n € N, can now be defined recursively by
1) bp = 0; and

2) Forn >0, b,y = b, + 2.

When we investigate the sequences in our next two examples, we shall once again find
recursive definitions. In addition we shall establish results where the generalized associative
law of addition will be used — although in an implicit manner.

In Section 4.1 we introduced the sequence of rational numbers called the harmonic numbers.
Now we introduce an integer sequence that is prominent in combinatorics and graph theory
(and that we shall study further in Chapters 10, 11, and 12). The Fibonacci numbers may
be defined recursively by

1) F() = 0, F1 =1; and

2) F,=F,_1+ F,_,,forn e Z* withn > 2.

Hence, from the recursive part of this definition, it follows that
FhR=F+F=14+0=1 Fo=F+F,=2+4+1=3
FE=FK+F=14+1=2 Fs=F,+ F;=3+4+2=5.

We also find that Fg = 8, F; = 13, Fg = 21, Fo = 34, Fio = 55, Fy; = 89, and Fy, = 144.

The recursive definition of the Fibonacci numbers can be used (in conjunction with the

Principle of Mathematical Induction) to establish many of the interesting properties that
these numbers exhibit. We investigate one of these properties now.

Let us consider the following five results that deal with sums of squares of the Fibonacci
numbers.

1) 4+ F=0+1=1=1Xx1
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